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Abstract

Convection-di�usion equation is a very important branch of partial di�erential equa-

tion and is widely used in many �elds. The study of numerical methods for eigenvalue

problems of convection-di�usion equation has important practical applications, so it

is also a hot spot in pre-computational mathematics. In this paper, the hp-local dis-

continuous discontinuity Galerkin method (LDG) for convection-di�usion eigenvalue

problems is studied, and the prior error estimates, that is, the hp-error estimates

about the mesh size h is optimal and p is suboptimal, are obtained through analysis,

and the corresponding numerical experiments are carried out.
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1. Úó

é6*ÑA��¯K36NåÆ!�¸�Æ!UmuÚ>f�Æ�õ�+��A^¦�§

kÃõÔn¢S�µ,Ù36NåÆÌ�ïÄ6N¥d6N�:¤���,«Ônþ§X§Ý½M

)u6N¥�Ô��ßÝ36ÄL§¥�Cz5Æ"Ï�Ù2��A^¦��5�õÆöé|^

k���{¦)é6*ÑA��¯K�)
é��ïÄ,�. ©z [1]?Ø
é6*Ñ�§��ª

9Ù)��O, ©z [2]?Ø
��Ø��OÚg·A�{©©z [3]?Ø
ngk�NÈ�{, ©

z [4]?Ø
C�È©{, ©z [5]?Ø
g·A£Ä���{, ©z [6]?Ø
é6*ÑA��¯K

�Crouzeix-Raviart ����lÑ�{, ©z [7]?Ø
é6*ÑA��¯K��«õY²���

{§��©ÛÜmäk���{´Cockburn ÚShu 3¦)é6*Ñ�§��ÿJÑ5�, Ùg�

´Ú\9ÏCþòp��§=z����§|�/ª, 2é���§¦^mäk���{. T�{

®²A^�é6*Ñ�§!DÚ�KdV �§�kp��ê��§�ê�¦)þ, ¿��
ûÐ�

�J. §äkNõwÍ�`:, Äk, §U
?nE,�«�>.½öäkE,>.^��¯K, ¿

¼��SÜ«����p�O�°Ý, ´u��\�Ú>.^�?n. Ùg, §æ^mä�k���
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m, #N��¿©ü�þ��õ�ª�gê�±ØÓ, �´¢yhp g·A5,=�±3«�Czì�

�/�½ö¼êCzì��/�æ^[��!pgõ�ª%C, 3²�«�½ö¼êCz²��

«�æ^o��!$gõ�ª%C, lJpO��Ç"

�©ïÄ
hp-ÛÜØëY³�7�{O�é6*ÑA��¯K�k�Ø��O. Äk, é¦)

«�?1¿¿©, (½k���m, ,�ÏL9ÏCþ, ò¯K¥����§=z����§|, �

XÏL��úª�EÑlÑ¯K�LDG �ª, ÀJÜ·�ê�Ïþ¼ê5?1�ª�½5©Û,

��íÑTê��ª�Ø��O, ©Û�§�LDG�ª´Ä�±���`Âñ�"

2. Ä:nØO�

�
 � R2´��Lipshitz>.@
�k.�, �n ´@
�ü 	{�þ, �ÄDirichlet>.^�

A��¯K: ¦� 2 C Úu 2 H1
0 (
), ¦�8<: ��u + r � ru + cu = �u; in 
;

u = 0; on @
;
(2.1)

L«

(u; v) =

Z



uvdx;

¿½ÂëY�V�5/ª

a(u; v) = (ru;rv) + (r � ru; v) + (cu; v); 8u; v 2 H1
0 (
):

b�rÚc´
þ�k.¼ê, r � r �3�÷v

�
1

2
r � r+ c > 0; in
:

3ù
b�e, �3�u!vÃ'�ü��~êAÚB, ¦�V�5/ªa(�; �) ÷v

ja(u; v)j 6 Akuk1;
kvk1;
; 8u; v 2 H1
0 (
)

a(v; v) > B kvk
2
1;
 ; 8v 2 H1

0 (
)

(2.2)

(2:1)�f/ª´¦(�; u) 2 C �H1
0 (
); u 6= 0; ¦�e¡�ª¤á

a(u; v) = �(u; v); 8v 2 H1
0 (
): (2.3)

�Th = f�g�
�/G5K��, ü�� ��»^h�L«, Th ��^SÜ>´@�+ \ @�� ���

SÜ, Ù¥�+Ú��´Th�ü�����, Ø�½��, Th ��^	Ü>´@� \ @
 ���SÜ, Ù

¥� ´Th �>.��, E = EI [ ED, Ù¥EI L«SÜ>�8Ü, ED L«>.@
 þ�>�8Ü"

