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Abstract

In this paper, the geometric stabilization problem of nonlinear stochastic discrete-

time systems is studied. Firstly, the concept of geometric stochastic incremental

QSR dissipativity for nonlinear stochastic discrete-time systems is introduced, and

the expression of the concept of linear matrix inequality (LMI) is given. Secondly,

based on the geometric stochastic incremental QSR dissipativity and the linear static

output feedback controller, the sufficient and necessary conditions for the geometric

mean square incremental stability in probability of the system are proposed. Finally,

the validity of the results is demonstrated by numerical simulation.
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1. Úó

3��ó§¥, ÑÑnØ�ÄåXÚ�©ÛÚ���OJø
��Ä�µe [1], TµeÄuX

ÚUþ�'�Ä, ¦^Ñ\, G�ÚÑÑXÚ£ã5�OÄåXÚ. ÄåXÚ�ÑÑb�éXÚ�Ä

åÆ1�k��Ä���å, ÑÑÄåXÚ��;Uþ�õ�uXÚ¥�;�Ð©Uþ�XÚ	Ü

Jø�oUþ�oÚ. Willems [2] [3]3'uÑÑÄåXÚ�üÜ©Ø©¥mM5/�Ñ
uÐ��

ëY�m��5(½5ÄåXÚÑÑnØ�'�Ä:. ÑÑnØ3)û°�5, ºx¯aZ6³�,

�"pë­½5Ú�`5�¡u�
­��^ [4]. [5]���5�ÅÄåXÚ�©ÛÚ���OJ

ø
��µe. 3 [6]¥, �öJÑ
�a��5�ÅlÑXÚ�k�OÃ�*Ü5nØ, òÑÑn

Ø*Ð�
��5�ÅlÑXÚ, éuTXÚ�OþÑÑ5�ïÄ¿Øõ�.

­½5´¯õÆöïÄÄåXÚ�Ø%SN, éuOþ­½5�ïÄ´Ù¥���­��¡.

3ïÄ��5XÚ�Oþ­½5�, �¦ÄåXÚ�¤k;,*dÂñ [7]. Cc5, Oþ­½53

��5XÚ*ÿì�O [8], �l�O [9]�+�k2��A^cµ. â�ö¤�, ���9��5�
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ÅlÑXÚVÇ¿ÂeAÛþ�Oþ­½5�AÛ�ÅOþQSRÑÑ5�'XnØ, ¿vk�'©

zJ9.

�©é��5�ÅlÑXÚÐmïÄ, Äk0�TXÚVÇ¿ÂeAÛþ�Oþ­½5 [10]Ú

AÛ�ÅOþQSRÑÑ�Vg, �ÑAÛ�ÅOþQSR ÑÑ�LMI/ª; ��, ÏL�O���5

·�ÑÑ�"��ì, 3·���U¼êÚø�Çe, JÑÄuAÛ�ÅOþQSRÑÑÚ�5·�

ÑÑ�"��ì��ÅlÑXÚAÛþ�Oþ­½�¿©7�^�.

2. ý��£

R´¢ê8, R+´�K¢ê8, R−ÚR+©OL«K¢ê8Ú�¢ê8, Rn�¢��þ, Rn×m

´n×m�¢Ý
. Nm´m×m����½Ý
. || · ||´�þ�îAp��ê. Vs ∈ L1 �LëY�

�¼ê: Rn → R. Z+´��ê8. Z+´�K�ê8. Sm�Lm ×m ��é¡Ý
. (Ω,F ,P)´�

VÇ�m, Ù¥ΩL«���m, FL«Ω�f8�σ-�ê, P½Â�σ-�êFþ�VÇÿÝ.

�Ä±e���5�ÅÄ�XÚx(k + 1) = f(x(k)) +G(x(k))u(k) +D(x(k))ω(k), x(0) = x0,

y(k) = h(x(k)),
(1)

Ù¥, éu¤k�k ∈ Z+, x(k) ∈ D ⊆ Rn, D´��m8, �0 ∈ D, u(k) ∈ U ⊆ Rm, y(k) ∈ Y ⊆
Rl ©O�D-�, U-�, Y -���ÅL§. w(k), k ∈ Z+�(Ω,F ,P)¥�d �ÕáÓ©Ù�ÅL§, ¿

�w(k)´"þ��. f : D → Rn, G: D → Rn×m, D: D → Rn×d Úh: D → Rl. éu½Â3G��
mD, UÚYþ�XÚ(1), ½Â��Ñ\ÚÑÑG��m, ©Od�k�ê8Z+ �U-�ÚY - ��Å

L§|¤. b�f(·), G(·), D(·) Úh(·)´ëY��¼ê, ¿�f(·) ��k��²ï:, ¦�f(0) = 0,

G(0) = 0, D(0) = 0 Úh(0) = 0. �ÄXÚ(1)¿�-Vs : D → R. ,�, ½Âx Úx̂ ��©�f�

∆Vs(x(k), x̂(k)) = E[Vs(x(k + 1), x̂(k + 1))]− Vs(x(k), x̂(k)), (2)

ùp, ½Â¥��©�f´��(½5¼ê, §Ø�9XÚG��Ï", 
��9ω = ω(k)�Ï

", Ù¥k ∈ Z+, x = x(k), x̂ = x̂(k). ��©�f÷G��þx(k), x̂(k) �©Ù¦��, k ∈ Z+,

K∆V (x(k), x̂(k))´d(2) �Ñ��ÅCþ. Ù¥Ï"�´éω��, =x = x(k), x̂ = x̂(k)�À�~

ê. ¢Sþ, Vs(x(k))´�VÇ�m(Ω,F ,P)¥���,u´∆Vs(x(k), x̂(k)) = E[Vs(x(k+1), x̂(k+

1))|Fk]− Vs(x(k), x̂(k)), �
Qã�B, ·�P�(2) �/ª.

