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Abstract

Optimal control problems are prevalent in various fields such as engineering, economics, and
biology. As finding analytical solutions is often highly challenging, suitable numerical algo-
rithms are typically employed to derive numerical solutions. Among these, the numerical reso-
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lution of stiff optimal control problems is particularly crucial, as it often involves a dilemma:
the stiffness of the problem can easily lead to instability in numerical methods, while exces-
sively prioritizing the stability of numerical schemes can significantly increase computational
costs, rendering the algorithms impractical. This paper focuses on a specific type of stiff optim-
al control problem and enhances the traditional regularized forward-backward scan iterative
algorithm. This improvement not only ensures the stability of the algorithm but also signifi-
cantly enhances its computational efficiency. Finally, the above conclusions are verified by
numerical experiments.

Keywords

Optimal Control Problem, Stiffness, Forward-Backward Scan Iterative Algorithm

Copyright © 2024 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. 518
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Minimize J = j(x(T))+ [ L(x(t),u(t))dt,
X(t)=f (x(t),u(t)).,te[0,T]

AR — R () e 48 ) 1 SR ARL, A T 20 T R 240 R ) ke A 42 ) I i 8 9F 7 DA 3 B 2 3 DI A L 4
M 2F34 VRS [1]45 H st b B4R A FEA, 7E Hopfield #2840 [2] JR I tb i HI[3] L L &
e [4] 55 2 A URE A R T B IR R, WA T RIS . WERA S SR AR SR
(3 AN R 2RI AT 2

SRTT, 26K 22 B0 W5 sl 70 J7 R 20 SR e P 4 ) ) R AN e o e b 10 77 oRAq e i, BRI 4
BIRE A EE T E O VE SRR L AE S . — M, BUE SR AR B AR ) 1 R 7 i PR B
VEANR) e FTiE BRI R ) S B ORIk, T B RS BN SV E AR I S vk TRl Rk
R T B SR M RS, SRS R OR AR, B R AR SR AIE R

Li S BT 5N s S, #0E 1 — Pl i a2 B0 R WAL R S Rk AR TSR e rE
i/ ME R BE[5]: SCHR[6]7E e Al -k B 1 R FH 3 ek R 36 J7 vk B i bR e AU =N & R e sl
{5753 B2 T AR R S5 328 AR BRI SR 5 5 i o0 5 RE 20 SR I e 4 1) i) AL s R T i

TEARSCH, 2 B — A W A 4y 75 F2 1) e A2 i 17] 7 (Optimal Control Problem, OCP):

Minimize J = j(x(T ))+.[0T L(x(t),u(t))dt. (1.1)

RN T FE WA 2K A 2R

x(t)=f(x(t),u(t))+g(x(t).u(t)), te[0,T] (1.2)
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x(0) = X, (1.3)

b fONAERITED, T g ANIPEDT: TEXT I SCiE S R A @i, f AN g 38 R0 R 7 8] 5 408
FAA IR 22 73 8 BRI kI A S F6 R e 8] S 801, X AN R B I TR FE T B2 B IR KA
A SR TR WL, (BER AR BOR AR I AR ot T £ A0 g 4 il AT AN A AL B2 JE B A =
ST AR T ORIERS E T T B AR R I N A R g R R Sk AT SR, K=o &
PRI RA, (FIXAE — e RS b v DL S )
2. BUREERIE
2.1 ENRTRRBEREE

SINPRAARE A, 5 S IR 1) 8 v i U

H(x,A,u)= L(x,u)+f(f(x,u)+g(x,u))

FEE SN, me s lin B(1.1)~(1.3) i — i et v 26 AR an R 7] [8]:

x=H,(x,4,u)=f(x,u)+g(xu), x(0)=x, (2.1)
A=—H,(xA,u)=-L (xu)- f (xu) 2-g,(xu) 2, 2(T)= i'(x(1)), 22
0=H, (x,A,u)=L, (xu)+ f,(xu) 2+b,(xu)" 2, (2.3)

