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insurance problem. Assuming that the premium principle is Π(R) = E[P (X − R)], we

use objective functions that include minimizing the convex measure of risk, maximiz-

ing the expected utility of terminal wealth, and maximizing the quadratic utility of

terminal wealth. By applying Taylor expansions to the variables, we obtain optimal

approximate solutions for the insurer retention function as well as the premium price.
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1. Úó

ºxnØ´7KÚ�x��|¤§�
�Ð/Aéºx§�xúi©ªò�`2�x¯K

�3�� �"�þ©z3n�OKeïÄ�`2�x�¯K"1. �xúiªàãL�^��

zOK¶2. �xúi»�VÇ��zOK¶3. þ�-��OK"3�^��zOKe§~^��^

¼êk�ê¼ê§éê¼ê±9�g�^¼ê"Cao ÚWan [1]'5ªàãL�^��z��`¯

K§�Ä
�ê�^Ú��^e�Ý]üÑ"X©z [2, 3], þ´3�ê�^¼êeïÄ�Ý]2�

x¯K"

�X7K�x�uÐ§é�`2�x�ïÄØ==l�^nØ�¡§|^ºxÝþ5ïÄ

�`2�x¯K�©Ù�éõ"§�²;�ýÏ�^�.ØÓ§æ^�´ºxÿÝ5þzºx"

BarrieuÚ Loubergé [4]¦^�«àºxÝþ5þzn��n<�ºx"©z [5, 6]�[0�
àº

xÝþ��
5�"äk�«ºxÿÝÚ�¤�K�²;�`2�x¯K�2�ïÄ§Cai� [7]

ÏL��z2�xúio3����ºxd� (VaR)Ú�Ü^�Ï" (CTE)`z¯K§ïá
�

`2�x�O�^�"Cui� [8]æ^�ýºxÝþ5é�`2�xïá�.§¦^Ï"�¤�K

ÚWang’s�¤�K§��
2�xüÑ�w«)"Zhuang � [9]3����ýºxÿÝe§æ^

�ý�¤�K5ïÄ�`2�x��."Lo [10]|^b�u�¥� Neyman-Pearson Ún§)û


�a2���å�`2�x¯K"Liu� [11]0�
�aàºx¼ê§¿A^u�xúi��`

2�x�Oþ"

±þ©Ùþ´l�xúi��Ý5�Ä¯K§XJò2�xúi�Ï��Ä?5§¤���

üÑØ�½´�`�"Borch [12]�ÑÓ��Ä�xV��|Ã´��"ChanÚ Gerber [13]Ï
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L��z�xúiÚ2�xúiªàãL�Ï"�^¼ê§�Ä�^¼ê��ê.§�g.Ú�

5¼ê�§©O��
2�xd�Ú3����Cq)"Cheung� [14]3���¤�nÚ�ýº

xÝþe*Ð
 ChanÚ Gerber [13]�ó�§1�Úk(½�xúi��`©4��¼ê§1�

Ú(½2�xúi��`½d¼ê"Cai [15]¦�xúiÚ2�xúi�|Ã���å^�§5�

�z�xúiÚ2�xúi��� VaRºxÝþ�à|Ü"3Ï"�¤�Keí�Ñ
�a�`

2�x/ª"Cai [16]�Ñ§��xúiÚ2�xúi���Ñ^�Üd�ºx (TVaR)ºxÝþ

5ïþ�§��
3Ï"�¤�Ke� Pareto�`2�xÜÓ�²(/ª",	§3�^��z

OKe§ChenÚ Shen [17]©OïÄ
äk���^Ú�ê�^� StackelbergÆ�¯K"

3±þ©z�ïÄÄ:þ§·�©Oæ^�^��zOKÚºxÝþïá�."é�xúi

Ú2�xúi§(ÜàºxÝþÚ�^¼ê�Äo|ûüe��`)"·�¦^ StackelbergÆ�

��{¦)�`þï)§é�ÅCþ?1 TaylorÐm§ÏL'�ëê�Xê��2�¤�`d�

Ú�`3��w«L�"

�©{eSNSüXeµ1 2!�Ñ�.�b�"1 3!é�xúiÚ2�xúi�o|�`

¯K?1¦)§�Ñ
�xúi�`3��w«)±92�¤d��wª)"1 4!é�©?1

o("