Willems 3 [4]¥é��5lÑÄåXÚ�ÑÑnØ?1
�[ïÄ. âd, ·��Ñ;U

¼êÚø�Ç, ¿dd0���5�ÅlÑXÚAÛ�ÅOþQSRÑÑ�½Â, î�AÛ�ÅO

þQSRÑÑ�½Â, ÛÜî�AÛ�ÅOþQSRÑÑ�¿©�LMI^�, ±9�ÅOþQSRÑÑ�

î�AÛ�ÅOþQSRÑÑ�'X.

Ún [4]éuXÚ(1), b��3��ëY¼êVs: D → R, ¦�

Vs(0, 0) = 0,
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Ù¥Vs(x, x̂) ≥ 0, x, x̂ ∈ Rn, x 6= x̂, ¿�

E[Vs(x(k + 1), x̂(k + 1))] = E[V1(x(k + 1))] + E[V2(x̂(k + 1))], (3)

E[V1(f(x) +G(x)u+D(x)ω)] = E[V1(f(x) +D(x)ω)] + P1u(x)u+ uTP2u(x)u, (4)

E[V2(f(x̂) +G(x̂)û) +D(x̂)ω] = E[V2(f(x̂) +D(x̂)ω)] + P1û(x̂)û+ ûTP2û(x̂)û. (5)

,	, XJ�3α > 0, β > γ > 0, C3, C4 ∈ R+, ¦�

ρE[Vs(x(k + 1), x̂(k + 1))] ≤ Vs(x(k), x̂(k)), (6)

α ‖ x− x̂ ‖2≤ Vs(x, x̂) ≤ β ‖ x− x̂ ‖2, (7)

∆Vs(x, x̂) ≤ −γ ‖ x− x̂ ‖2, (8)

‖E[V
′

s (f(x) +D(x)ω)]‖ ≤ C3 ‖ x− x̂ ‖, (9)

‖E[V
′

s (f(x̂) +D(x̂)ω)]‖ ≤ C4 ‖ x− x̂ ‖, (10)

KXÚ(1)�VÇ¿Âe�AÛþ�Oþ­½. e¡�½Â0�
XÚ(1)�AÛ�ÅOþÑÑ�A

�Vg. ,	, ·�b��3��¼êζ : Rl → Rl, ¦�ζ(0, 0) = 0¿�r(ζ(y, ŷ),∆y) ≥ 0, y 6= ŷ.

¿�r(∆u,∆y)´��ëY��¼ê. ,�, �3ø�Çr(∆u,∆y): U × Y → R ¦�r(0, 0) = 0,

�r(∆u(k),∆y(k)) éu¤k÷vXÚ(1)�Ñ\ÑÑé´ÛÜ�Ú�. �Ò´`, éu¤k�Ñ\

ÑÑéu(·) ∈ U Úy(·) ∈ Y ÷v(1), ¿�¤k�k.Ê�κ ≥ 0, r(·, ·) ÷v

E[
κ−1∑
i=k0

| r(∆u(i),∆y(i)) |] ≥ 0, κ− 1 ≥ κ0, (11)

Ù¥∆u = u− û,∆y = y − ŷ.

½Â1 [4]XJXÚ(1)´�AÛ�ÅOþQSRÑÑ�, K�3���K½�;U¼êVs(x, x̂), ÷

vVs(0, 0) = 0, ¿��3ø�Çr(∆u,∆y) ¦�

ρE[Vs(x(k + 1), x̂(k + 1))]− Vs(x(k), x̂(k)) ≤ ρr(∆u(k),∆y(k)), (12)

Ù¥ρ > 1, r(∆u,∆y) = ∆yTQ∆y + 2∆yTS∆u+ ∆uTR∆u, Q ∈ Sl, R ∈ Sm, ÚS ∈ Rl×m.
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½Â2 [4]éu�ÅOþQSRÑÑ�XÚ(1), �3T (x, x̂) > 0, ¦�

E[Vs(x(k + 1), x̂(k + 1))]− Vs(x(k), x̂(k)) + T (x, x̂) ≤ ∆yTQ∆y + 2∆yTS∆u+ ∆uTR∆u, (13)

K¡XÚ(1)�î�AÛ�ÅOþÑÑ�. Ù¥Q ∈ Sl, R ∈ Sm ÚS ∈ Rl×m.

e¡�Ñ��D × U¥�éuÛÜî�AÛ�ÅOþQSRÑÑ�¿©�LMI^� Φ
1

2
P1u(x)− 1

2
P1û(x̂)−∆hT (x)S

(
1

2
P1u(x)− 1

2
P1û(x̂)−∆hT (x)S)T −R+ P2u(x) + P2û(x̂)

 ≤ 0, (14)

Ù¥Φ = E[V1(f(x) +D(x)ω)] +E[V2(f(x̂) +D(x̂)ω)]− V1(x(k))− V2(x̂(k)) + T (x, x̂)−∆hTQ∆h.