^p� > 1L«ü�� 2 Th¥õ�ª�gê,Pp = fp�g�2Th , y½Âhp�k���m�:
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Sp(Th) =
�
u 2 L2(
) : uj� 2 Sp�(�); 8� 2 Th

	
;

Ù¥�ü���n�/�,Sp�(�)´�þpkgõ�ª�mppK (K)"

Ú\¿©Th þ�©¡¼ê�m:

Hs(Th) =
�
v 2 L2(
) : vj� 2 Hs(�); 8� 2 Th

	
:

Ú\9ÏCþq = ru,K(2:1)�±U��:8><>:
�r � q + r � ru + cu = �u; in 
;

u = 0; on @
;

(2.4)

^Vh = Sp(Th)9Qh = Sp(Th)
2 L«hp� mäk���m,K%C¯K(2:5) �hp � LDG�ª�:

¦(�h; uh) 2 C � Vh,é¤k� 2 Th kZ
�

qh � rvdx�

Z
@�

bqh � n�vds+ Z
�

(r � ruh + cuh)vdx =

Z
�

�huhvdx 8v 2 Vh (2.5)

Z
�

qh � tdx�

Z
@�

buh � n�tds+ Z
�

uhr � tdx = 0 8t 2 Qh (2.6)

Ù¥v 2 Vh; n�´@��ü 	{�þbuh Úbqh ´ê�Ïþ,§´u Úq 3@�þ�è,�Cq�"

½Âv3eþ�þ�Úa�:

ffvgg =
1

2
(v+ + v�); [[v]] = v+n+ + v�n�;

Ù¥e = @�+ \ @��; v+ = vj�+ ; v
� = vj�� , n ´l�+��� �ü 	{�þ.XJED, ½Âv 3e þ

�þ�Úa�:

ffvgg = v; [[v]] = vn:

k
þã�½Â,�±��X
�2T

Z
@�

vq � nds =

Z
E

ffqgg � [[v]]ds+

Z
EI

[[q]] ffvggds

½Âê�Ïþ:

ûje =

8<: ffugg+ b � [[u]] e � EI

0 e � ED

q̂je =

8<: ffqgg � �[[u]]� b[[q]] e � EI

q� �un e � ED

Ù¥ëê�Úb�·�ÀJ"

�
½Âëê�,3L1(E)¥��'ÛÜ����ÚCqÝ¥Ú\¼êh Úp �:
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h = h(x) =

8>><>>:
minfh�; h

0
�g; x 2 e��0 ;

h� x 2 e�
;

p = p(x) =

(
maxfp�; p

0
�g; x 2 e��0 ;

p�; x 2 e�
;

Ù¥e��0 = int(@� \ @�0); e�
 = int(@� \ @
):

½ÂØëY½ëê� 2 L1(E)�� = �p2h�1; ÀJëêb; ¦�kbk1;EI 6 �; Ù¥� > 0 Ú� > 0

´�����Ã'�~ê"

½ÂJ,�f	(v) 2 Qh, v 2 V (h) := Vh +H1
0 (
);¦�Z




	(v) � tdx =

Z
EI

(fftgg � b[[t]]) � [[v]]ds+

Z
ED

vt � nds 8t 2 Qh (2.7)

duq = ru,KkZ



q � tdx =

Z



rhu � tdx�
X
K

Z
@K

(u� û)t � nkds

=

Z



rhu � tdx�

Z
EI

(ffugg[[t]] + [[u]] � fftgg � ffugg[[t]]� b � [[u]][[t]])ds�

Z
ED

un � tds

=

Z



rhu � tdx�

Z
EI

([[u]] � fftgg � b � [[u]][[t]])ds�

Z
ED

un � tds

=

Z



(rhu�	(u)) � tdx 8t 2 Qh (2.8)

d(2:6)Ú(2:8)��Z



(rhu�	(u)) � rvdx�

Z
EI

(ffqgg � �[[u]]]� b[[q]]) � [[v]]ds�

Z
ED

(q � �u � n) � nvds

+

Z



(r � ru+ cu)vdx =

Z



�uvdx: (2.9)

du Z



	(v) � (rhu�	(u))dx =

Z



	(v) � qdx

=

Z
EI

([[v]] � ffqgg � b � [[v]][[q]])ds+

Z
ED

vn � qds (2.10)

d(2:9)Ú(2:10)��

ah(u; v) : =

Z



(rhu�	(u)) � (rv �	(v))dx+

Z
EI

�[[u]] � [[v]]ds+

Z
ED

�uvds+

Z



(r � ru+ cu)vdx

=

Z



�uvdx (2.11)

