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Abstract

In this paper, we mainly consider the multi-objective optimal control problem with

free end time, initial state and terminal state satisfying constraints. By introducing

additional state and control, we transform this problem into a control problem with

fixed end time, we obtain the existence of the feasible solutions for multi-objective

optimal control problem with free end time.
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1. Úó

-n,m, i ∈ N§U ���Ýþ�m"PRn �n �îª�m§U �[0,+∞) N�U ��ÿ¼ê

�N�¤�8Ü§W 1,1(0,+∞;Rn) = {x(·) ∈ L1([0,+∞);Rn); ẋ(·) ∈ L1([0,+∞);Rn)}"�½Xe
A�N�f : [0,+∞)×Rn ×U → Rn§f0 = (f0

1 , · · · , f0
m)> : [0,+∞)×Rn ×U → Rm§�ÄXe�

�XÚµ

ẋ (t) = f (t, x(t), u(t)) , a.e. t ≥ 0, (1)

Ù¥��u(·) ÚG�x(·) ∈W 1,1(0,+∞;Rn)§÷vXe�å:x(0) = x0, x(T ) = x1,

u(t) ∈ U, a.e. t ∈ [0,+∞),
(2)

ùpx0, x1 �Rn �¥�?¿�½�þ§T > 0"

e¡(T, u(·), x(·)) �þãXÚ��1)§XJ§÷vx(·) ∈ W 1,1(0,+∞;Rn)§u(·) ∈ U§Ó�
�÷v(1)Ú(2)"PP �þãXÚ�¤k�1)�¤�8Ü§e¡��þãXÚ�§�'�õ8I
�`��¯Kµ
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(MTCP) ��z5U�I

J(T, u(·), x(·))
(T,u(·),x(·))∈P

=

∫ T

0

f0(t, x(t), u(t))dt (3)

�m > 1 �§¯K(MTCP)¡�äkgdªà�m�õ8I�`��¯K"3¢S)¹�¥§

kNõ¯KêÆ�.��Ä��¯K(MTCP)§~X [1] �¥����4+��ì¯K§§´��

äkgdªà�m�õ8I�`��¯K§§I���zu>Å>ØÚªà�m"Ó�/§3�

1ì;,�O!)Ô��!¼�����¡�Ñy
äkgdªà�m�õ8I�`��¯K§

äN�� [2–5]"3)ûùa¯KL§¥§  I�¦^`z^�§�3¦^`z^��c§·�

I��y�1)��35"3Ø© [6] �¥§�öïÄ
��k��m«mþõ8I�`��¯K

�1)��35^�§�¦��«m������©�Ýþ�m"gdªà�m�õ8I�`�

�¯Kªà�m´Ø½�§®k�k��m«m�õ8I�`��¯K��1)�35^�ØU

��A^�äkgdªà�m�õ8I�`��¯K�¥�"��Ø©3 [6] �Ä:þ§ïÄäk

gdªà�m�õ8I�`��¯K��1)�35^�"

d�Ø©(�©�XeAÜ©µ1�Ü©�O�ó�§�Ñ¯Kb�!fk��`)�½Â!

PÒ±9k��m«mþõ8I�`��¯K�1)�35^�§1nÜ©�ãÌ�(Ø¿A^

��¢~¥§1oÜ©0�äkgdªà�m�õ8I�`��¯K=C�k��m«m�õ8

I�`��¯K�L§§±9Ì�(Ø�y²"

2. O�

Äk�Ñ½n�b�^�µ

(A1) U ������©Ýþ�m¶

(A2) N�f(= f(t, x, u)) : [0,+∞)×Rn×U → RnÚf0
i (= f0

i (t, x, u)) : [0,+∞)×Rn×U → R§é
?¿i ∈ {1, · · · ,m}§'u(t, x) ´C1 �§'uu ´ëY�"?�Ú§éuΦ = f, f0

1 , · · · , f0
m§

Ñ�3�~�L > 0§t0 ∈ [0,+∞)§x0 ∈ Rn§¦�

| Φ(t, x, u)− Φ(t̃, x̃, u) |≤ L(| t− t̃ | + | x− x̃ |), (4)

| Φ(t0, x0, u) |≤ L, ∀ t̃, t ∈ [0,+∞), x, x̃ ∈ Rn, u ∈ U. (5)