éu¤k�x, x̂ ∈ Rn, P1u(x): Rn → R1×m, P2u(x): Rn → Nm,

P1u(x) = E[V
′

s (f(x) +D(x)w)]G(x), P1û(x̂) = E[V
′

s (f(x̂) +D(x̂)w)]G(x̂)

P2u(x) =
1

2
GT (x)E[V

′′

s (f(x) +D(x)w)]G(x), P2û(x̂) =
1

2
GT (x̂)E[V

′′

s (f(x̂) +D(x̂)w)]G(x̂),

¿�

P1u(x)û+ P1û(x̂)u = 0, (15)

P2u(x)û = P2û(x̂)u = 0. (16)

½Â3 [4]éuî�AÛ�ÅOþQSRÑÑ�Ä�XÚ(1), �3ρ > 1, ¦�

T =
ρ− 1

ρ
Vs(x, x̂) =

ρ− 1

ρ
V1(x) +

ρ− 1

ρ
V2(x̂). (17)

K¡§�AÛ�ÅOþQSRÑÑ�.

3. Ì�(J

�e5, ·�òí�lÑ�Å��5XÚ��5·�ÑÑ�"��ì. �d, �±�O�5·�

ÑÑ�"��ì∆u = K∆y, |^AÛ�ÅOþQSRÑÑ¢yVÇe��AÛþ�Oþ­½5.

½n3.1 ÏL�O�5·�ÑÑ�"��ì, XÚ(1) ´VÇ¿Âe�AÛþ�Oþ­½��

�=�§´AÛ�ÅOþQSRÑÑ�, ÷vR− P2u(x)− P2û(x̂) > 0, ∆1 ≤ 0. Ù¥

∆1 = S[R− P2u(x)− P2û(x̂)]−1ST −KTP2u(x)K −Q, (18)
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∆2 = S[R− P2u(x)− P2û(x̂)]−1ST −KTP2û(x̂)K −Q. (19)

�O��5·�ÑÑ�"��ì�

∆u = K∆y = K∆h(x),K = −[R− P2u(x)− P2û(x̂)]−1ST . (20)

y²µ7�5µd(7)Ú(8)��

E[Vs(f(x) +D(x)ω +G(x)u, f(x̂) +D(x̂)ω +G(x̂)û)]− Vs(x, x̂) ≤ −γ ‖ x− x̂ ‖2≤ −γ
β
Vs(x, x̂),

(21)

£���

E[Vs(f(x) +D(x)ω +G(x)u, f(x̂) +D(x̂)ω +G(x̂)û)]− (1− γ

β
)Vs(x, x̂) ≤ 0. (22)

- 1
ρ

= η = 1− γ
β

, Ù¥0 < η < 1 l


E[Vs(f(x) +D(x)ω +G(x)u, f(x̂) +D(x̂)ω +G(x̂)û)]− ηVs(x, x̂) ≤ 0, (23)

-
−
η > 0, u´

E[Vs(f(x) +D(x)ω +G(x)u, f(x̂) +D(x̂)ω +G(x̂)û)]− −
ηVs(x, x̂) < 0. (24)

Ù¥ 1
−
ρ

=
−
η = 1+ε

ρ
, 0 < ε < ρ− 1, ?
��

E[Vs(f(x) +D(x)ω +G(x)u, f(x̂) +D(x̂)ω +G(x̂)û)]− −
ηVs(x, x̂) ≤ −ε

ρ
Vs(x, x̂) < 0. (25)

éu¼êVs ∈ L1, �3θ ∈ R+, k

E[Vs(f(x) +D(x)ω +G(x)u, f(x̂) +D(x̂)ω +G(x̂)û)]

−−
ηVs(x, x̂) +

θ

4
(P1u(x)− P1û(x̂))(P1u(x)− P1û(x̂))T ≤ 0, (26)

½ö

E[Vs(f(x) +D(x)ω +G(x)u, f(x̂) +D(x̂)ω +G(x̂)û)]

−−
ηVs(x, x̂) ≤ −θ

4
(P1u(x)− P1û(x̂))(P1u(x)− P1û(x̂))T . (27)
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ÏL3(26)¥¦^,�f, ·�k

E[Vs(f(x) +D(x)ω +G(x)u, f(x̂) +D(x̂)ω +G(x̂)û)]

− −
ηVs(x, x̂) +

θ

4
(P1u(x)− P1û(x̂))(P1u(x)− P1û(x̂))T

=E[Vs(f(x) +D(x)ω +G(x)u, f(x̂) +D(x̂)ω +G(x̂)û)]

− −
ηVs(x, x̂) +

θ

4
tr[(P1u(x)− P1û(x̂))(P1u(x)− P1û(x̂))T ]

≤− ε

ρ
Vs(x, x̂) +

θ

4
tr[(E[V

′

s (f(x) +D(x)ω)]G(x)

− E[V
′

s (f(x̂) +D(x̂)ω)]G(x̂))(E[V
′

s (f(x) +D(x)ω)]G(x)− E[V
′

s (f(x̂) +D(x̂)ω)]G(x̂)T )]

≤− ε

ρ
Vs(x, x̂) +

θ

4
tr[(E[V

′

s (f(x) +D(x)ω)]G(x))(E[V
′

s (f(x) +D(x)ω)]G(x))T

− (E[V
′

s (f(x) +D(x)ω)]G(x))(E[V
′

s (f(x̂) +D(x̂)ω)]G(x̂)T )