(2:3)�k��Cq´¦(�h; uh) 2 C � Vh,uh 6= 0, ¦�

DOI: 10.12677/ijfd.2023.114013 145 6NÄåÆ

https://doi.org/10.12677/ijfd.2023.114013


����

ah(uh; vh) = �h(uh; vh); 8vh 2 V h: (2.12)

(2:3)�¯K�: ¦w 2 H1
0 (
), ¦�

a(w; v) = (f; v); 8v 2 H1
0 (
): (2.13)

(2:13)�mäk��Cq´¦wh 2 Vh, ¦�

ah(wh; vh) = (f; vh) ; 8vh 2 Vh (2.14)

½Â�5k.�fT : L2(
)! H1
0 (
)÷v

a(Tf; v) = (f; v); 8f 2 L2(
); v 2 H1
0 (
); (2.15)

K(2:3)�d��f/ª�:

Tu =
1

�
u (2.16)

d(2:12)�½ÂéA�lÑ)�fTh : L
2(
)! Vh÷v

ah(Thf; v) = (f; v); 8f 2 L2(
); 8v 2 Vh: (2.17)

K(2:12)�d��f/ª�:

Thuh =
1

�h
uh (2.18)

(2:3)�éó¯K�: ¦(��; u�) 2 C �H1
0 (
); u� 6= 0; ¦�

a(v; u�) = ��(v; u�); 8v 2 H1
0 (
): (2.19)

(2:19)�¯K�¦w� 2 H1
0 (
), ¦�

a(v; w�) = (v; g); 8v 2 H1
0 (
): (2.20)

½Â�5k.�fT � : L2(
)! H1
0 (
)÷v

a(v; T �g) = (v; g); 8g 2 L2(
); v 2 H1
0 (
); (2.21)

K(2:19)�d��f/ª�:

T �u� =
1

��
u� (2.22)

(2:19)�k��Cq´¦(��h; u
�
h) 2 C � Vh,u

�
h 6= 0, ¦�
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ah(vh; u
�
h) = ��h(vh; u

�
h); 8vh 2 V h: (2.23)

(2:20)�mäk��Cq´¦w�
h 2 Vh, ¦�

ah(vh; w
�
h) = (vh; g) ; 8vh 2 Vh (2.24)

d(2:23)�½ÂéA�lÑ)�fT �h : L2(
)! Vh÷v

ah(vh; T
�
hg) = (vh; g); 8vh 2 Vh: (2.25)

K(2:23)�d��f/ª�:

T �hu
�
h =

1

��h
u�h (2.26)

Ú\D�ÛÜmäk���ê�Ú�mV (h) = Vh +H1
0 (
), Ù¥Uþ�ê�:

kvk
2
h = krhvk

2
0;
 + kvk

2
0;
 + �

h�1=2p[[v]]2
0;EI

+ �
h�1=2pv2

0;ED
; (2.27)

³�7��5�:

ah(w � wh; vh) = 0; 8vh 2 Vh (2.28)

ah(vh; w
� � w�

h) = 0; 8vh 2 Vh (2.29)

y² 3(2:5)ª¥òê�Ïþ�\k:

ah(wh; vh) =
X
�2Th

Z
�

(rwh � rvh + (r � rwh)vh + cwhvh) dx

�
X
e2EI

Z
e

(ffrwhgg+ �[[wh]]� b[[rwh]]) � [[vh]]ds

�
X
e2EI

Z
e

(ffrvhgg � b[[rvh]]) � [[wh]]ds

�
X
e2ED

Z
e

whn � rvhds�
X
e2ED

Z
e

(rwh � �whn) � [[vh]] ds (2.30)

d©z [8]¥Ún3:2k,�w 2 H1
0�,�±��[[w]]

��
E
= 0, [[rw]]

��
E
= 0:

�w 2 H1
0 ; vh 2 V (h);òL�ªah(w; vh)©¤n�

ah(w; vh) = T1 � T2 � T3 (2.31)

Ù¥

DOI: 10.12677/ijfd.2023.114013 147 6NÄåÆ

https://doi.org/10.12677/ijfd.2023.114013


����

T1 =
X
�2Th

Z
�

(rw � rvh + (r � rw)vh + cwvh) dx

T2 =
X
e2EI

Z
e

ffrwgg � [[vh]]ds

T3 =
X
e2ED

Z
e

rw � [[vh]] ds

éT1^��úªk:

T1 =
X
�2Th

�Z
�

(��w � vh + (r � rw)vh + cwvh) dx+

Z
@�

rwh � n�vhds

�

du X
�2Th

Z
�

(��w � vh + (r � rw)vh + cwvh) dx =

Z



fvhdx

X
�2Th

Z
@�

rw � n�vhds = T2 + T3 +
X
e2EI

Z
e

ffvhgg � [[rw]]ds

Ïd�±��T1 = T2 + T3 +
R


fvhdx

d(2:31)ªÚþª�±��:

ah(w; vh) =

Z



fvhdx; 8vh 2 V (h) (2.32)

Ón�±�:

ah(vh; w
�) =

Z



gvhdx; 8vh 2 V (h) (2.33)

d(2:32)ªÚ(2:14)ª�±��(2:28)ª,d(2:33)ªÚ(2:24)ª�±��(2:29) ª,y²�¤"

XeëY5Úý�5¤á:

jah(uh; vh)j . kuhkhkvhkh; 8uh; vh 2 V (h); (2.34)

kuhk
2
h . ah(uh; uh); 8uh 2 Vh: (2.35)

y² Äky²(2:34)ª,d©z [9]¥Ún6:1kkvk0;@� . h
�
1
2

� p�kvk0;�, d(2:7) ªk

k	(v)k0;
ktk0;
 . (
t+

0;EI
+
t�

0;EI
)
[[v]]

0;EI
+ ktk0;EDkvk0;ED

[0:25cm] .
X
�2Th

(h
�
1
2

� p�
t+

0;�
+ h

�
1
2

� p�
t�

0;�
)
[[v]]

0;EI
+
X
�2Th

h
�
1
2

� p�ktk0;�kvk0;ED

. h�
1
2 pktk0;
(

[[v]]
0;EI

+ kvk0;ED)
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l�±��

k	(v)k0;
 .
h� 1

2 p [[v]]

0;EI

+
h� 1

2 pv

0;ED

(2.36)

d(2:11)ª,òL�ªjah(uh; vh)j©¤n��±��

jah(uh; vh)j 6 jT1j+ jT2j+ jT3j

jT1j =

Z



��(rhuh �	(uh)) � (rhvh �	(vh))
��dx

. krhwhk0;
krhvhk0;
 + krhwhk0;
k	(vh)k0;
 + krhvhk0;
k	(wh)k0;


+ k	(wh)k0;
k	(vh)k0;
 (2.37)

jT2j =

Z
EI

���[[uh]] � [[vh]]��ds+ Z
ED

���uhvh��ds
. �

h� 1
2 p [[uh]]


0;EI

h� 1
2 p [[vh]]


0;EI

+ �
h� 1

2 puh

0;ED

h� 1
2 pvh


0;ED

(2.38)

jT3j =

Z



��(r � rhuh + cuh)vh
��dx . krhuhk0;
kvhk0;
 + kuhk0;
kvhk0;
 (2.39)

d(2:36)ª,(2:37)ª,(2:38)ªÚ(2:39)ª�±��(2:34)ª.

e¡, ·�y²(2:35)ª,d(2:36)ª,(2:11)ª,òL�ªah(vh; vh) ©¤n��±��

ah(vh; vh) = T1 + T2 + T3

Ù¥

T1 =

Z



(rhvh �	(vh))
2dx &

Z



(1� �)(rhvh)
2 + (1� 1

�
)(	(vh))

2dx

& krhvhk
2
0;
 �

h� 1
2 p [[vh]]

2
0;EI

�
h� 1

2 pvh
2
0;ED

(2.40)

Ù¥�÷v 1
1+�

< � < 1.

T2 =

Z
EI

�[[vh]]
2ds+

Z
ED

�v2hds = �
h� 1

2 p [[vh]]
2
0;EI

+ �
h� 1

2 pvh
2
0;ED

(2.41)

T3 =

Z



(r � rvh + cvh)vhdx =

Z



(� 1
2
rr � v2h + cv2h)dx+

Z
@


1
2
v2hr � ndx & kvhk

2
0;
 (2.42)

d(2:40)ª,(2:41)ª,(2:42)ª�±��(2:35)ª, y²�¤"

-w´(2:13)ª�),w�´(2:20)ª�), �f 2 L2 (
),g 2 L2 (
), b�Xe�K5�O¤á

kwk1+r . kfk0;