�e5�Ñfk��`)�½Âµ

Definition 2.1. e¡(T ∗, u∗(·), x∗(·)) ∈ P �¯K(MTCP)�fk��`)§XJØ�

3(T, u(·), x(·)) ∈ P§¦�J(T, , u(·), x(·)) < J(T ∗, u∗(·), x∗(·))"

3dÜ©§·��(T ∗, u∗(·), x∗(·)) �(MTCP)�fk��`)"�
�B§�ÑXePÒ§�½

��¼êg(= g(t, x1, · · · , xn, u)) : [0,+∞)×Rn×U§é?¿i ∈ {1, · · · ,m}§P∂tg Ú∂xi
g ©O�g

'ut Úxi � �"Ó�P∂xg = (∂x1
g, · · · , ∂xn

g)"éu?¿½Â3[0,+∞) × Rn × U þN�γ§
Pγ[t] = γ (t, x∗(t), u∗(t))§a.e. t ∈ [0,+∞)"�α ∈ (0, T ∗)§β ∈ (T ∗,+∞)§α → 0+§β → +∞"
PA[0, T ∗] �¤kl[0, T ∗] N�[α, β] ¤k�È¼ê�8Ü"
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�Xe¡�k��m«mþõ8I�`��¯K�1)��35½nµ

Theorem 2.1. b�(C1)-(C2)¤á§(x̄(·), ū(·)) �¯K(MCP)�fk��`)§-8ÜF =

{∇1ψ(x̄(0), x̄(T ))W + ∇2ψ(x̄(0), x̄(T ))Xu,W (T ),∀W ∈ Rn, u ∈ U}§Ù¥Xu,W (·) éua.e. t ∈
[0, T ]§ùpT ´�½�§÷vẊu,W (t) = ∇xf(t, x̄(t), ū(t))Xu,W (t) + f(t, x̄(t), u(t))− f(t, x̄(t), ū(t)),

Xu,W (0) = W, ∀W ∈ Rn.
(6)

e0 ∈ Int F§Ù¥Int F �8ÜF �SÜ§K�½U3ū(·) NCé��1��"=µé?¿ε > 0§

∃ δ > 0§∃uε(·) ∈ Uad§÷vd
(
uε(·), ū(·)

)
< δ§s.t.§‖uεv(·)− u∗(·)‖L∞ < ε"

ùp(C1)-(C2)^�§PÒ±9½ny²äN�� [6]§ùp·��Ñù�½n�y²"

3. Ì�(Ø

ù�Ü©·��Ñgdªà�m�õ8I�`��¯K��1)�35^�µ

Theorem 3.1. b�(A1)-(A2)¤á§(T ∗, u∗(·), x∗(·)) �¯K(MTCP)�fk��`)§-8

ÜF̂ = {(λ̂>, Xξ,u(T ∗)>)>| ∀ λ̂ = (λ0, λ1, · · · , λm, λ)> ∈ R1+m+n,∀ (ξ(·), u(·)) ∈ A[0, T ∗] × U}§Ù
¥Xξ,u(·) éua.e. t ∈ (0, T ∗) ÷vẊξ,u(t) = ∂tf [t]Xξ,u(t) + ∂xf [t]Xξ,u(t) + f(t, x∗(t), u(t)) ξ(t)

T∗
− f [t],

Xξ,u(0) = λ>.
(7)

e0 ∈ Int F̂§Ù¥Int F̂ �8ÜF �SÜ§KU3(T ∗, u∗(·)) NCé��1��é"=µé?
¿ε > 0§�3δ > 0§�3(Tε, uε(·)) ∈ (0,+∞) × Uad§÷v‖Tε − T ∗‖ + d

(
uε(·), u∗(·)

)
< δ§s.t.§

‖T εv − T ∗‖L∞ + ‖uεv(·)− u∗(·)‖L∞ < ε"

Remark 3.1. �1��é��35=��1)��35"

·�ò½nA^�Xe~fµ

Example 3.1. �ÄXeõ8I�`��¯Kµ��z5U�I

J(T, u(·), x(·)) =
(
T,

∫ T

0

u2(t)dt
)