− (E[V
′

s (f(x̂) +D(x̂)ω)]G(x̂))(E[V
′

s (f(x) +D(x)ω)]G(x))T

+ (E[V
′

s (f(x̂) +D(x̂)ω)]G(x̂))(E[V
′

s (f(x̂) +D(x̂)ω)]G(x̂)T )]

≤− ε

ρ
Vs(x, x̂) +

θ

4
[tr(G(x)GT (x))(E[V

′

s (f(x) +D(x)ω)]E[V
′

s (f(x) +D(x)ω)]T )

− tr(G(x)GT (x̂)(E[V
′

s (f(x) +D(x)ω)]E[V
′

s (f(x̂) +D(x̂)ω)]T )

− tr(G(x̂)GT (x))(E[V
′

s (f(x̂) +D(x̂)ω)]E[V
′

s (f(x) +D(x)ω)]T )

+ tr(G(x̂)GT (x̂))(E[V
′

s (f(x̂) +D(x̂)ω)]E[V
′

s (f(x̂) +D(x̂)ω)]T )], (28)

ùp, ¢¼êtr(G(x)TG(x)) ≥ 0, Ïd, �3G ∈ R+, ¦�tr(G(x)GT (x)) ≤ G, tr(G(x)GT (x̂)) ≤ G,

tr(G(x̂)GT (x̂)) ≤ G. �dÓ�, ÏL(7), (10)Ú(11), ·���

− ε

ρ
Vs(x, x̂) +

θ

4
G[(E[V

′

s (f(x) +D(x)ω)]E[V
′

s (f(x) +D(x)ω)]T )

− 2(E[V
′

s (f(x) +D(x)ω)]E[V
′

s (f(x̂) +D(x̂)ω)]T )

+ (E[V
′

s (f(x̂) +D(x̂)ω)]E[V
′

s (f(x̂) +D(x̂)ω)]T )]

≤− ε

ρ
α ‖ x− x̂ ‖2 +

θ

4
G(C2

3 ‖ x− x̂ ‖2 −2C3C4 ‖ x− x̂ ‖2 +C2
4 ‖ x− x̂ ‖2). (29)
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Ø�ª(29)´���, XJ

−ε
ρ
α+

θ

4
G(C2

3 − 2C3C4 + C2
4 ) ≤ 0, (30)

�du

0 < θ ≤ 4αε

ρG(C3 − C4)2
. (31)

Ïd, �3θ ∈ R+, ¦�(26)Ú(27)´�1�. b�(7)Ú(8)÷vî��AÛ�ÅOþQSRÑÑ, ¿

�T = ρ−1
ρ
Vs(x, x̂). éuR− P2u(x)− P2û(x̂) > 0, (14)´�1�, ��=�

E[V1(f(x) +D(x)ω)] + E[V2(f(x̂) +D(x̂)ω)]− V1(x)− V2(x̂) + T

−[h(x)− h(x̂)]TQ[h(x)− h(x̂)] + (
1

2
P1u(x)− 1

2
P1u(x̂)− hT(x)S + hT(x̂)S)[R− P2u(x)− P2û(x̂)]−1

×(
1

2
P1u(x)− 1

2
P1u(x̂)− hT(x)S + hT(x̂)S)T ≤ 0, (32)

½ö

E[V1(f(x) +D(x)ω)] + E[V2(f(x̂) +D(x̂)ω)]− V1(x)− V2(x̂) + T − [hT(x)Qh(x)− hT(x)Qh(x̂)

−hT(x̂)Qh(x) + hT(x̂)QhT(x̂)]

+(
1

2
P1u(x)− 1

2
P1u(x̂)− hT(x)S + hT(x̂)S)[R− P2u(x)− P2û(x̂)]−1

×(
1

2
P1u(x)− 1

2
P1u(x̂)− hT(x)S + hT(x̂)S)T ≤ 0, (33)

?�ÚÐm��

E[V1(f(x) +D(x)ω)] + E[V2(f(x̂) +D(x̂)ω)]− V1(x)− V2(x̂) + T − hT(x)Qh(x) + 2hT(x)Qh(x̂)

−hT(x̂)Qh(x̂) +
1

4
P1u(x)[R− P2u(x)− P2û(x̂)]−1P T1u(x)− 1

4
P1u(x)[R− P2u(x)− P2û(x̂)]−1P T1û(x̂)

−1

2
P1u(x)[R− P2u(x)− P2û(x̂)]−1STh(x) +

1

2
P1u(x)[R− P2u(x)− P2û(x̂)]−1STh(x̂)

−1

4
P1û(x̂)[R− P2u(x)− P2û(x̂)]−1P T1u(x) +

1

4
P1û(x̂)[R− P2u(x)− P2û(x̂)]−1P T1û(x̂)

+
1

2
P1û(x̂)[R− P2u(x)− P2û(x̂)]−1STh(x)− 1

2
P1û(x̂)[R− P2u(x)− P2û(x̂)]−1STh(x̂)

−1

2
hT(x)S[R− P2u(x)− P2û(x̂)]−1P T1u(x) +

1

2
hT(x)S[R− P2u(x)− P2û(x̂)]−1P T1û(x̂)

+hT(x)S[R− P2u(x)− P2û(x̂)]−1STh(x)− hT(x)S[R− P2u(x)− P2û(x̂)]−1STh(x̂)