2. �.�b�

b��©¤^��ÅCþÑ½Â3 (Ω,F ,P)þ§·���x�.kü��m:§T = 0, 1"

b�3 T = 1��xúi¡������� X§R´�xúi�3�ºx��§I = X − R´�
xúi	ï�x�¼����"b�±þCþþ´�K�"

�â±e�½ïá StackelbergÆ��.§(ÜàºxÝþÚ�^¼ê§¦)�xúi��`

3�¼ê±92�¤��`d�"

1. b�2�xúi�â±e�¤�Ké2�x¤?1O�µ

Π(R) = E[P (X −R)]. (1)

Ù¥§P L«2�¤d�§÷v P > 0� E(P ) = 1"

2. b��xúiÚ2�xúi�Ð©ãL©O� wi Ú wr§þ�L~ê"Ï"ãL©O�Wi

ÚWr§

Wi = wi −Π(R)−R, (2)

Wr = wr −X +R+ Π(R). (3)

3. �â©z [4]¦^��ºxÝþ5��z�xúiÚ2�xúi�ºxÿÝ§

ρa(Wa) = γalnE[exp(− 1

γa
Wa)].

Ù¥§aL«�xúiÚ2�xúi§WaL«ªàãL§γa > 0L«����Xê"
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1. �½2�¤�d� P§�xúi�8I´ÀJ�`��x3� R∗5��z¦�ºxÿÝ§

min
R
γilnE[exp(− 1

γi
Wi)]. (4)

�½�xúi¯K¥¦���`) R∗§2�xúiÀJ���`�2�¤d�5��z¦�

àºxÿÝ§

min
P
γrlnE[exp(− 1

γr
Wr)]. (5)

2. ��z�xúi�àºxÿÝ±9��z2�xúi�ªàãL�^§

min
R
γilnE[exp(− 1

γi
Wi)] max

P
E(Wr). (6)

3. �Ä¦^�g¼ê5µ��xúi�ûü¯K§±9��z2�xúi�ªàãL�^§

max
R

E(Wi −
c

2
W 2
i ) max

P
E(Wr). (7)

4. ��z�xúiªàãL��g¼ê±9��z2�xúi�àºxÿÝ§

max
R

E(Wi −
c

2
W 2
i ) min

P
γrlnE[exp(− 1

γr
Wr)]. (8)

3. �.¦)

StackelbergÆ�´U�½^S51Ä��Ü�Æ�"�½2�¤�d�§·�O��xúi

�`�3���§±��z�xúi�ãL�^½��z�xúi�ºx",�§·�O�2�

xúi�`�2�¤d�§¦�2�xúi�8Iûü���`"

1�|8Iûü

½n1. �xúiÚ2�xúi3ºxÝþ�µee§�`þï)÷v±eúª§

P ≈ 1 +
1 + q

2 + q

1

γi
(X − µ) +

3

4

(1 + q)2

(2 + q)2
1

γ2i
[(X − µ)2 − σ2], (9)

R =
1 + q

2 + q
(X − µ) +

1

4

(1 + q)2

(2 + q)2
1

γi
(X − µ)2 − 3

4

(1 + q)2

(2 + q)2
1

γi
σ2. (10)

y² dºxÿÝ�²£ØC5§(Ü (2)§·�òúª (4)#�� min
R

E[exp( 1
γi

(R+ Π(R)))]"

b� R��zþã8I¼ê§Ú\�ÅCþ Q1"� Rt = R+ tQ1§Ù¥ t L«¢ê§ò��

�¼ê½Â� g(t)

g(t) = E[exp(
1

γi
(Rt + Π(Rt)))].
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T¼ê�����

g′(t) =
1

γi
E[exp(

1

γi
(Rt + Π(Rt)))(Q1 − E(PQ1))].

du g(t)3 t = 0������§= g′(0) = 0"�±��§

E
{
Q1[exp(

1

γi
(R+ Π))− PE(exp(

1

γi
(R+ Π)))]

}
= 0.

Ï� Q1´?¿����ÅCþ§@o¥)ÒS��� 0§

PE(exp(
1

γi
(R+ Π))) = exp(

1

γi
(R+ Π)).

