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Abstract

In this paper, we study the large time behavior of a singular chemotaxis system with

logistic source in three dimensional whole spaces and obtain the decay estimates for the

solutions. The singular chemotaxis is converted to a non-singular hyperbolic system

by a Cole-Hopf type transformation. Then the decay estimates of the global solutions

of the transformed system are established by using the method of energy estimates.
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1. Úó

¬5É+)¤£Tumor angiogenesis¤�L§3Jw[�)¤Ú=£¥u�X�'���

^"ÏLr?É+)¤§¬5�±¼�v
�±Ù¯�)�¤I�E�Ú�í"3¬5��¸

¥§õ«[��±©�r¬5É+)¤Ïf§§�3N!�~ÚÉ~É+)¤¥u���^§

Ù¥É+S�)�Ïf£VEGF¤3¬5É+)¤¥å'��^"Ïd§
)J5¬5[�m©

�±���~[�º�VEGF �d3Å�¿-¹É+S�[�S&ÒÏ´äk�¿Â"�d§

Levine� [1]±£ã[ÿªz5�Keller-Segal �. [2]��.JÑ
±ePDE�.µut = ∇ · (D∇u− χu∇ ln c) ,

ct = ε∆c− µuc,
(1)

Ù¥§��¼êu(x, t)Úc(x, t)©OL«É+S�[���ÝÚVEGF�ßÝ"ëêD > 0!χ > 0!

ε ≤ 0Úµ©OL«S�[��*ÑÇ!ªz5rÝ�ªzXê!zÆ*ÑÇÚzÆÔ�c�òzÇ"

3éõ©z¥ [2–4]§@�zÆ*ÑXêε�Ué�½�±�ÑØO§Ï�zÆ*Ñ�ØXÙ�S�

[���p�^�"d[�ÄåÆnØ§��mºÝ���§[��O�Úk��AT��Ä§
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3êÆ�.þNy�logistic��