+
1

2
hT(x̂)S[R− P2u(x)− P2û(x̂)]−1P T1u(x)− 1

2
hT(x̂)S[R− P2u(x)− P2û(x̂)]−1P T1û(x̂)

−hT(x̂)S[R− P2u(x)− P2û(x̂)]−1STh(x) + hT(x̂)S[R− P2u(x)− P2û(x̂)]−1STh(x̂) ≤ 0, (34)
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E[V1(f(x) +D(x)ω)] + E[V2(f(x̂) +D(x̂)ω)]− V1(x)− V2(x̂) + T − hT(x)Qh(x) + 2hT(x)Qh(x̂)

−hT(x̂)Qh(x̂) +
1

4
P1u(x)[R− P2u(x)− P2û(x̂)]−1P T1u(x)− 1

2
P1u(x)[R− P2u(x)− P2û(x̂)]−1P T1û(x̂)

−hT(x)S[R− P2u(x)− P2û(x̂)]−1P T1u(x) + hT(x̂)S[R− P2u(x)− P2û(x̂)]−1P T1u(x)

+
1

4
P1û(x̂)[R− P2u(x)− P2û(x̂)]−1P T1û(x̂) + hT(x)S[R− P2u(x)− P2û(x̂)]−1P T1û(x̂)

−hT(x̂)S[R− P2u(x)− P2û(x̂)]−1P T1û(x̂) + hT(x)S[R− P2u(x)− P2û(x̂)]−1STh(x)

−2hT(x)S[R− P2u(x)− P2û(x̂)]−1STh(x̂) + hT(x̂)S[R− P2u(x)− P2û(x̂)]−1STh(x̂) ≤ 0. (35)

d(3), (4) Ú(5), XJT = (1− −
η) = ρ̄−1

ρ̄
Vs(x, x̂), ¦�

− P1u(x)u− uTP2u(x)u− P1û(x̂)û− ûTP2û(x̂)û− θ

4
[P1u(x)− P1û(x̂)][P1u(x)− P1û(x̂)]T

≤hT (x)Qh(x)− 2hT(x)Qh(x̂) + hT(x̂)Qh(x̂)− 1

4
P1u(x)[R− P2u(x)− P2û(x̂)]−1P T1u(x)

+
1

2
P1u(x)[R− P2u(x)− P2û(x̂)]−1P T1û(x̂) + hT(x)S[R− P2u(x)− P2û(x̂)]−1P T1u(x)

−hT(x̂)S[R− P2u(x)− P2û(x̂)]−1P T1u(x)− 1

4
P1û(x̂)[R− P2u(x)− P2û(x̂)]−1P T1û(x̂)

−hT(x)S[R− P2u(x)− P2û(x̂)]−1P T1û(x̂) + hT(x̂)S[R− P2u(x)− P2û(x̂)]−1P T1û(x̂)

−hT(x)S[R− P2u(x)− P2û(x̂)]−1STh(x) + 2hT(x)S[R− P2u(x)− P2û(x̂)]−1STh(x̂)

−hT(x̂)S[R− P2u(x)− P2û(x̂)]−1STh(x̂), (36)

Ï�R− P2u(x)− P2û(x̂) = I
θ
> 0, Ù¥θ5g(26), ¿�I �ü Ý
, l


−P1u(x)u− uTP2u(x)u− P1û(x̂)û− ûTP2û(x̂)û

−1

4
[R− P2u(x)− P2û(x̂)]−1P1u(x)PT

1u(x) +
1

2
[R− P2u(x)− P2û(x̂)]−1P1u(x)PT

1û(x̂)

−1

4
[R− P2u(x)− P2û(x̂)]−1P1û(x̂)PT

1û(x̂)

≤hT (x)Qh(x)− 2hT(x)Qh(x̂) + hT(x̂)Qh(x̂)− 1

4
P1u(x)[R− P2u(x)− P2û(x̂)]−1P T1u(x)

+
1

2
P1u(x)[R− P2u(x)− P2û(x̂)]−1P T1û(x̂) + hT(x)S[R− P2u(x)− P2û(x̂)]−1P T1u(x)

−hT(x̂)S[R− P2u(x)− P2û(x̂)]−1P T1u(x)− 1

4
P1û(x̂)[R− P2u(x)− P2û(x̂)]−1P T1û(x̂)

−hT(x)S[R− P2u(x)− P2û(x̂)]−1P T1û(x̂) + hT(x̂)S[R− P2u(x)− P2û(x̂)]−1P T1û(x̂)

−hT(x)S[R− P2u(x)− P2û(x̂)]−1STh(x) + 2hT(x)S[R− P2u(x)− P2û(x̂)]−1STh(x̂)

−hT(x̂)S[R− P2u(x)− P2û(x̂)]−1STh(x̂). (37)
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qdu∆u = K∆h(x), ?