�n���§

R = γiln(P ) + k. (11)

Ù¥§kL«~ê"

éu2�xúi�¯K§dºxÿÝ�²£ØC5§�â (3)§8I¼ê (5) #��

min
P

E[exp(− 1
γr

(Π(R)− (X −R)))]"(Üúª (1)Ú (11)§2�xúi�8I¼ê�§

min
P
exp[− 1

γr
E(P (X − γilnP ))]E[exp(

1

γr
(X − γilnP ))].

�
)þã`z¯K§·�Ó�Ú\���ÅCþ Q2§÷v E(Q2) = 0"� Pt = P + tQ2§�8

I¼ê� g(t)§

g(t) = exp[− 1

γr
E(Pt(X − γilnPt))]E[exp(

1

γr
(X − γilnPt))].

du g(t)3 t = 0������§= g′(0) = 0"O���§

E
{
Q2[(X − γilnP − γi)E(exp(

1

γr
(X − γilnP ))) + γi

1

P
(exp(

1

γr
(X − γilnP )))]

}
= 0. (12)

^ V 5L« (12) �¥)ÒS��§� Q2 = V − E(V )§du

V ar(V ) = E(V 2)− (E(V ))2 = E[(V − E(V ))V ] = 0.

@o§� V = c§Ù¥§cL«~ê"

(X − γilnP − γi)E(exp(
1

γr
(X − γilnP ))) + γi

1

P
(exp(

1

γr
(X − γilnP ))) = c. (13)

� q =

1
γr
1
γi

´��½�§Ù¥§ 1
γr
Ú 1

γi
Ñ´v
��ê"@o§òP ��P = 1+ 1

γi
F1+ 1

γ2
i
F2+···§

F1Ú F2Ñ´'u X �¼ê� E(F ) = 0"d TaylorÐmúª§
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lnP =(P − 1)− 1

2
(P − 1)2 + · · ·

≈ 1

γi
F1 +

1

γ2i
F2 −

1

2

1

γ2i
F 2
1 ,

1

P
=1− (P − 1) + (P − 1)2 + · · ·

≈1− 1

γi
F1 −

1

γ2i
F2 +

1

γ2i
F 2
1 ,

P−q =1− q(P − 1) +
q(q + 1)

2
(P − 1)2 + · · ·

≈1− 1

γr
F1 −

1

γrγi
F2 +

1

2γ2r
F 2
1 +

1

2γiγr
F 2
1 .

d±þ TaylorÐmª��§

X − γilnP − γi ≈ X − F1 −
1

γi
F2 +

1

2

1

γi
F 2
1 − γi

E(exp(
1

γr
(X − γilnP ))) ≈ 1 +

1

2γ2r
E(F 2

1 ) +
1

2γiγr
E(F 2

1 ) +
1

γr
E(X)− 1

γ2r
E(XF1)

γi
1

P
≈ γi − F1 −

1

γi
F2 +

1

γi
F 2
1

exp(
1

γr
(X − γilnP )) ≈ 1− 1

γr
F1 −

1

γiγr
F2 +

1

2γ2r
F 2
1 +

1

γiγr
F 2
1 +

1

γr
X − 1

γ2r
XF1.

@o§úª (13)Cq�§

X−F1−
1

γi
F2 +

1

2

1

γi
F 2
1 −qF1−

1

γr
F2 +

q

2γr
F 2
1 +qX− q

γr
XF1−F1 +

1

γr
F 2
1 −

1

γi
F2 +

1

γi
F 2
1 = c. (14)

éúª (14)�Ï"§'� ( 1
γi

)0Ú ( 1
γi

)1�Xê§

F1 =
1 + q

2 + q
(X − µ). (15)

F2 =
3

4

(1 + q)2

(2 + q)2
[(X − µ)2 − σ2]. (16)

dúª (15)Ú (16)§O��¤d�Ú�xúi3�¼ê�Cq)µ

P ≈ 1 +
1 + q

2 + q

1

γi
(X − µ) +

3

4

(1 + q)2

(2 + q)2
1

γ2i
[(X − µ)2 − σ2].

R =
1 + q

2 + q
(X − µ) +

1

4

(1 + q)2

(2 + q)2
1

γi
(X − µ)2 − 3

4

(1 + q)2

(2 + q)2
1

γi
σ2.