É�u 
ẋ(t) = u(t), t ≥ 0,

x(0) = 0, x(T ) = 2,

u(t) ∈ [1, 2], a.e. t ∈ [0,+∞),

�y²Tõ8I�`��¯K��1)��35"

DOI: 10.12677/pm.2024.145187 310 nØêÆ

https://doi.org/10.12677/pm.2024.145187


ö�

yyy²²²: N´�(T ∗, u∗(·), x∗(·)) = (2, 1, t) �¯K���fk�)§|^Theorem 3.1§�

�F̂ = {(λ0, λ1, λ2, λ,Xξ,u(2))>| ∀ (λ0, λ1, λ2, λ) ∈ R4,∀ (ξ(·), u(·)) ∈ A[0, 2] × U}§Ù¥Xξ,u(·) é
ua.e. t ∈ (0, 2) ÷v Ẋξ,u(t) = u(t) ξ(t)

T∗
− 1,

Xξ,u(0) = λ.

K8ÜF̂ = {(λ0, λ1, λ2, λ,
∫ 2

0
u(τ)ξ(τ)

2
dτ − 2 + λ)>| ∀ (λ0, λ1, λ2, λ) ∈ R4,∀ (ξ(·), u(·)) ∈ A[0, 2] ×

U}§0 ∈ IntF̂§�(A1)Ú(A2)¤á§Ïd(T ∗, u∗(·), x∗(·)) NC�3�1)"´�(T, u(·), x(·)) =(
2

1
n +1

, 1
n

+ 1, ( 1
n

+ 1)t
)
�(T ∗, u∗(·), x∗(·)) NC��1)§ùp4n ≥ 1 �n→ +∞§y."

4. y²Ì�(Ø

éu¯K(MTCP)§-ẋi(t) = f0
i (t, x(t), u(t)), xi(0) = 0, ∀ t ∈ [0,+∞), i = 1, · · · ,m"?�

Ú4t = y0(s) =
∫ s

0
v(τ)dτ§T = y0(1)§yi(s) = xi(y0(s))§w(s) = u(y0(s))§y(s) = x(y0(s)),

∀ s ∈ [0, 1], i = 1, · · · ,m§Ù¥v(·) ∈ A[0, 1]"K¯K(MTCP)=C�Xek��m«mþ�õ8I

�`��¯Kµ

(P) ��z5U�I

(y1(1), · · · , ym(1))>

ÑluXe��XÚµ 
Ẏ (s) = F (Y (s), v(s), w(s)), a.e. s ∈ (0, 1),

Y (0) = (0, O1×m, x
>
0 )>,

y(1) = x1, v(·) ∈ A[0, 1], w(·) ∈ U .

(8)

ùpY (s) = (y0(s), y1(s), · · · , ym(s), y(s)>)> ∈ R×Rm×Rn"PP̃ �þãXÚ�¤k�1)�8Ü§
=P̃ ∆

= {(v(·), w(·), Y (·)>)> ∈ A[0, 1]×U ×R1+m+n |Y (·) ÷v(8)}"N�F : R1+n+m× [α, β]×U →
R1+n+m§Ù½ÂXeµ

F (y0, y1, · · · , ym, v, w) = (v, f0
1 (y0, y, w)v, · · · , f0

1 (y0, y, w)v, f(y0, y, w)>v)>

�e5�ÑXeA�Únµ
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Lemma 4.1. b�(T ∗, u∗(·), x∗(·)) �¯K(MTCP)�fk��`)§-
v∗(s) = T ∗, y∗0(s) = T ∗s, y∗(s) = x∗(T ∗s), w∗(s) = u∗(T ∗s), s ∈ [0, 1],

y∗i (s) =
∫ s

0
f0
i (y∗0(τ), y∗(τ), w∗(τ))T ∗dτ, ∀ i = 1, · · · ,m.

