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Abstract

In this paper, the Green’s function of the Dirichlet marginal Laplace operator and the
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Hamiltonian function of the two-point vortex system in annular domain are obtained

by the method of image, we make reduction to the system by action-angle variables

method, and take the example of the equal strength case to describe their relative

motion trajectories and classify the system’s quasi-equilibrium solutions were obtained

by considering the circular ring at different inner-to-outer radius ratios: q = 0.02,

q = 0.08 and q = 0.2, with the vorticity moment I as a parameter.
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1. Úó

²¡k.«�Ω ⊂ CSn�6N��Ý|÷v��î.�§ ∂tv + (v · ∇) v = −∇p,

∇v = 0.
(1)

Ù¥§v (z, t)§p (z, t)©OL«3�m t ∈ R��: z ∈ Ω?6N��ÝÚ¤É�

Øå. ��5`T�§�?n�©E,§Ïd~~ïÄÄuù
�§�{z�.§

Ù¥��­��;.�´N−:µ�.. yb�T�Ý|�µþÑ8¥3k��:

µ {zk = xk + iyk ∈ Ω, k = 1, · · · , N}?§K:µ zk�$Äò�ÌN:µXÚM�î�

§[1][2]

Γkżk = −i∇zkHΩ(z1, · · · , zN) k = 1, · · · , N, (2)

Γk ∈ R\{0}� zk�rÝ§M�î¼ê

HΩ(z1, · · · , zN) =
1

2

N∑
j,k=1j 6=k

ΓjΓkG(zj, zk)− 1

2

N∑
k=1

Γ2
kg(zk, zk) (3)

DOI: 10.12677/pm.2024.145184 270 nØêÆ

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.12677/pm.2024.145184


�(��

½Â3FNΩ =
{
z = (z1, · · · , zN) ∈ ΩN : zj 6= zk ,∀ j 6= k

}
þ§Ù¥G´Dirichlet

>�.Ê.d�f���¼ê. ��¼êG�L�ª���¹e´���. �þ©

z�åuïÄõ>/µ^�.3gd²¡±9�S	�­½5§ë�©z[3–5]. '

u�¡¥ü�:µ�ÄåÆ¯K§PashaevÚYilmaz[6]§ Lakaniemi[7] �ÆöÑk?

Ø. Bolsinov[8]�<§Vaskin ÚErdakova[9]Ñ¦^
ÿÀ�{5Ïé�éþï)¿©

ÛÙ­½5. Ød�	§$^ÿÀ�{U
ïÄÑ�/«�¥n:µXÚÚ��«�

¥ü:µXÚ#�·��.. �©¥·�$^�^-�Cþ�{5ïÄ�/«�¥ 2- :

µXÚ§¿&?
TXÚ�.3�/«�S	�»'ØÓ��­½5�¹.

�Ω���!���AÏé¡«��§�|^º�{[10]����¼êäN/

ª. y±���~�ãÙ�n. Xã 1§�Ä u zkµþ�Γk�:µ§�Ω = D =

{z ∈ C : |z| < R} ´�»�R���§y3,	����µþ�−Γk�:µ3 zimk ?§

ùp zimk = R2

|zk|2
zk.

Figure 1. Example of mirror image method on a disk

ã 1. ��þº�{«~

Ké?¿ z ∈ ∂D§
|z − zk|
|z − zimk |

=
|zk|
z

=
|zk|
R

´��~ê§Ïd zkÚ zimk 3�þ�)»��Ý©þ�-�§�Iò zkéA���¼

ê½Â�

GD (z, zk) = − 1

2π
log |z − zk|+

1

2π
log
|z − zimk | |zk|

R
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=�÷v 
∆zG(z, zk) + δ(|z − zk|) = 0, z ∈ Ω,

G(z, zk) = 0, z ∈ ∂Ω.

aq/§y�Ä��Sn�6N¥ü:µ6�$Ä§�S»Ú	»©O� rÚR§

=Ω = A = {z ∈ C : r < |z| < R}§�Ω �ü:µ� z1§z2§µþ©O�Γ1§Γ2 .