− P1u(x)Kh(x)− hT(x)KTP2u(x)Kh(x)− P1û(x̂)Kh(x̂)− hT(x̂)KTP2û(x̂)Kh(x̂)

≤hT (x)Qh(x)− 2hT(x)Qh(x̂) + hT(x̂)Qh(x̂) + hT(x)S[R− P2u(x)− P2û(x̂)]−1P T1u(x)

−hT(x̂)S[R− P2u(x)− P2û(x̂)]−1P T1u(x)− hT(x)S[R− P2u(x)− P2û(x̂)]−1P T1û(x̂)

+hT(x̂)S[R− P2u(x)− P2û(x̂)]−1P T1û(x̂)− hT(x)S[R− P2u(x)− P2û(x̂)]−1STh(x)

+2hT(x)S[R− P2u(x)− P2û(x̂)]−1STh(x̂)− hT(x̂)S[R− P2u(x)− P2û(x̂)]−1STh(x̂), (38)

?�Úz{��

hT(x)[Q− S[R− P2u(x)− P2û(x̂)]−1ST +KTP2u(x)K]h(x)

+hT(x̂)[Q− S[R− P2u(x)− P2û(x̂)]−1ST

+KTP2û(x̂)K]h(x̂) + hT(x)[KT + S[R− P2u(x)− P2û(x̂)]−1]P1u(x)

+hT(x̂)[KT + S[R− P2u(x)− P2û(x̂)]−1]P1û(x̂)

+2hT(x)[−Q+ S[R− P2u(x)− P2û(x̂)]−1ST]hT(x̂)− hT(x̂)S[R− P2u(x)− P2û(x̂)]−1P T1u(x)

−hT(x)S[R− P2u(x)− P2û(x̂)]−1P T1û(x̂) ≥ 0, (39)

ÏLR− P2u(x)− P2û(x̂) = I
θ
Ú(39), ·�k

−∆1 = Q− S[R− P2u(x)− P2û(x̂)]−1ST +KTP2u(x)K, (40)

−∆2 = Q− S[R− P2u(x)− P2û(x̂)]−1ST +KTP2û(x̂)K. (41)

éuR− P2u(x)− P2û(x̂) = I
θ
, K = −[R− P2u(x)− P2û(x̂)]−1ST , ¿�d�ª(15), (39)�z�

−hT(x)∆1h(x)− hT(x̂)∆2h(x̂) + 2hT(x)[−Q+ S[R− P2u(x)− P2û(x̂)]−1ST]h(x̂) ≥ 0, (42)

?�Ú/

− hT(x)∆1h(x)− hT(x̂)∆2h(x̂)

+2hT(x)[−Q+ S[R− P2u(x)− P2û(x̂)]−1ST −KTP2u(x)K]h(x̂) ≥ 0, (43)

�du

− hT(x)∆1h(x)− hT(x̂)∆2h(x̂) + hT(x)[−Q+ S[R− P2u(x)− P2û(x̂)]−1ST −KTP2u(x)K]h(x̂)

+ hT(x)[−Q+ S[R− P2u(x)− P2û(x̂)]−1ST −KTP2û(x̂)K]h(x̂) ≥ 0, (44)
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− hT(x)∆1h(x)− hT(x̂)∆2h(x̂) + hT(x)∆1h(x̂) + hT(x)∆2h(x̂)

=− hT(x)∆1[h(x)− h(x̂)] + [hT(x)− hT(x̂)]∆2h(x̂)

=− [hT(x)∆1 − hT(x̂)∆2][h(x)− h(x̂)]

=− [hT(x)∆1 − hT(x̂)∆1 + hT(x̂)∆1 − hT(x̂)∆2][h(x)− h(x̂)]

=− [[hT(x)− hT(x̂)]∆1 + hT(x̂)[KTP2u(x)K −KTP2û(x̂)K]]∆h(x)

=−∆hT(x)∆1∆h(x) + hT(x̂)KTP2û(x̂)Kh(x̂) ≥ 0, (45)

�ª��

∆1 ≤ 0. (46)

Ïd, k
R− P2u(x)− P2û(x̂) > 0, ∆1 ≤ 0, XÚ(1)´AÛ�ÅOþQSRÑÑ�.

¿©5: b�XÚ(1)´AÛ�ÅOþQSRÑÑ�, ÏLT = ρ−1
ρ
Vs(x, x̂), ,��3ø�Ç

r(∆u(k),∆y(k)) = ∆yTQ∆y + 2∆yTS∆u+ ∆uTR∆u, ¦�

ρE[Vs(f(x) +G(x)u+D(x)ω, f(x̂) +G(x̂)û+D(x̂)ω]− Vs(x, x̂) ≤ ρr(∆u(k),∆y(k)), (47)

�du

E[Vs(f(x) +G(x)u+D(x)ω, f(x̂) +G(x̂)û+D(x̂)ω]− 1

ρ
Vs(x, x̂) ≤ r(∆u(k),∆y(k)), (48)

éu∆u = K∆y, l


r(K∆y,∆y) = ∆yTQ∆y + 2∆yTSK∆y + ∆yTKTRK∆y. (49)

duø�Çr(∆u(k),∆y(k))´ëY�, ?


dr

d∆y
= 2∆yQ+ 4SK∆y + 2KTRK∆y = 2∆y(Q+ 2SK +KTRK), (50)

Ù¥K = −[R− P2u(x)− P2û(x̂)]−1ST , �Ä

Q+ 2SK +KTRK

=Q− 2S[R− P2u(x)− P2û(x̂)]−1ST

+S[R− P2u(x)− P2û(x̂)]−1R[R− P2u(x)− P2û(x̂)]−1ST

=Q− 2S[R− P2u(x)− P2û(x̂)]−1[R− P2u(x)− P2û(x̂)][R− P2u(x)− P2û(x̂)]−1ST
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+S[R− P2u(x)− P2û(x̂)]−1R[R− P2u(x)− P2û(x̂)]−1ST

