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Abstract

We are concerned with the multiplicity of positive solutions for nonlinear elliptic

problems in exterior domain
−∆u = q(|x|)f(u), x ∈ Ω,

u(x) + α ∂u
∂n

= 0, |x| = 1,

u(x)→ 0, |x| → +∞,

(P)

where Ω = { x ∈ RN : |x| > 1}, N ≥ 3, α > 0 is a constant, n denotes the outer unit

normal vector on ∂Ω, and f ∈ C([0,∞), [0,∞)) satisfies different growth conditions at

zero and infinity. By using fixed point index theory, we obtain the multiplicity of

positive solutions for problem (P).
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1. Úó

��ý�>�¯K´�a��¯K,Úå
NõÆö�2�'5 [1–14]Ta¯K�ïÄÌ�

8¥3k.«� Ωþ,ë�©z [1–10].� Ω�Ã.«��,du�f�;5J±�y,Ïd(J�

é��,ë�©z [11–14].~X, 2003c, Stanczy3©z [11]¥$^Iþ�ØÄ:½nïÄ
	Ü

«�þ��5ý�¯K 
−∆u = f(|x|, u), |x| > 1, x ∈ RN ,

u(x) = 0, |x| = 1,

u(x)→ 0, |x| → +∞

(1)
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�)��35.

- u(x) = z(|x|), z : R→ R, v(t) = ((1− t) 1
2−N ), N ≥ 3,ò¯K (1)=z�>�¯K v′′(t) + g(t, (v(t))) = 0, t ∈ (0, 1),

v(0) = v(1) = 0,
(2)

Ù¥ g(t, v(t)) = 1
(N−2)2 (1− t)

2(N−1)
2−N f((1− t) 1

2−N , v(t)), ½Â8ÜH = {h ∈ C(0, 1) : h > 0,
∫ 1

0
t(1−

t)h(t)dt < +∞}.¦��Xe(J:

½n A- g : (0, 1)× [0,+∞)→ R´��ëY¼ê,b�eã^�¤á:

(A1)�3���ÿÝ8Ü A ⊂ (0, 1),¦�éuA�??� t ∈ Ak

lim
v→∞

g(t, v)

v
=∞;

(A2)�3��¼ê h(t) ∈ H,¦�éuA�??� t ∈ (0, 1)k

lim
v→0+

g(t, v)

h(t)v
= 0;

(A3)é ∀M > 0,�3hM ∈ H,¦�é?¿ 0 ≤ v ≤M,Ñk

0 ≤ g(t, v) ≤ hM , t ∈ (0, 1),

K¯K (2)��k��).

5¿�¯K (1)=y²
	Ü«�þ��5ý��§�)��35,¿vk��õ)5(J,

¿�Ù>.^�� Dirichlet>.^�.ÉþãØ©éu,�©ò�Ä3�2��>.^�e¯K
−∆u = q(|x|)f(u), x ∈ Ω,

u(x) + α ∂u
∂n

= 0, |x| = 1,

u(x)→ 0, |x| → +∞

(3)

�)�õ)5(J,Ù¥ Ω = { x ∈ RN : |x| > 1}, N ≥ 3, α > 0�~ê, nL« ∂Ωþ�ü {�

þ,�±eb�:

(H1) f ∈ C([0,+∞), [0,+∞));

(H2) lim
u→0+

min
t∈[0,1]

f(u)
u

=∞, lim
u→+∞

min
t∈[0,1]

f(u)
u

=∞;

(H3) lim
u→0+

max
t∈[0,1]

f(u)
u

= 0, lim
u→+∞

max
t∈[0,1]

f(u)
u

= 0;
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(H4)�3~êm > 0,¦�� 0 ≤ u ≤ m, 0 ≤ t ≤ 1�k f(u) ≤ ηm, Ù¥

η = (

∫ 1

0

G(s, s)h(s)ds)−1;

(H5)�3~êm > 0,¦��M1m ≤ u ≤ m�,k f(u) ≥ λm,Ù¥ λ−1 =
∫ 3

4

0
G( 1

2
, s)h(s)ds,

¿�

M1 = min{ 1

4(1− s)
,

α(N − 2)

α(N − 2) + s
};

(H6) q ∈ C([1,+∞), [0,+∞))¿�÷v∫ +∞

1

rq(r)ds < +∞.

K�©Ì�(JXe:

½n 1 b�^� (H1)-(H2), (H4), (H6)¤á,K¯K (3)���3ü��) u1Ú u2¦�

0 < ‖u1‖ < m < ‖u2‖.

½n 2 b�^� (H1), (H3), (H5)-(H6)¤á,K¯K (3)���3ü��) u1Ú u2¦�

0 < ‖u1‖ < m < ‖u2‖.