Figure 2. Mirror image method within an annulus

ã 2. ��Sº�{

Xã 2§ùü�:µ©O´d:µ z1§z29Ùº�:'u���S	>.ëY
��
)¤�§z�º�:�§���:µþ��. Ïdz�:µ zj Ñò)¤�
�µþÎÒ�O�9Ïº�:§Ù ��ÏL>.���5(½. ë���Sº
�{�n§P zj'u	�±�º�:� z

im(1)
j = R2

|zj |2
zj§ z

im(1)
j 'uS�±�º�:

� z
im(2)
j = r2∣∣∣zim(1)

j

∣∣∣2 · zim(1)
j = r2

R2 zj,§ePS	�»' q = r
R
§�gaíKTS��

(zj ,Γj)
	−→
(
R2

|zj |2
zj ,−Γj

)
S−→
(
q2zj ,Γj

) 	−→
(
R2

|zj |2
q−2zj ,−Γj

)

S−→
(
q4zj ,Γj

) 	−→
(
R2

|zj |2
q−4zj ,−Γj

)
S−→
(
q6zj ,Γj

)
−→ · · ·

=kµþrÝ�Γj�:µ9Ùº�: q2kzj k = 012 · · ·§ÚµþrÝ�−Γj�:µ9
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Ùº�: R2

|zj |2
q−2kzj k = 012 · · · . K�Ω = A = {z ∈ C : r < |z| < R}�§

GA (z, zj) = − 1

2π

k=∞∑
k=−∞

(
ln
∣∣z − q2kzj (t)

∣∣+

∣∣∣∣∣z − R2

|zj|2
q−2kzj (t)

∣∣∣∣∣
)
. (4)

d���S 2-:µ$Ä�§�M�î/ª�L«�

Γjẋj =
∂H

∂yj
(z1, z2) Γj ẏj = −∂H

∂xj
(z1, z2) , j = 1, 2 .

du��kS	ü|>.§M�î¼êò±Ã¡?ê�/ª¥y§?


H (z1, z2) = H0 (z1, z2) +
Γ2

1

4π

∞∑
k=1

ln

(
1− R2

|z1|2
q2k

)(
1− |z1|2

R2
q2k

)

+
Γ2

2

4π

∞∑
k=1

ln

(
1− R2

|z2|2
q2k

)(
1− |z2|2

R2
q2k

)

− Γ1Γ2

4π

∞∑
k=1

ln
R4
(
|z2|2 − 2 (z1, z2) q2k + |z1|2q4k

) (
|z1|2 − 2 (z1, z2) q2k + |z2|2q4k

)(
R4 − 2R2 (z1, z2) q2k + |z1|2|z2|2q4k

) (
R4q4k − 2R2 (z1, z2) q2k + |z1|2|z2|2

) ,
Ù¥

H0 (z1, z2) =− Γ1Γ2

4π
ln
(
|z1|2 + |z2|2 − 2 (z1, z2)

)
+

Γ2
1

4π
ln
(
R2 − |z1|2

)
+

Γ2
2

4π
ln
(
R2 − |z2|2

)
+

Γ1Γ2

4π
ln
(
|z1|2|z2|2 − 2R2 (z1, z2) +R4)

´��¥ 2-:µXÚéA�M�î¼ê. þã¼êH´Âñ�§±1���~§

∞∑
k=1

ln

(
1− R2

|z1|2
q2k

)(
1− |z1|2

R2
q2k

)
=
∞∑

k=1

ln

(
1− R2

|z1|2
q2k

)
+
∞∑

k=1

ln

(
1− |z1|2

R2
q2k

)

du

lim
k→∞

− ln
(

1− R2

|z1|2
q2k
)

R2

|z1|2
q2k

= 1

Ã¡?ê−
∞∑
k=1

ln
(

1− R2

|z1|2
q2k
)
��'?ê

∞∑
k=1

R2

|z1|2
q2käk�ÓñÑ5. 
 q ∈ (01§Ã

¡?ê
∞∑
k=1

ln
(

1− R2

|z1|2
q2k
)
Âñ§�1��Âñ§Ù{��aq.