(9)

@o(v∗(·), w∗(·), y∗0(·), y∗1(·), · · · , y∗m(·), y∗(·)T )T �¯K(P)�fk��`)"

yyy²²²: ?¿(v(·), w(·), y0(·), y1(·), · · · , ym(·), y(·)>)> ∈ P̃§4T = y0(1)§t = y0(s)§s ∈ [0, 1]§d

ut = y0(s) 'us ∈ [0, 1] ´ëY�î�üO§KÙ�3�¼ê§ùp·�P�s = Φ(t)§�k

d

dt
Φ(t) =

1

v(s)
, t ∈ [0, T ]. (10)

y3·�-

x(t) = y(Φ(t)), u(t) = w(Φ(t)), t ∈ [0, T ]. (11)

·�éN´�y�yi(1) =
∫ T

0
f0
i (t, x(t), u(t))dt, ∀ i = 1, · · · ,m Ú(x(0), x(T )) = (x0, x1)§Ó�/§

·���±��y∗i (1) =
∫ T∗

0
f0
i [t] dt, ∀ i = 1, · · · ,m"(Ü(8)!(11) Ú(10), ��(T, u(·), x(·)) ÷

v(1)Ú(2)§Ïd(T, u(·), x(·)) ∈ P "du(T ∗, u∗(·), x∗(·)) �¯K(MTCP)�fk��`)§Kk∫ T

0

f0
i (t, x(t), u(t)) dt <

∫ T∗

0

f0
i [t] dt, ∀ i = 1, · · · ,m (12)

Ø¤á§ù�`²


yi(1) < y∗i (1), ∀ i = 1, · · · ,m (13)

Ø¤á"Ïd(v∗(·), w∗(·), y∗0(·), y∗1(·), · · · , y∗m(·), y∗(·)>)> �¯K(P)�fk��`)§y."

Lemma 4.2. b�(ṽ∗(·), w̃∗(·), ỹ∗0(·), ỹ∗1(·), · · · , ỹ∗m(·), ỹ∗(·)T )T �¯K(P)�fk��`)§

4t = ỹ0(s)§�3ỹ0(s) ��¼êP�s = Φ(t)§-

T̃ ∗ = ỹ∗(1), ũ∗(t) = w̃∗(Φ(t)), x̃∗(t) = ỹ∗(Φ(t)), t ∈ [0, T ∗]. (14)

Kk(T̃ ∗, ũ∗(·), x̃∗(·)) �¯K(MTCP)�fk��`)"

yyy²²²:é∀ (T̃ , ũ(·), x̃(·)) ∈ P§|^(9) �C/�{§·��±����éA�(ṽ(·), w̃(·), ỹ0(·),
ỹ0

1(·), · · · , ỹ0
m(·), ỹ(·)>)"(ṽ(·), w̃(·), ỹ0(·), ỹ0

1(·), · · · , ỹ0
m(·), ỹ(·)>)> ÷v(8)§Ïdk(ṽ(·), w̃(·), ỹ0(·),

ỹ0
1(·), · · · , ỹ0

m(·), ỹ(·)>)> ∈ P̃"®�(ṽ∗(·), w̃∗(·), ỹ∗0(·), ỹ∗1(·), · · · , ỹ∗m(·), ỹ∗(·)>)> �¯K(P)�fk�

�`)§Kk

ỹi(1) < ỹ∗i (1), ∀ i = 1, · · · ,m
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Ø¤á§ù�`² ∫ T̃

0

f0
i (t, x̃(t), ũ(t)) dt <

∫ T̃∗

0

f0
i [t] dt,∀ i = 1, · · · ,m (15)

Ø¤á"Ïd(T̃ ∗, ũ∗(·), x̃∗(·)) �¯K(MTCP)�fk��`)§y."

Remark 4.1. þ¡ü�Ún`²
3�½^�e§¯K(MTCP)Ú¯K(P)��1)!fk�

�`)´�±p�=��"

�e5�Theorem 3.1 y²L§µ

yyy²²²: Step 1. b�(T ∗, u∗(·), x∗(·)) �¯K(MTCP)�fk��`)§dLemma 4.1§�

�(v∗(·), w∗(·), y∗0(·), y∗1(·), · · · , y∗m(·), y∗(·)>)> �¯K(P)�fk��`)"éu¯K(P),�â

Theorem 2.1§e0 ∈ IntF̃§K�½U3(v∗(·), w∗(·)) NCé��1��"