5 e Ω = [0, 1], q = 1�,¯K (3)�õ)5(J��°ÿïÄL,ë�©z [5].�©´ò©

z [5](JuÐ�
	Ü«�þ.

~1 �Ä¯K


−∆u = 1

r3
(u2 +

√
u), x ∈ Ω,

u(x) + α ∂u
∂n

= 0, |x| = 1,

u(x)→ 0, |x| → +∞

(4)

�õ)5,Ù¥ α > 0 .

5¿� q(r) = 1
r3
, f(u) =

√
u+ u2,w, f ∈ C([0,+∞), [0,+∞)),�÷v

lim
u→0+

min
t∈[0,1]

f(u)

u
=∞, lim

u→+∞
min
t∈[0,1]

f(u)

u
=∞,
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K (H1)-(H2) ¤á. du� 0 ≤ u ≤ m, 0 ≤ t ≤ 1 �, k f(u) k.,K (H4) ¤á. Ød�	, �

q(r) = 1
r3
�, q ∈ C([1,+∞), [0,+∞))¿�÷v∫ +∞

1

rq(r)ds < +∞.

�â½n 1¯K (4)���3ü�).

~2 �Ä¯K 
−∆u = 1

r3

√
u sinu, x ∈ Ω,

u(x) + α ∂u
∂n

= 0, |x| = 1,

u(x)→ 0, |x| → +∞

(5)

�õ)5,Ù¥ α > 0 .

5¿� q(r) = 1
r3
, f(u) =

√
u sinu,w, f ∈ C([0,+∞), [0,+∞)),�÷v

lim
u→0+

max
t∈[0,1]

f(u)

u
= 0, lim

u→+∞
max
t∈[0,1]

f(u)

u
= 0

K (H1) (H3)¤á. N´�y (H4)¤á,�� q(r) = 1
r3
�, q ∈ C([1,+∞), [0,+∞)),�÷v∫ +∞

1

rq(r)ds < +∞.

�â½n 2¯K (5)���3ü�).

2. ý��£

�Ä�m E := C[0, 1],Ù3�ê ‖z‖∞ = max
t∈[0,1]

|z(t)|e�¤ Banach�m.

- r = |x|,K (3)�=z� [1,+∞)þ�~�©>�¯K −u
′′(r)− N−1

r
u′(r) = q(r)f(u), r > 1,

u(1) + αu′(1) = 0, u(∞) = 0,

(6)

2- z(t) = u((1− t) 1
2−N ),K�§ (6)�du

 −z
′′(t) = h(t)f(z(t)), t ∈ (0, 1),

z(0)− α(N − 2)z′(0) = 0, z(1) = 0,

(7)
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Ù¥

h(t) =
1

(N − 2)2
(1− t)

2(N−1)
2−N q((1− t) 1

2−N ),

w, h(t)�U3 t = 1?ÛÉ.

éN´��¯K (7)�du

z(t) =

∫ 1

0

G(t, s)h(s)f(z(s))ds,

Ù¥ G(t, s)�éA� Green¼êL«�

G(t, s) =


(1−t)(α(N−2)+s)

ρ
, 0 ≤ s ≤ t ≤ 1,

(1−s)(α(N−2)+t)
ρ

, 0 ≤ t ≤ s ≤ 1,

Ù¥ ρ := 1 + α(N − 2),w, Green¼ê÷v

G(t, s) ≤ G(s, s) ∀s, t ∈ [0, 1], (8)

¿� ∀t ∈ [0, 3
4
]k

G(t, s)

G(s, s)
=


1−t
1−s ≥

1
4(1−s) s ≤ t,

(α(N−2)+t)
(α(N−2)+s) ≥

α(N−2)
α(N−2)+s) t ≤ s.

�
G(t, s)

G(s, s)
≥M1, 0 ≤ t ≤ 3

4
.

Ù¥M1 = min{ 1
4(1−s) ,

α(N−2)
α(N−2)+s}.

�ÄI

P := {z(t) : z(t) ≥ 0� min
0≤t≤ 3

4

z(t) ≥M1‖z‖∞}. (9)

½Â���f T : P → E,

Tz(t) =

∫ 1

0

G(t, s)h(s)f(z(s))ds.

� T �ØÄ:éAu¯K (7)��).

Ún 1 �f T ´k½Â�.

y²d H(1)�¼ê f ∈ C([0,+∞), [0,+∞))ëY�4O, Kd f �ëY5��3�~ê C ÷
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v |f(z(t))| ≤ C,d (9)� G(t, s) ≤ G(s, s)K

Tz(t) =

∫ 1

0

G(t, s)h(s)f(z(s))ds

≤
∫ 1

0

G(s, s)h(s)f(z(s))ds

≤ C

∫ 1

0

G(s, s)h(s)ds

<∞.