�
1
2
< r 6 1

�
:

kw�k1+r . kgk0;

�
1
2
< r 6 1

�
:
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Ún 2.1 (©z [10]¥·K4.9)�� 2 Th 9v 2 Hs�(�); s� > 3
2
; K�3õ�ª�h�

p�
v 2 Sp� ; p� =

1; 2; � � � ; ÷v(0 6 m 6 s�)

kv ��h�
p�
vkm;� . hmin(p�+1;s�)�m� pm�s�� kvks�;� (2.43)

kv ��h�
p�
vk0;@� . h

min(p�+1;s�)�
1
2

� p
1
2
�s�

� kvks�;� (2.44)

yÚ\�Nmä���f�h
p : H1

0 (
) ! Vh;¦��h
p(u)j� = �h�

p�
(uj�);éu�þ�¼êr =

(r1; r2; � � � ; rd); ½Â�h
p(r)j� = (�h

pr1;�
h
pr2; � � � ;�

h
prd):

½n 2.1 �wÚwh©O´(2:13)ªÚ(2:14)ª�), w ÷vwj� 2 Hs�(�); é¤k� 2 Th 9s� >
3
2
;

k±eØ�ª¤á

kw � whkh . inf
vh2Vh

kw � vhkh; kw � whkh . (
X
�2Th

(hmin(p�+1;s�)�1� p
3
2
�s�

� kwks�;�)
2)

1
2 : (2.45)

y Äk, ·�y²(2:45)ª, ÏL|^(2:28) ª,(2:34)ªÚ(2:35) ª, �±í�Ñ

kvh � whk
2
h . jah(vh � wh; vh � wh)j . ah(vh � w; vh � wh) + ah(w � wh; vh � wh)

. kvh � wkhkvh � whkh (2.46)

dn�Ø�ª�±��

kw � whkh . kw � vhkh + kvh � whkh (2.47)

d(2:47)ªÚ(2:48)ª�±��(2:45)ª"

e¡, ·�y²(2:46)ª, d(2:27)ª, -Eh(w) = w ��h
pwk,

kEh(w)k
2
h .

X
�2Th

(krhEh(w)k
2
0� + kEh(w)k

2
0;�) + �

X
e2EI

h� 1
2 p[[Eh(w)]]

2
0;EI

+ �
X
e2ED

h� 1
2 pEh(w)

2
0;ED

.
X
�2Th

(krhEh(w)k
2
0;� + kEh(w)k

2
0;�) + �

X
�2Th

(
X
e�@�

h�
1
2 p kEh(w)k

2
0;e) (2.48)

:= I1 + I2

éI1?1�O,d(2:43)ª��

(krhEh(w)k
2
0;� + kEh(w)k

2
0;�) . (hmin(p�+1;s�)�1� p1�s�� kwks�;�)

2 (2.49)

éI2?1�O,d(2:44)ª��

h�
1
2 p kEh(w)k

2
0;e . (hmin(p�+1;s�)�1� p

3
2
�s�

� kwks�;�)
2 (2.50)

DOI: 10.12677/ijfd.2023.114013 150 6NÄåÆ

https://doi.org/10.12677/ijfd.2023.114013


����

d(2:50)ªÚ(2:51)ª��

kw ��h
pwkh . (

X
�2Th

(hmin(p�+1;s�)�1� p
3
2
�s�

� kwks�;�)
2)

1
2 (2.51)

Ø��Oúª���Ø�úª

inf
vh2Vh

kw � vhk . kw ��h
pwk (2.52)

d(2:45)ª,(2:52)ª,(2:53)ª��(2:46)ª, y²�¤"

½n 2.2 �wÚwh©O´(2:13)ªÚ(2:14)ª�), w ÷vwj� 2 Hs�(�); é¤k� 2 Th 9s� >
3
2
;

k±eØ�ª¤á

kw � whk0;
 . hrp
1
2
�rkw � whkh; (2.53)

kw � whk0;
 . (
X
�2Th

(hmin(p�+1;s�)�1+r� p2�s��r� kwks�;�)
2)

1
2 (2.54)

Ù¥s = min�2Th s� >
3
2
:

y Äky²(2:54)ªÄ(2:3)ªéó¯K�¯Ka(v; w�) = (v; g); 8v 2 H1
0 (
), éu?¿�½

�g 2 L2(
), -w�
h = �h

pw
�,|^³�7��5(2:29) ªÚ(2:34)ªí�Ñ"

(w � wh; g) = ah (w � wh; w
�) = ah (w � wh; w

� � w�
h)