ùp8ÜF̃ = {∇1ψ(Ȳ (0), Ȳ (1))λ̂ + ∇2ψ(Ȳ (0), Ȳ (1))Ŷv,w(1)| ∀ λ̂ ∈ R1+m+n, (v(·), w(·)) ∈
A[0, 1]× U}§Ù¥Ŷv,w(·) =

(
Y 0
v,w(·), Y 1

v,w(·), · · · , Y m
v,w(·), Yv,w(·)>

)>
éa.e. s ∈ [0, 1] ÷vµ

(
d

ds
Y 0
v,w(s),

d

ds
Y 1
v,w(s), · · · , d

ds
Y m
v,w(s),

d

ds
Yv,w(s)>)> (16)

= T ∗


0 O1×m O1×n

∂tf
0[T ∗s] Om×m ∂xf

0[T ∗s]

∂tf [T ∗s] Om×m ∂xf [T ∗s]

(Y 0
v,w(·), Y 1

v,w(·), · · · , Y m
v,w(·), Yv,w(·)>

)>
(17)

+


v(s)

f0(T ∗s, y∗(s), w∗(s))v(s)

f(T ∗s, y∗(s), w∗(s))v(s)

−


T ∗

f0[T ∗s]T ∗

f [T ∗s]T ∗

 (18)

= T ∗


v(s)
T∗
− 1

∂tf
0[T ∗s]Y 0

v,w(s) + ∂xf
0[T ∗s]Yv,w(s) + f0(y∗0(s), y∗(s), w(s)) v(s)

T∗
− f0[T ∗s]

∂tf [T ∗s]Y 0
v,w(s) + ∂xf [T ∗s]Yv,w(s) + f(y∗0(s), y∗(s), w(s)) v(s)

T∗
− f [T ∗s]

 (19)

Ú∇1ψ(Ȳ (0), Ȳ (1))�∇2ψ(Ȳ (0), Ȳ (1)) k:

∇1ψ(Ȳ (0), Ȳ (1)) =


1 O1×m O1×n

Om×1 Em×m Om×n

On×1 On×m En×n

On×1 On×m On×n

 , (20)

∇2ψ(Ȳ (0), Ȳ (1)) =

(
O(m+n+1)×(m+1) O(m+n+1)×n

On×(m+1) En×n

)
, (21)
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éut ∈ [0, T ∗]§·��

u(t) = w(
t

T ∗
), ξ(t) = v(

t

T ∗
) (22)

X̂ξ,u(t) =
(
X0
ξ,u(t), X1

ξ,u(t), · · · , Xm
ξ,u(t), Xξ,u(t)>

)>
= Ŷv,w(

t

T ∗
) (23)

ÏLO�§�d(16)-(23)íÑ(7)§?�Ú��8ÜF̂"

Step 2. e0 ∈ IntF̃§K(v∗(·), w∗(·)) NC�3�1��§@oé?¿ε > 0§�3δ > 0§

�3(vε(·), wε(·))§÷vd
(
vε(·), v∗(·)

)
+ d

(
wε(·), w∗(·)

)
< δ§s.t.§‖vεv(·) − v∗(·)‖L∞ + ‖wεv(·) −

w∗(·)‖L∞ < ε"�Tε =
∫ 1

0
vε(τ)dτ§uε(t) = wε(

t
T∗

)§T εv =
∫ 1

0
vεv(τ)dτ§uεv(t) = wεv(

t
T∗

)"dLemma

4.2§(Tε, uε(·)) ∈ (0,+∞) × Uad"(Ü(9)§(22) ±9(v∗(·), w∗(·)) NC�3��1���½
Â§é?¿ε > 0§�3δ > 0§(Tε, uε(·)) ÷v‖Tε − T ∗‖ + d

(
uε(·), u∗(·)

)
< d

(
vε(·), v∗(·)

)
+

β d
(
wε(·), w∗(·)

)
< β δ§s.t.§‖T εv − T ∗‖L∞ + ‖uεv(·) − u∗(·)‖L∞ < ‖vεv(·) − v∗(·)‖L∞ + ‖wεv(·) −

w∗(·)‖L∞ < ε"ù`²e0 ∈ IntF̂§K(T ∗, u∗(·)) NC�3�1��é§y."
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