� T k½Â.

Ún 2 �f T (P ) ⊂ P .

y² w,

Tz(t) =

∫ 1

0

G(t, s)h(s)f(z(s))ds ≥ 0,

¿� ∀z ∈ P,k

min
0≤t≤ 3

4

T (z(t)) = min
0≤t≤ 3

4

∫ 1

0

G(t, s)h(s)f(z(s))ds

≥ M1

∫ 1

0

G(s, s)h(s)f(z(s))ds

≥M1||Tz||.

��f T (P ) ⊂ P .

Ún 3 T´�ëY�f.

Äky² T ´ëY�.?� z0 ∈ P ,�� n → ∞k zn → z0,Kd Lebesgue��Âñ½n�,

n → ∞, zn → z0 �,Kk f(zn(t)) → f(z0(t)).=é?¿� ε > 0,�3��ê N ,� n > N �k

|f(zn(t))− f(z0(t))| < ε.

‖Tzn(t)− Tz0(t)‖∞ = max
0≤t≤1

|Tzn(t)− Tz0(t)|

= max
0≤t≤1

|
∫ 1

0

G(t, s)h(s)f(zn(s))ds−
∫ 1

0

G(t, s)h(s)f(z0(s))ds|

≤ max
0≤t≤1

∫ 1

0

G(t, s)h(s)|f(zn(s))− f(z0(s))|ds

≤
∫ 1

0

G(s, s)h(s)|f(zn(s))− f(z0(s))|ds

≤ ε
∫ 1

0

G(s, s)h(s)ds→ 0.
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�þª¤ál T ëY. ey T ´;8 .

� H ⊂ C[0, 1]�k.8,K�3�ê B,¦�é?¿� z ∈ H k ||z||∞ ≤ B.d f �ëY5�,

�3 D > 0,k

f(z) ≤ D, z ∈ H.

- L = max
t∈[−D,D]

|f(z(t))|Ké?¿� z ∈ H k

|T (z(t))| = |
∫ 1

0

G(t, s)h(s)f(z(s))ds|

≤
∫ 1

0

G(t, s)h(s)|f(z(s))|ds

≤ L
∫ 1

0

G(s, s)h(s)ds.

� T ��k..ey�ÝëY. é?¿� t1, t2 ∈ [0, 1]Ø�� t1 < t2k,

|T (z(t1))− T (z(t2))| = |
∫ 1

0

G(t1, s)h(s)f(z(s))ds−
∫ 1

0

G(t2, s)h(s)f(z(s))ds|

= |
∫ t1

0

G(t1, s)h(s)f(z(s))ds+

∫ 1

t1

G(t1, s)h(s)f(z(s))ds

−
∫ t2

0

G(t2, s)h(s)f(z(s))ds−
∫ 1

t2

G(t2, s)h(s)f(z(s))ds|

= |
∫ t1

0

G(t1, s)h(s)f(z(s))ds+

∫ 1

t1

G(t1, s)h(s)f(z(s))ds

−
∫ t1

0

G(t2, s)h(s)f(z(s))ds−
∫ t2

t1

G(t2, s)h(s)f(z(s))ds

−
∫ t1

t2

G(t2, s)h(s)f(z(s))ds−
∫ 1

t1

G(t2, s)h(s)f(z(s))ds|

≤ |t1 − t2|
∫ 1

0

h(s)f(z(s))ds+
|t1 − t2|

ρ

∫ 1

0

h(s)f(z(s))ds

+ |t2 − t1|
∫ 1

0

h(s)f(z(s))ds

≤ (2ρ+ 1)|t2 − t1|
ρ

∫ 1

0

h(s)f(z(s))ds

< ε.
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�éu?¿� ε > 0, � δ = ερ
J(2ρ+1)

,∀t1, t2 ∈ [0, 1], � |t2 − t1| < δ �, é?¿� z ∈ C[0, 1], k

|T (z(t1))− T (z(t2))| < ε,Ù¥ J =
∫ 1

0
h(s)f(z(s))ds,l T �ÝëY.dþãy²� T �ëY.

Ún 4 - E ´�� Banach�m,Ù�ê½Â� ‖ · ‖,�- K ⊆ E ´��I.é r > 0,½Â

Kr = {u ∈ K : ‖u‖ ≤ r}.b� T : Kr → K ´��;N�÷v, Tu 6= u, ∀u ∈ ∂Kr = {u ∈ K :

‖u‖ = r},K

(i)e ‖u‖ ≤ ‖Tu‖, ∀u ∈ ∂Kr,k

i(T,Kr,K) = 0;

(i)e ‖u‖ ≥ ‖Tu‖, ∀u ∈ ∂Kr,k

i(T,Kr,K) = 1.