. kw � whkhkw
� � w�

hkh: (2.55)

d(2:46)ªÚý��K5b��O,-g = w � wh ��

kw� � w�
hkh . hrp

1
2
�rkw�k1+r;
 . hrp

1
2
�rkw � whk0;
: (2.56)

d(2:56)ªÚ(2:57)ª��

kw � whk0;
 = sup
g2L2(
)

j(w � wh; g)j

kgk0;

. hrp

1
2
�rkw � whkh

l���(2:54) ª"

e¡, ·�y²(2:55)ª, d(2:46)ªÚ(2:54)ª��

kw � whk0;
 . hrp
1
2
�rkw � whkh . (

X
�2Th

(hmin(p�+1;s�)�1+r� p2�s��r� kwks�;�)
2)

1
2 :

l���(2:55) ª, y²�¤"l(2:46) ª¥�s� = 1 + r
�
1
2
< r 6 1

�
; Ú�K5�O�±��

±e½�O
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kThfkh . kThf � Tfkh + kTfkh

. kThf � Tfkh + kTfk1

. hmin(p;r)p
1
2
�r kTfk1+r + kTfk1

. kfk0;
 (2.57)

3. k�Ø��O

3.1. A��¯K��k�Ø�©Û

��´(2:4)�1j�A��,äk�êêqÚÍÝ�,Ù¥�j = �j+1 = � � � = �j+q�1. �kTh � Tk0;
 !

0, (2:12) �q�A���j;h; � � ��j+q�1;hòÂñ��. �M(�)´���'�(2:4) ª�2ÂA��þ�

m, Mh(�) ´��h �'�(2:12)ª�2ÂA��þ�m���Ú, �hÂñu�"

�½ü�4f�mVÚUùü�f�m�mYL«�

�
�
U; V

�
= sup

u2V;

u
0;


=1

inf
v2U

u� v

0;


; �̂
�
U; V

�
= max

�
�
�
U; V

�
; �
�
V;U

�	
:

�̂h =
1

q

Pj+q�1
i=j �i;hL«�â²þ�"

½n 3.1 �M(�) � H1+r(
)(1 > r > 1
2
), @ok±eØ�ª¤á

j�h � �j . h
2r
� p

1�2r
� : (3.1)

�uh 2Mh(�)´(2:12)�2ÂA��þ�m���Ú, @o�3(2:4) �A��¼êu ¦�

ku� uhk0;
 . h
2r
� p

1�2r
� ; (3.2)

ku� uhkh . h
2r
� p

1�2r
� + hrp

1
2
�r; (3.3)

XJ�� = 1, @o

ku� uhkh . hrp
1
2
�r: (3.4)

ku� uhk0;
 . hrp
1
2
�rku� uhkh: (3.5)

y² PTf = wÚThf = wh;(Ü�f/ª!�K5�OÚ(2:55) ª,�±��

kT � Thk0;
 = sup
06=f2L2(
)

kTf � Thfk0;

kfk0;


= sup
06=f2L2(
)

kw � whk0;

kfk0;


. sup
06=f2L2(
)

h2rp1�2rkfk0;

kfk0;


. h2rp1�2r ! 0; (h! 0; p!1):
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d©z [11]¥½n(7:1);½n(7:2);½n(7:3);½n(7:4);k

�̂ (M (�) ;Mh (�)) .
(T � Th)jM(�)


0;


(3.6)

����� �̂h

��� . j+q�1X
i;l=j

jh(T � Th)'i; '
�
l ij+

(T � Th)jM(�)


0;


(T � � T �h )jM(��)


0;


(3.7)

j�� �hj .

(
j+q�1X
n;i=j

jh(T � Th)'i; '
�
l ij+

(T � Th)jM(�)


0;


(T � � T �h )jM(�)


0;


)1=�

(3.8)

ju� uhj0;
 .
(T � Th)jM(�)

1=�
0;


(3.9)

Ù¥f'ig
j+q�1
i=j ´M (�) �Ä,f'�l g

j+q�1
l=j ´éóÄ.

l½n2:1Ú½n2:2;�±íäÑ(T � Th)jM(�)


0;


= sup
f2M(�);jjf jj0;
=1

kTf � Thfk0;


. sup
f2M(�);jjf jj0;
=1

h2rp1�2rkTfkr+1;
 (3.10)

Ón�� (T � � T �h )jM(�)


0;

. sup

f2M(�);jjf jj0;
=1

h2rp1�2rkT �fkr+1;
 (3.11)