=Q− S[R− P2u(x)− P2û(x̂)]−1ST

+S[R− P2u(x)− P2û(x̂)]−1[P2u(x) + P2û(x̂)][R− P2u(x)− P2û(x̂)]−1ST

=Q− S[R− P2u(x)− P2û(x̂)]−1ST +KT [P2u(x) + P2û(x̂)]K

=−∆1 +KTP2û(x̂)K, (51)

d(51), (50)�z{�

dr

d∆y
= 2∆y[−∆1 +KTP2û(x̂)K], (52)

du∆1 ≤ 0, ?
��

d2r

d∆y2
= 2[−∆1 +KTP2û(x̂)K] ≥ 0, (53)

=ø�Ç¼êr(∆u,∆y)k���. u´, ·�-

dr

d∆y
= 2∆y[−∆1 +KTP2û(x̂)K] = 0, (54)

��=�

∆y = 0, (55)

l
��

r(K∆y,∆y) = ∆yTQ∆y + 2∆yTSK∆y + ∆yTKTRK∆y = 0, (56)

�Ò´`

min r(∆u,∆y) = 0, (57)

d(47)��

E[Vs(f(x)+G(x)u+D(x)ω, f(x̂)+G(x̂)û+D(x̂)ω]−Vs(x, x̂) ≤ (
1

ρ
−1)Vs(x, x̂) ≤ (

1

ρ
−1)α||x− x̂||2,

(58)

ÏL(58)Ú(8), ·�k−γ = ( 1
ρ
− 1)α, ùÚ(47)´���. Ïd, �:äkVÇ¿Âe�AÛþ�O

þ­½5, ¿��∆1 ≤ 0�÷v­½�¿©^�"

5: ÏL�O�5·�ÑÑ�"��ì∆u = K∆h, ��5�ÅÄ�XÚ(1)´VÇ¿Âe�A

Ûþ�Oþ­½���=�§´AÛ�ÅOþQSRÑÑ�, ÷vR − P2u(x)− P2û(x̂) > 0, ∆1 ≤ 0.

�d, ·�y²
½n3.1¤á.
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4. ê��[

3�!¥, ·�òJø��«~5`²Oþ��ì�k�5. �Äe¡���5�ÅlÑÄ�

XÚ

x1(k + 1) = x1(k)ω(k), x1(0) = x10, k ∈ Z+,

x2(k + 1) =
1

2
x2

1(k) + u(k), x2(0) = x20,

y(k) = 2x2
1(k), (59)

Ù¥ω(k), k ≥ 0, ´þ��", IO��σ�Õápd�ÅCþS�. éux = [x1, x2]T , x̂ =

[x̂1, x̂2]T , f(x) = [0, 1
2
x2

1]T , f(x̂) = [0, 1
2
x̂2

1]T , G(x) = [0, 1]T , G(x̂) = [0, 1]T , h(x) = 2x2
1, h(x̂) = 2x̂2

1,

D(x) = [x1, 0]T , D(x̂) = [x̂1, 0]T , �½;U¼êVs(x) = x4
1 + 8x2

2, Vs(x̂) = x̂4
1 + 8x̂2

2, Vs(x, x̂) =

x4
1+8x2

2+x̂4
1+8x̂2

2d(15)Ú(16),��P1u(x) = 0, P1û(x̂) = 0, P2u(x) = 0, P2û(x̂) = 0,�âI�,·�

�½Q = 3, R = 1,ÚS = I. u´,·��Ñø�Ç¼êr(∆u,∆y) = 3∆y∆yT+2∆yT∆u+∆u∆uT .

?
K = −[R− P2u(x)− P2û]−1ST = −I.

ÏLO���

∆u = K∆y = −(2x2
1 − 2x̂2

1), (60)

r(∆u,∆y) = 3(2x2
1 − 2x̂2

1)2 − 2(2x2
1 − 2x̂2

1)2 + (2x2
1 − 2x̂2

1)2

= 2(2x2
1 − 2x̂2

1)2

= 8(x2
1 − x̂2

1)2 ≥ 0. (61)

?�Ú/, �½1 ≤ x1 ≤ x2 ≤
√

2, 1 ≤ x̂1 ≤ x̂2 ≤
√

2, l
x2
1 ≤ x4

1 ≤ 2x2
1 ≤ 2x2

2, x̂2
1 ≤ x̂4

1 ≤ 2x̂2
1 ≤

2x̂2
2. u´, éuVs(0, 0) = 0, Vs(x, x̂) > 0, ¿�x 6= x̂, ·�k

∆Vs(x, x̂) = E[Vs(f(x) +G(x)u+D(x)ω, f(x̂) +G(x̂)û+D(x̂)ω]− Vs(x, x̂)

= E[Vs(f(x) +G(x)u+D(x)ω, f(x̂) +G(x̂)û+D(x̂)ω]− Vs(x)− Vs(x̂)

= E[(ωx1)4 + 2x4
1] + E[(ωx̂1)4 + 2x4

1]− x4
1 − x̂4

1 − 8(x2
2 + x̂2

2)

= (3σ4 + 1)(x4
1 + x̂4

1)− 8(x2
2 + x̂2

2)

≤ (6σ4 + 2)(x2
2 + x̂2

2)− 8(x2
2 + x̂2

2) ≤ r(∆u,∆y) = 8(x2
1 − x̂2

1)2. (62)

d(62), 6σ4 − 6 ≤ 0, σ4 ≤ 1. ùÒ�Ñ
σ�����.

x2
1 + x2

2 + x̂2
1 + x̂2

2≤Vs(x, x̂)=x4
1 + 8x2

2 + x̂4
1 + 8x̂2

2≤2x2
1 + 8x2

2 + 2x̂2
1 + 8x̂2

2≤8(x2
1 + x2

2 + x̂2
1 + x̂2

2).