1�|8Iûü

½n2. ��z�xúi�àºxÿÝ±9��z2�xúi�ªàãL�^§���¤d�Ú�
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xúi�3�¼ê©O�§

P ≈ 1 +
1

2γi
(X − µ) +

3

16

1

γi
(X − µ)2 − 3

16

1

γi
σ2,

R ≈ 1

2
(X − µ) +

1

16

1

γi
(X − µ)2 − 3

16

1

γi
σ2 + k.

y² du1�|Ú1�|ûü�xúi�8I¼ê�Ó§�â1�|�) (9) Ú (10) ��§

R = γiln(P ) + k. (17)

Ù¥§kL«~ê"

�e5§·�I�)û2�xúi�ûü§(Üúª (17)§2�xúi�8I¼ê�d��

�zúª (18)§

max
P

E(PX)− γiE(PlnP )− E(X) + γiE(lnP ). (18)

�)ûþã¯K§Äk·�Ú\���ÅCþQ3§÷v E(Q3) = 0. � Pt = P + tQ3§@o�

A��'u t�¼ê g(t)§� g(t)3 t = 0 ������§�â g(t)�����±��±e�ª§

E[Q3(X − γilnP + γi
1

P
)] = 0. (19)

Ó��§� (19)�)ÒS��L«� V§O���§

X − γilnP + γi
1

P
= c.

Ù¥§cL«~ê"b� P = 1 + 1
γi
F1 + 1

γ2
i
F2 + · · ·§(Üúª (9)Ú (10)§

X − 2F1 −
2

γi
F2 +

3

2

1

γi
F 2
1 = c.

�Ï"���§

E(X) +
3

2

1

γi
E(F 2

1 ) + γi = c.

'� ( 1
γi

)0Ú ( 1
γi

)1�Xê§O���§

F1 =
1

2
(X − µ), (20)

F2 =
3

16
[(X − µ)2 − σ2]. (21)

dúª (20)Ú (21)§O��¤d�Ú�xúi3�¼ê�Cq)§

P ≈ 1 +
1

2γi
(X − µ) +

3

16

1

γi
(X − µ)2 − 3

16

1

γi
σ2,
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R ≈ 1

2
(X − µ) +

1

16

1

γi
(X − µ)2 − 3

16

1

γi
σ2 + k.

1n|8Iûü

½n3. �Ä��z�^OKe�2�x�.§�^¼ê©O��g.Ú�5¼ê§©O���x

úi3�¼êÚ2�¤d��Cq)§

R = fP + k ≈ 1

2
(X − µ) + k0,

P =
σP
σX

X − µσP
σX

+ 1 ≈ 1 +
1

2

1
1
c
− wi + µ

(X − µ).

y² (Ü¼ê (7)§�xúi�8Iûü�d�§

max
R

(cwi − 1)E(R) + (cwi − 1)Π(R)− cΠ(R)E(R)− c

2
E(R2)− c

2
Π2(R).

Ú\���ÅCþ Q4, � Rt = R + tQ4§��'u t�¼ê g(t)§� g′(0) = 0§�â g(t)�

����±��±e�ª§

E {Q4[cwi − 1− (cwi − 1)P + cPE(R)− cE(P (X −R))− cR+ cPE(P (X −R))]} = 0. (22)

du Q4´?¿����ÅCþ§(22)�¥)ÒS��� 0§²Lz{��§

R = fP + k, (23)

f =
1

c
− wi + E(R) + E(P (X −R)). (24)

(Üúª (23)§ò (24) ¥ f #��§

f =

1
c
− wi + E(PX)

1 + V ar(P )
. (25)

�e5·�I�)û2�xúi�¯K§�âúª (25)§ò�¤#�� Π(R) = wi − 1
c
− k"

@o2�xúi�8I¼ê�d�§

max
P

f

= max
ρ,σP

1
c
− wi + µ+ ρσXσP

1 + σ2
P

.

(26)

Ù¥§ρ´Cþ X Ú P ��'Xê§σX Ú σP ´IO�"
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e���zT8I¼ê§w,k ρ = 1"d�§(26) ¥8I¼ê�d�§

max
σP

1
c
− wi + µ+ σXσP

1 + σ2
P

.