ò(3:10) ª�\(3:9) ª,�±��(3:2) ª"

|^�f5�,�K5�O,d³�7��5(2:29) ªÚ(2:34) ª,�±��

h(T � Th)'i; '
�
l i = ah (T'i � Th'i; T

�'�l )

= ah (T'i � Th'i; T
�'�l � T �h'

�
l )

. kT'i � Th'ikhkT
�'�l � T �h'

�
l kh (3.12)

. hrp
1
2
�rkT'ikr+1h

rp
1
2
�rkT �'�l kr+1

. h2rp1�2r

ò(3:10) ª,(3:11) ªÚ(3:12) ª�\(3:8) ª,�±��(3:1) ª.

duu = �TuÚuh = �hThuh;|^n�Ø�ª,(2:58) ª,(3:1) ªÚ(3:2) ª�±í�Ñ���ku� uh kh � ku� �Thukh

���. kuh � �Thukh = kTh(�huh � �u)kh . k�huh � �uk0;
 . h
2r
� p

1�2r
�

(3.13)

d(2:45) ªÚ(2:46) ª��
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ku� �Thukh = k�Tu� �Thukh 6 � kTu� Thukh . inf
vh2Vh

kTu� vhkh . ku� uhkh . hrp
1
2
�r

(3.14)

d(3:13) ªÚ(3:14) ª��(3:3) ª"

�� = 1�, d(2:45) ªÚ(2:54) ª��

ku� uhk0;
 . kTu� Thuk0;
 . hrp
1
2
�r kTu� Thukh . hrp

1
2
�r inf

vh2Vh
kTu� vhkh . hrp

1
2
�r ku� uhkh

l��(3:5) ª,y²�¤"

3.2. ê�¢�

3�!¥, ò�w�
ê�¢�, ±d5y²·��{�k�5"�Ä¯K(2:1),Ù¥�r =

(0; 0)T ,r = (1; 1)T ,r = (3; 0)T , c = 0"·��§S´3iFEM^��e?È�,·�¦^LDG�{Ù

¥ëêb = (0; 0)T ; � = 105?1O�"�Ä±en�ÿÁ�: L/�
L = (�1; 1)2n([0; 1)�(�1; 0]),

�/�
S�º:�(0; 1); (0; 0); (1; 0); (1; 1), �¿(��
SL = (�1; 1)2nf0 6 x 6 1; y = 0g"d

u(��A��´���, ·�3L/�¥�ë�A���1 = jrj
2
=4 + 9:63972384472 ; 3S

/�¥�ë�A���1 = jrj
2
=4 + 19:7392088022 ; 3�¿(��
SL ¥�ë�A���1 =

jrj
2
=4 + 8:3713297112"lL 1,L 2 ÚL 3 ¥§·��±wÑ5§T�{U���`Âñ�ê"

Table 1. Whenr = (0; 0)T , the eigenvalue numerical solution results for regions 
L,
S ,
SL

L 1. �r = (0; 0)T�, 'u«�
L,
S ,
SL �A��ê�)(J

Domain P h = 1=2 h = 1=4
�1 Error dof �1 Error dof

4 9.65607248 1.6349E-02 360 9.64618648 6.4626E-03 1440

L 7 9.64425294 4.5291E-03 864 9.64152211 1.7983E-03 3456

9 9.64221059 2.4867E-03 1320 9.64069696 9.7312E-04 5280
11 9.64040331 6.7947E-04 1872 9.64052686 8.0302E-04 7488

Domain P h = 1=2 h = 1=4
�1 Error dof �1 Error dof

4 19.7402270029 1.0182E-03 120 19.7392134429 4.6408E-06 480

S 5 19.7392303409 2.1539E-05 168 19.7392088300 2.7900E-08 672

6 19.7392091260 3.2390E-07 224 19.7392089726 1.7050E-07 896
9 19.7392088134 1.1300E-08 440 19.7392082646 5.3750E-07 1760

Domain P h = 1=2 h = 1=4
�1 Error dof �1 Error dof

4 8.43474906 6.3419E-02 480 8.40297669 3.1647E-02 1920

SL 7 8.39630057 2.4971E-02 1152 8.38380747 1.2478E-02 4608

9 8.38729272 1.5963E-02 1760 8.37929518 7.9655E-03 7040
10 8.38384381 1.2514E-02 2112 8.37780816 6.4785E-03 8448
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Table 2. Whenr = (1; 1)T , the eigenvalue numerical solution results for regions 
L,
S ,
SL