2. XÚ�z

½Â3 2N���mþ�M�îXÚ¥§e�3N��pÕá�ÄgÈ© f1, · · · , fN
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K¡�´4�����È�[11]. éu�����È�XÚ§Liouville − Arnold½

n�:µXÚ�§�zJø
�15§��¥2-:µXÚ�kUþH Ú�Ä

þ I =
∑

Γk|zk|2ü��pÕá�ÄgÈ©§ÏdXÚ´4�����È�. �©

Äk�z:µXÚ�§§Ùg&?Γ1 = Γ2�XÚ��éþï)±9±�ü:µ��

é$Ä;,[12]. �zL§¥æ^ng�KC��gé��S2-:µ�M�î¼ê?1

CþO�§��¦^µÝÝ I = Γ1|z1|2 + Γ2|z2|2ü$XÚ 1�gdÝ5?1�z.

Äk§*	�XÚ�§��IO�M�î�§/ª§(Ü:µ {zk = xk + iyk ∈
Ω, k = 1, 2}�dkÚ\Cþ

qk =
√
|Γk|sgn(Γk)xk, pk =

√
|Γk|yk, k = 1, 2.

K |zk|2 = |pk|2+|qk|2
|Γk|

§Ó�XÚ=z�IO/ª

q̇k =
∂H ′

∂pk
(q ,p), ṗk = −∂H

′

∂qk
(q ,p), k = 1, 2. (5)

Ù¥H ′ (q ,p) = H (x (q ,p) ,y (q ,p)).

Ùg�|^XÚÅðþ I§?�Ú?1�K���IC�

qk =
√

2ρkcosθk, pk =
√

2ρksinθk , k = 1, 2.

d�XÚC¤

ρ̇k =
∂H ′′

∂θk
(ρ,θ) θ̇k = −∂H

′′

∂ρk
(ρ,θ) , k = 1, 2. (6)

Ù¥H ′′ (ρ,θ) = H ′ (q (ρ,θ) ,p (ρ,θ)).

�e5§��KC�

G1 = ρ1 G2 = ρ1 + s1s2ρ2

Q1 = (θ1 − s1s2θ2) Q2 = s1s2θ2.

�\=���#XÚ

Ġ1 =
∂Ĥ

∂Q1
(G,Q), Q̇1 = − ∂Ĥ

∂G1
(G,Q),

Q̇2 = − ∂Ĥ

∂G2
(G,Q), Ġ2 =

∂Ĥ

∂Q2
(G,Q) = 0.

(7)

d�M�î¼ê
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Ĥ (G,Q) = Ĥ0 (G,Q) +
Γ2

1

4π

∞∑
k=1

ln

(
1− |Γ1|R2

2G1
q2k

)(
1− 2G1

|Γ1|R2
q2k

)

+
Γ2

2

4π

∞∑
k=1

ln

(
1− |Γ2|R2

2 (G2 −G1) s1s2
q2k

)(
1− 2 (G2 −G1) s1s2

|Γ2|R2
q2k

)

− Γ1Γ2

4π

∞∑
k=1

ln

 R4

(
(2G2−X2−Y 2)s1s2

|Γ2|
− 2

X
√

(2G2−X2−Y 2)s1s2
s1s2
√
|Γ1Γ2|

q2k + X2+Y 2

|Γ1|
q4k

)
(
R4 − 2R2

X
√

(2G2−X2−Y 2)s1s2
s1s2
√
|Γ1Γ2|

q2k +
(X2+Y 2)(2G2−X2−Y 2)s1s2

|Γ1Γ2|
q4k

)

·

(
X2+Y 2

|Γ2|
− 2

X
√

(2G2−X2−Y 2)s1s2
s1s2
√
|Γ1Γ2|

q2k +
(2G2−X2−Y 2)s1s2

|Γ1|
q4k

)
(
R4q4k − 2R2

X
√

(2G2−X2−Y 2)s1s2
s1s2
√
|Γ1Γ2|

q2k +
(X2+Y 2)(2G2−X2−Y 2)s1s2

|Γ1Γ2|

) ,

Ù¥ sk = sgn(Γk)§

Ĥ0 (G,Q) =− Γ1Γ2

4π
ln

(
2G1

|Γ1|
+

2 (G2 −G1) s1s2

|Γ2|
− 4

√
G1 (G2 −G1) s1s2 cosQ1

s1s2

√
|Γ1Γ2|

)