(63)

�Ò´`α = 1, β = 8, l
�y
(7)¤á.
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�σ4 = 1
12
< 1, u´

∆Vs(x, x̂) = E[Vs(f(x) +G(x)u+D(x)ω, f(x̂) +G(x̂)û+D(x̂)ω]− Vs(x, x̂)

= (6σ4 − 6)(x2
2 + x̂2

2)

= −4(x2
2 + x̂2

2)

= −2(x2
2 + x̂2

2)− 2(x2
2 + x̂2

2)

< −2(x2
1 + x̂2

1)− 2(x2
2 + x̂2

2)

= −2(x2
1 + x̂2

1 + x2
2 + x̂2

2). (64)

Ïdγ = 2 < β, K(8)¤á. Ïd, ��5XÚ(59)÷vVÇ¿Âþ�AÛþ�Oþ­½. ¿�,
1
ρ

= 1− γ
β

= 3
4

ÏLO���V
′

s (x) = 4x3
1 + 16x2, f(x) +D(x)ω = (ωx1,

1
2
x2

1)T , V
′

s (f(x) +D(x)ω) = 4ω3x3
1 +

8x2
1, ?
·��Ñ

E[V
′

s (f(x) +D(x)ω)] = 8x2
1 ≤ C3x1 ≤ C3

√
x2

1 + x̂2
1. (65)

d(65), ·�kC3 ≥ 8x1, �C3 = 8
√

2. �Ò´`(10)¤á. C4Ón, �C3 6= C4.

�e5, ·�?Ø(14)´Ä¤á. éu

∆Vs(x, x̂) + T (x, x̂)−∆hTQ∆h

=
9

4
(x4

1 + x̂4
1)− 3

4
(x4

1 + 8x2
2)− 3

4
(x̂4

1 + 8x̂2
2)− 3(2x2

1 − 2x̂2
1)2

=
3

2
(x4

1 + x̂4
1)− 6(x2

2 + x̂2
2)− 3(2x2

1 − 2x̂2
1)2

≤3(x2
2 + x̂2

2)− 6(x2
2 + x̂2

2)− 3(2x2
1 − 2x̂2

1)2

≤− 3(x2
2 + x̂2

2)− 3(2x2
1 − 2x̂2

1)2

<− 3(2x2
1 − 2x̂2

1)2

<0, (66)

−R+ P2u(x) + P2û(x̂) = −1 < 0, (67)

∆hTS = 2x2
1 − 2x̂2

1, (68)

∆ =S[R− P2u(x)− P2û(x̂)]−1ST −KTP2u(x)K −Q

=− 2I < 0, (69)
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��

E[V1(f(x) +D(x)ω)] + E[V2(f(x̂) +D(x̂)ω)]− V1(x)− V2(x̂) + T − [h(x)− h(x̂)]T(x)Q[h(x)− h(x̂)]

+(
1

2
P1u(x)− 1

2
P1u(x̂)− hT(x)S + hT(x̂)S)[R− P2u(x)− P2û(x̂)]−1

×(
1

2
P1u(x)− 1

2
P1u(x̂)− hT(x)S + hT(x̂)S)T

<− 3(2x2
1 − 2x̂2

1)2 + (2x2
1 − 2x̂2

1)2

<− (2x2
1 − 2x̂2

1)2

<0. (70)

·��y
^�(14)éu½n3.1¤á. Ïd, �â½n3.1, ��5�ÅlÑXÚ(59)´VÇ¿Âe

AÛþ�Oþ­½�. ÏL��Ð�x10 = 1.0, x̂10 = 0.8, x20 = −1.0, x̂20 = −0.8. ã 1Ð«
3�

5·�ÑÑ�"��ì∆ue, 4�XÚ(59)�G�. d	, ã 1 L²�5·�ÑÑ�"��ì∆u�

±¦4�XÚ(59)­½, ¿��²
¤Jø�ø�Ç¼ê�k�5.

Figure 1. Trajectories of the state x1(k), x2(k), x̂1(k), x̂2(k)

ã 1. G�x1(k), x2(k), x̂1(k), x̂2(k)�;�

nþ¤ã, ÏLê��[·��y
¤�;U¼êÚø�Ç¼ê��15, ¿��O��5

·�ÑÑ�"��ì�±¦XÚ(59)��VÇ¿ÂeAÛþ�Oþ­½. Ó��y
(7), (8)±

9(10)éuXÚ(59)¤á, ��ÏLäN��5Ý
Ø�ª�y
XÚ(59)�AÛ�ÅOþQSRÑ

Ñ5.

5. (Ø

�©�Ø%´ïÄ��5�ÅlÑXÚ�VÇ¿Âe�AÛþ�Oþ­½�¿�^�. Äk,

|^�O��5·�ÑÑ�"��ì, �\ïÄ
��5�ÅlÑXÚ�AÛþ�Oþ­½5¯K.
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