Li % A\FE 2018 SE2 1 — M IR AL AT 5 33 AR RO 5005, RSR AR — i d e 2 1 1) R e 1) Dl A B
V. e R AR SR B (B — B e DR AE 2 1), 07 AR 58 0 1) BAs B H B A AR, SN0 R 1A s S 0 e
#:

H(x,4,u,p,q)=H (x,/l,u)—g(”p— H, (x,}b,u)”2 +||q+ Hx(x,/l,u)||2)

ALY JE 3 AT DU E Y -

BE 1 IENALET R H G EE (Extended MSA)
s WIGEtk: v eld,p>0;
2: fork=0,1,--do

[y

3 BT S A (0, 40,00 10,0

G HHACY o (X0 200,00, 50 A0

5. iE U =argmax,,  H (x(k“),/l““”,u, X(k“),/i("“)) ;
6: end for

KA ENNSHE p>0. FEETED], EREERE = W70 587 x A4, 368 0 e 2 0 ok 54T
S [F) T JEA AR S ek K, IR DNIASCAE B D T u AR

ZRS BRI, R AR RIARIHER T R B B ok X, ORIk dme e fas ] i) B HEAT B HIGZAAOR
fito FERHUS RIS L, Oy T RS R ASE, KRR RS TTIR[6], S BE I R HIOkS 50k
£,

2.2. BitRHENLRIEEEENREE
N T TR B, £ A g HAT AR EE, RORESAE T x 20 R PI D AR RS R x Fl X, EBTE X
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K (X, X0 A,1) 1= L (%, u) + 2T (F(x,u) + g (%))
HEERE ], 2, x BUAMAFEIR, BrE LRI HIE K 52 frrmE e 3 AE, /)
K (%, %, A4,u)=H (X A,U), X, =X, =X
FESEIERN b, ARYE N RT E RS ASEE s B, SINIENLSE p, & SURERIG

K (%%, AU, p,g) = K (X, %, 4,u)

(2.4)
_g("p_ K, (xl,xz,/l,u)”Z +||Q+ KXl(Xl,xz,/l,u)Jr sz(xl,xz,g,u)uz)

FERACHEH L FE A A T BRSO, T f X —TRH B G T E it 5, T f
AR, Bl rt A S G REtE; oF f DM, B EENE, A
PRAEEUE BRI e, ROAKRRAER . BRI E, 755 k+1UGERR, R4 L& g7
FEH Xy A A u:

)-((k+1) _ K/m (X(k)’ X(k+l),l(k),u(k), X(k+l),l'(k+l)) 2.5)

/i(k+1) - R (X(ku)] X(k+1)’l(k+1)'u(k)’ X(k+1)'/i(k+1))

5 . (2.6)
_sz (X(k+1), X(k+l)’l(k+1)'u(k), ).((k+1)’/1(k+1))
u(k+l) =arg maXK X(k+l), X(k+1)’/1(k+l),u(k+1)’X(k+l),/i(k+1) (27)
U(K)EZ/{
Q& s Bir=F Je s PR S A% UR RIS B IE AR R T
s k+1 k+1 k k
D)y (ko) +erK X(g)’x(m)lA(k_)'U(k_)’ Xr(1+1 ) _x,(] ) ,A,EA)—/I,g ) 28)
n+1 n (I n,i n,i n,i n,i T r
i=1
(k+1) | (k+1) (k) _ 4(k)
xr(]klﬂ) (k+1) + 723‘.1 K [ r(H)7 Xlgl,(iﬂ)’A(nlfi)!UnE‘,(i)’ X1 - X ’ Ans - A ] (2.9)
j=1
(k+1) _ (k+1) (k+1) _ (k+1)
ﬂrsljr;l _ k+1 Zb [ [ k+1 Xr(]ly(l-*-l),Agfl-*-l)’ur(]l:)'vn(’l:), Xni - X, ,/ln+1 - An J
2.10
= (k+1) (k+1) (k+1) k) (kil) - X(k+1) ﬂ(kf) _ﬁ“(kﬂ) ( )
+KX2 Xn’j ,Xn’j ,AnJ U, n i ,
T T
k+1 k+1 k+1 k+1
ﬂrgﬁl _ k+1 Ti ,J[ > ( nk;rl), xf]k;l)’AE]k}rl),UrEkJ)’ r(1+1 ) _Xr(] ) ’/I;Sﬂ )—ﬂ“rE )]
i1 ' ' T T
211
. (c+1) (41 (c+1) © X(k;l) _X(k+1) l(kzl) —ﬂ(k+1) ( )
+: +: +: n+ n n+ n
#R,, | XU XU Al y ), ,
T T
s
ulky = Zb,u (k1) (2.12)
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(2.13)