+
Γ2

1

4π
ln

(
R2 − 2G1

|Γ1|

)
+

Γ2
2

4π
ln

(
R2 − 2 (G2 −G1) s1s2

|Γ2|

)

+
Γ1Γ2

4π
ln

(
4G1 (G2 −G1) s1s2

|Γ1Γ2|
− 4R2

√
G1 (G2 −G1) s1s2 cosQ1

s1s2

√
|Γ1Γ2|

+R4

)
.

d�G2 = 1
2
(q2

1 + p2
1) + 1

2
s1s2(q2

2 + p2
2) = 1

2
s1I ´�Äþ I�~ê�§�ÄgÈ©. ùL

« ĤØ2�6CþQ2§
G2KüC���ëê§�ª·�ògdÝ� 2��XÚü

$
 1�gdÝ.

3. � Γ1 = Γ2�XÚ��È$Ä9�éþï)

:µrÝØÓ¬UCëêÚCþ�����§3ïÄü:µ��é$Ä��{z

O�§·�b�ü:µrÝ��§=Γ1 = Γ2 = 1§s1 = s2§d� 2G2 = I��Äþ§

Ø��½R = 1§K q = r . ±d�~ïÄXÚ��È$ÄÚ�éþï). -

X =
√

2G1 cosQ1, Y =
√

2G1 sinQ1,

¦�÷v�§

Ẋ =
∂H̃

∂Y
(X, Y ;G2), Ẏ = −∂H̃

∂X
(X, Y ;G2),
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(Ü 2G2 = IK 2q2 < I < 2§(X, Y )÷vµ2q2 < X2 + Y 2 < 1

q2 < I −X2 − Y 2 < 1

y3XÚ�§C�µ

H̃ (X,Y ; I) = H̃0 (X,Y ; I) +
1

4π

∞∑
k=1

ln

((
1− R2

X2 + Y 2
q2k

)(
1− X2 + Y 2

R2
q2k

))

+
1

4π

∞∑
k=1

ln

(
1− R2

(I −X2 − Y 2)
q2k

)(
1−

(
I −X2 − Y 2

)
R2

q2k

)

− Γ1Γ2

4π

∞∑
k=1

ln

 R4
((
I −X2 − Y 2

)
− 2X

√
(I −X2 − Y 2)q2k + (X2 + Y 2)q4k

)
(
R4 − 2R2X

√
(I −X2 − Y 2)q2k + (X2 + Y 2) (I −X2 − Y 2) q4k

)

·

((
I −X2 − Y 2

)
q4k − 2X

√
(I −X2 − Y 2)q2k + (X2 + Y 2)

)
(
R4q4k − 2R2X

√
(I −X2 − Y 2)q2k + (X2 + Y 2) (I −X2 − Y 2)

)
 ,

Ù¥
H̃0 (X,Y ; I) =− 1

4π
ln
(
I − 2X

√
(I −X2 − Y 2)

)
+

1

4π
ln
(
R2 −X2 − Y 2)

+
Γ2

2

4π
ln
(
R2 − (I −X2 − Y 2)

)
+

Γ1Γ2

4π
ln
((
X2 + Y 2) (I −X2 − Y 2)− 2R2X

√
(I −X2 − Y 2) +R4

)
.

Cþ (X, Y )3ÔnþL«�:µ 1Ú:µ 23ë�X¥�å^=�(k��I. þ

ãM�îXÚ�§£ã
ùü�:µ��é �Cz. Xe�� q = 0.02q = 0.08q =

0.2���¹e§3 I�ØÓ«mþØÄ:�­½5Cz�¹©Û.