3. Ì�(J�y²

½n 1�y²

d (H2)��3 R1 > 0,¦�� R1 < m, 0 ≤ z ≤ r�,k f(z) ≥ µz.ùpéu?¿� z ∈ ∂Pr
k ‖Tz‖ > ‖z‖.¯¢þ,é?¿� z ∈ ∂Pr k

T (z(
1

2
)) =

∫ 1

0

G(
1

2
, s)h(s)f(z(s))ds

≥
∫ 3

4

0

G(
1

2
, s)h(s)zµds

≥ ‖z‖∞M1µ

∫ 3
4

0

G(
1

2
, s)h(s)ds

≥ ‖z‖∞,

Ù¥ µ > 0,�÷v

M1µ

∫ 3
4

0

G(
1

2
, s)h(s)ds ≥ 1.

KdÚn (4)�

i(T, PR1
, P ) = 0. (10)

éu�Ó� µ > 0÷v

M1µ

∫ 3
4

0

G(
1

2
, s)h(s)ds ≥ 1.
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d (H2)��3R2 > 0¦�é?¿ z ≥ R2k f(z) ≥ µz.ÀJR > max{m, R2

M1
},é?¿� z ∈ ∂PR,

min0≤t≤ 3
4
z(t) ≥M1‖z‖∞k

T (z(
1

2
)) =

∫ 1

0

G(
1

2
, s)h(s)f(z(s))ds

≥
∫ 3

4

0

G(
1

2
, s)h(s)zµds

≥ ‖z‖∞M1µ

∫ 3
4

0

G(
1

2
, s)h(s)ds

≥ ‖z‖∞,

� ∀z ∈ ∂PR, ‖Tz‖ > ‖z‖. KdÚn (4)�

i(T, PR, P ) = 0. (11)

,��¡,d (H3)� ∀z ∈ ∂Pm,K

T (z(t)) =

∫ 1

0

G(t, s)h(s)f(z(s))ds

≤
∫ 1

0

G(s, s)h(s)zηds

< ‖z‖∞η
∫ 1

0

G(s, s)h(s)ds

≤ ‖z‖∞,

Ù¥ η = (
∫ 1

0
G(s, s)h(s)ds)−1,Ïdéu?¿ z ∈ ∂Pm, ‖Tz‖ < ‖z‖,w,éu?¿ z ∈ ∂Pm, T z 6= z.

dÚn (4)�

i(T, Pm, P ) = 1. (12)

�d (7), (8), (9)�

i(T, PR \ P̊m, P ) = −1,

¿�

i(T, PR \ P̊R1
, P ) = 1.

w, T 3 PR \ P̊m þk��ØÄ: u1,3 PR \ P̊R1
þk��ØÄ: u2,� u1, u2 > 0.K½n (1.1)

(Ø�y.

½n 2�y²

d (H3)�é?¿� ε > 0,�3M2 > 0¦�é?¿� t ∈ [0, 1], z ≥ 0k

f(z) ≤M2 + εz. (13)
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Ké?¿� z ∈ P k

T (z(t)) =

∫ 1

0

G(t, s)h(s)f(z(s))ds

≤
∫ 1

0

G(t, s)h(s)[M2 + εz(s)]ds.

w,,�ÀJ� ε > 0¿©�, R > m¿©��,é?¿� z ∈ ∂PR k

‖Tz‖ < ‖z‖.

ÏddÚn (4)�

i(T, PR, P ) = 1. (14)

Ó��,éu¿©�� R1 > 0, R1 < mk

i(T, PR1
, P ) = 1. (15)

,��¡,é?¿� z ∈ Pm,k

min
0≤t≤ 3

4

z(t) ≥M1||z|| = M1m.

Ïdd (H5)�é?¿� z ∈ ∂Pmk

T (z(
1

2
)) =

∫ 1

0

G(
1

2
, s)h(s)f(z(s))ds

≥ mλ
∫ 3

4

0

G(
1

2
, s)h(s)ds

= m = ‖z‖.

w,,é?¿� z ∈ ∂Pm,T z 6= zdÚn (4)�

i(T, Pm, P ) = 0. (16)

�d (14), (15), (16)� T kü�ØÄ:,=¯K (3)kü��) u1, u2.½n (1.2)(Ø�y.

Ä7�8

I[g,�ÆÄ7]Ï�8(1OÒ: 12061064)"
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