ni i i i
T T

0—K, [x(k_*l) L) Ak o) Xsﬁl) _ Xr(]k+1) ,/Ir(]tlﬂ) _lf(‘m)J
EEF‘ Xn :(Xn,ll"'! xn,s)!An :(An,l’“"An,s)'Un :(Un,l"“’Un,s) ﬁ%u%%%&ﬁ% X~ WJ‘%E@E% A *DTﬁ:’_{%U
AR U B AR EIEAS N AE S n+ 1N X A N S B EUE. 54, A T ARUE S o X e 1k,
R A R B R T B RS S A AR LR AN, IR TR LA R R[9]:
& =b, —bjaij/bi
TEFERE, 53 MIENAHTEEMEREEML, SolENEE R RS R
HBEHIAE, RSB EMEEAENERES, RETEANCME, a2 RENE,
3. B{ECIE
AT R FR S R YRR, AR A Python3.9 JwfE SN2 B KSR 1R — AN WP Bt 321 1l
S 5 REAN R A A R PR BI I A 7 R 2 TR AR I e e A4 i i)
Minimize J =c(1)

S JT FEANME SR AT LR

C(t):%(uz(t)+x2 (t)+42°(t)), ¢(0)=0, (3.1)
x(t)=z(t)+u(t), x(0)=1, (3.2)
Z(t):%(%x(t)—z(t)j, 2(0)=1. (33)

Horbre > O (EARSKIG P A R E MBI € = 0.15). B4R, o> 7 FE v BOWIAE SR AR I 35T AT L 23 TSR AT
TR, B4

c 0
1
y=| x|, f(yu)= Z+u ,g(y):7 0o | (3.4)
z 0 1x—z

IXFERURE NI f RN y 23 BT .

BopK r=001, ®ARZIEZM5=10", HHUEAEI Ak (s=1La,=b=05). & 118 &
AR, 1530 ) B LK 1),

BEE K « KA/, FRbR R Bl WS LA 2).

e Rt BEAR LD, FEAH F AR R 26 E T, B BRI R BEARECE D, B S BB
SIGRFERE, FFH, XA R 2 S K AR KR (LA 3).

[FIREHE, 5k A B0 SR SVEAR L, B SEIG A CPU BN, X R G S A &
T SRR (LA 4).

ERARAE ARSI (7R A1) el SR At AR b PR BV A CPU KBRS 22 BE AN K, {H2Y RGEAR 1S i i e ol =
SR, SR BT S BT 2O 2 rDL I 1), PR SiAS . TR, A SO w4 LE U AL B S5 44
IEAR VL (¥ SOt AT 8 AT 7S
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Improved midpoint Solutions for x(t), u(t), and A(t)
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Figure 1. Improved midpoint Solutions for x(t), u(t), and A(t)
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Figure 2. Cost J for improved midpoint with different tau values
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Number of iterations for Improved midpoint and Midpoint with different tau values, € = 0.15, 6 = 1e-05
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Figure 3. Number of iterations for improved midpoint and Midpoint with different tau values
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CPU time for Improved midpoint and Midpoint with different delta values, € = 0.15, T = 0.05
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Figure 4. CPU time for improved midpoint and Midpoint with different delta values
[ 4. it R RUEFR B RUATEARE delta BUE T PRFERY CPU #ERT

4. BEERE
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