(1)3 0.0008 < I < I0 ≈ 0.005¥�½ I = 0.002*	�XÚ3XY ²¡þ��é$

Ä;,¥ØÄ:X0 =
(
−
√
I/2, 0

)
´��Q:.

(2)3 I0 < I < I1 ≈ 0.43¥�½ I = 0.2*	�XÚ3XY ²¡þ��é$Ä;,

¥ØÄ:X0 =
(
−
√
I/2, 0

)
´��¥%§X1X2´Q:§dX1Ñu�X2�ü^É�

;òX1/��0.

(3)3 I1 < I < I2 ≈ 0.61¥�½ I = 0.5�±w�XÚ3XY ²¡þ��é$Ä;

,¥ØÄ:X0 =
(
−
√
I/2, 0

)
´��Q:§X0�ü^Ó�;ò/��0X1X2ùü�

¥%.
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(4)3 I2 < I < 2¥�½ I = 1*	�XÚ3XY ²¡þ��é$Ä;,¥ØÄ

:X0 =
(
−
√
I/2, 0

)
´��Q:. Xã 3¤«§Ù¥ SEL«ÛÉ�..

q = 0.02

Figure 3. Schematic diagram of H̃ energy lines at different values of I at q = 0.02

ã 3. q = 0.02�ØÓ I�e H̃Uþ�«¿ã

q = 0.08

Figure 4. Schematic diagram of H̃ energy lines at different values of I at q = 0.08

ã 4. q = 0.08�ØÓ I�e H̃Uþ�«¿ã

(1)3 0.0128 < I < I3 ≈ 0.11¥�½ I = 0.1*	�XÚ3XY ²¡þ��é$Ä

;,¥ØÄ:X0 =
(
−
√
I/2, 0

)
´��Q:.

(2)3 I3 < I < I4 ≈ 0.35¥�½ I = 0.31*	�XÚ3XY ²¡þ��é$Ä;,

¥ØÄ:X0 =
(
−
√
I/2, 0

)
´��¥%§X1X2´Q:§dX1X2|¤��ü^É�

;/��0
X0.

(3)3 I4 < I < 2¥�½ I = 0.5*	�XÚ3XY ²¡þ��é$Ä;,¥ØÄ
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:X0 =
(
−
√
I/2, 0

)
´��Q:. Xã 4 ¤«§Ù¥SEL«ÛÉ�..

q = 0.2

Figure 5. Schematic diagram of H̃ energy lines at different values of I at q = 0.2

ã 5. q = 0.2�ØÓ I�e H̃Uþ�«¿ã

I = 0.5�§*	�XÚ3XY ²¡þ��é$Ä;,¥ØÄ:X0 =
(
−
√
I/2, 0

)
´��Q:. Xã 5¤«§Ù¥ SEL«ÛÉ�..

ÏL*	�é;,ã�±uyu)
©Üy�§=3 q©O� 0.02§0.08Ú 0.2�

�Xëê I�CzØÄ:��êÚa.þu)
UC§þï)Cz�¹XL 1§L 2§

L 3¤«.

Table 1. Change in equilibrium solution at q = 0.02

L 1. q = 0.02�þï)�Cz�¹

I�«m þï)�a.

0.0008 < I ≤ 0.005 ��Q:
0.005 < I ≤ 0.43 ��¥%§ü�Q:
0.43 < I ≤ 0.61 ��Q:§ü�¥%
0.61 < I<2 ��Q:

:µXÚ�©Üy���5ÄåÆXÚ¥�­�y���§Ðy
ÄåÆXÚ3

ëêCzL§¥�­½5=C�E,5. ïÄdy��±�Ð/n)3E,6|¥�
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Table 2. Change in equilibrium solution at q = 0.08

L 2. q = 0.08�þï)�Cz�¹

I�«m þï)�a.

0.0128 < I ≤ 0.11 ��Q:
0.011 < I ≤ 0.35 ��¥%§ü�Q:
0.35 < I ≤ 0.2 ��Q:

Table 3. Change in equilibrium solution at q = 0.2

L 3. q = 0.2�þï)�Cz�¹

I�«m þï)�a.

0.08 < I ≤ 2 ��Q:
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