é8I¼ê¦���§)� σP ��§

σP =

√
( 1
c
− wi + µ)2 + σ2

X − ( 1
c
− wi + µ)

σX
.

d�§b� σX ´��v
��ê§Ïdò σP Cq�§

σP ≈
1

2

σX
1
c
− wi + µ

.

du ρ = 1§�e5·�b� P Ú X ke¡�'X§P = aX + b"(Üe¡ü�'Xª§E(P ) = 1,

V ar(P ) = σ2
P

��)�Xê a, b��§ 
a =

σP
σX

,

b = 1− σP
σX

µ

@o§�� P �Cq�§

P =
σP
σX

X − µσP
σX

+ 1 ≈ 1 +
1

2

1
1
c
− wi + µ

(X − µ).

Ó��§·���±�� f Ú R�Cq)§

f ≈ 1

c
− wi + µ,

R = fP + k ≈ 1

2
(X − µ) + k0.

1o|8Iûü

½n4. ��z�xúiªàãL��g¼ê±9��z2�xúi�àºxÿÝ§©O���x

úi3�¼êÚ2�¤d��Cq)§

R =
1 + q

2 + q
(X − µ) + k,

P = 1 +
1 + q

2 + q

1

k
(X − µ).
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y² (Üúª (23)±9úª Π(R) = wi − 1
c
− k"@o (8) ¥2�xúi�8I¼ê�d�§

min
P
γrlnE[exp(− 1

γr
Wr)]

= min
P

E[exp(− 1

γr
(−X + fP ))].

Ù¥§f �L�ª�úª (25)"

Äk§Ú\���ÅCþ Q5, � E(Q5) = 0"� Pt = P + tQ5§��'u t�¼ê g(t)§-

g′(0) = 0��±e�ª§

E
{
Q5[(X − 2fP )E(Pexp(− 1

γr
(−X + fP )) + (

1

c
− wi + E(PX))exp(− 1

γr
(−X + fP ))]

}
.

Úc¡aq�¦)L§§O���§

V = (X − 2fP )E(Pexp(− 1

γr
(−X + fP )) + (

1

c
− wi + E(PX))exp(− 1

γr
(−X + fP )) = c. (27)

� q =
1
γr
1
m

= m
γr
§Ù¥ 1

γr
Ú 1

m
Ñ´v
��ê§�m = 1

c
−wi+µ"�P = 1+ 1

m
F1+ 1

m2F2+···"
(Üúª (25)§ò f �L�ª#��§

f =

1
c
− wi + E(PX)

1 + V ar(P )
≈

1
c
− wi + µ+ 1

m
E(F1X) + 1

m2E(F2X)

1 + 1
m2E(F 2

1 )
.

òþãúª?1C/§��§

f ≈ m[1 +
1

m2
E(F1X)− 1

m2
V ar(F1)].

�â±þÐmª±9 TaylorÐmª·���§

2fP ≈ 2m+ 2F1 +
2

m
F2 +

2

m
E(F1X)− 2

m
E(F 2

1 )

Pexp(− 1

γr
(−X + fP )) ≈ exp(−q)(1− 1

γr
F1 +

1

γr
X +

1

m
F1)

1

c
− wi + E(PX) ≈ m+

1

m
E(F1X)

exp(− 1

γr
(−X + fP )) ≈ exp(−q)(1− 1

γr
F1 +

1

γr
X).

@o§úª (27)Cq�§

exp(−q)[X+qX+
1

γr
XE(X)−m−2qE(X)−(2+q)F1−

2

γr
F1E(X)− 2

m
F2−

1

m
E(F1X)+

2

m
E(F 2

1 )] = c.

(28)
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éúª (28)�Ï"§'� ( 1
m

)0Ú ( 1
m

)1�Xê§

F1 =
1 + q

2 + q
(X − µ).

3d�¹e��2�xd�Ú3����Cq�§

P = 1 +
1 + q

2 + q

1

k
(X − µ),

R =
1 + q

2 + q
(X − µ) + k.

4. (Ø

StackelbergÆ��Ì�SN´§�xúiÏL\¾2�xÜÓ§¦Ùºx�àÝþ��z½

ö�^¼ê��z§Ó�2�xúi¼����`�2�xd�"�©ÏL�Äo|8Iûü§

ïá
o� StackelbergÆ��."ÏLÚ\�ÅCþ§?òCþ?1 TaylorÐm§��Æ��

.�þïCq)"
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