L 2. �r = (1; 1)T�, 'u«�
L,
S ,
SL �A��ê�)(J

Domain P h = 1=2 h = 1=4
�1 Error dof �1 Error dof

4 10.1560247 1.6301E-02 360 10.1461867 6.4629E-03 1440


L 7 10.1442395 4.5157E-03 864 10.1415201 1.7963E-03 3456

9 10.1421945 2.4707E-03 1320 10.1407004 9.7660E-04 5280

10 10.1416181 1.8943E-03 1584 10.1411084 1.3846E-03 6336

Domain P h = 1=2 h = 1=4
�1 Error dof �1 Error dof

4 20.2392882231 7.9421E-05 120 20.2391975052 1.1297E-05 480


S 5 20.2391743782 3.4424E-05 168 20.2392081676 6.3460E-07 672

6 20.2392084724 3.2980E-07 224 20.2392091838 3.8160E-07 896

7 20.2392080677 7.3450E-07 288 20.2392087612 4.1000E-08 1152

Domain P h = 1=2 h = 1=4
�1 Error dof �1 Error dof

4 8.93497578 6.3646E-02 480 8.90306679 3.1737E-02 1920

SL 6 8.90402362 3.2694E-02 896 8.88764719 1.6317E-02 3584

9 8.88727794 1.5948E-02 1760 8.87976956 8.4399E-03 7040
11 8.88433879 1.3009E-02 2496 8.87920615 7.8764E-03 9984

Table 3. Whenr = (3; 0)T , the eigenvalue numerical solution results for regions 
L,
S ,
SL

L 3. �r = (3; 0)T�, 'u«�
L,
S ,
SL �A��ê�)(J

Domain P h = 1=2 h = 1=4
�1 Error dof �1 Error dof

4 11.9073197 1.7596E-02 360 11.8964264 6.7026E-03 1440

L 6 11.8966198 6.8960E-03 672 11.8923849 2.6611E-03 2688

8 11.8931319 3.4081E-03 1080 11.8908573 1.1335E-03 4320
10 11.8920620 2.3382E-03 1584 11.8907964 1.0726E-03 7488

Domain P h = 1=2 h = 1=4
�1 Error dof �1 Error dof

4 21.9881538411 1.0550E-03 120 21.9891653747 4.3427E-05 480

S 5 21.9891184389 9.0363E-05 168 21.9892078649 9.3730E-07 672

7 21.9892094933 6.9110E-07 288 21.9892078292 9.7300E-07 1152
10 21.9892088301 2.7900E-08 528 21.9892084674 3.3480E-07 2112

Domain P h = 1=2 h = 1=4
�1 Error dof �1 Error dof

4 10.6867156 6.5386E-02 480 10.6534231 3.2093E-02 1920

SL 6 10.6545793 3.3250E-02 896 10.6377797 1.6450E-02 3584

8 10.6413591 2.0029E-02 1440 10.6319249 1.0595E-02 5760
11 10.6361897 1.4860E-02 2496 10.6289649 7.6352E-03 9984
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Figure 1. Whenr = (0; 0)T ,r = (1; 1)T ,r = (3; 0)T ,error curve of
primary eigenvalues

ã 1. �r = (0; 0)T�(þ),�r = (1; 1)T�(¥),ã(c) �r = (3; 0)T

�(e),�g�A���Ø��ã
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Figure 2. Whenr = (0; 0)T ,r = (1; 1)T ,r = (3; 0)T ,error curve of
quadratic eigenvalues

ã 2. �r = (0; 0)T�(þ),�r = (1; 1)T�(¥),ã(c) �r = (3; 0)T

�(e),�g�A���Ø��ã

DOI: 10.12677/ijfd.2023.114013 157 6NÄåÆ

https://doi.org/10.12677/ijfd.2023.114013


����

4. (Ø

é6*Ñ�§3y¢¯K¥k2��A^, �©�Ñ
¦)é6*ÑA��¯K�ÛÜØë

Y³�7�{, ÄkÒ´I�í�Ñ�§�k�Ø��O, Ù¥���Ò´y²ÑlÑ)�fTh

3L2(
)¥��ê¿ÂÂñu)|�X)�fT , =kT � Thk0;
 = 0. ��·�ÏLÛÜØëY³�

7�{?1ê�¢���
A��ê�)(J, lØ��ãÚL¥ê�(J¥�±wÑ, ·��

�{�±¢yA����`Âñ�, ��A��¼ê��`�Ø��O, Tê�¢�L²
T�{

�k�5"Ïd, éu6NåÆ¯K, T�{kX�r�A^d�"

Ä7�8
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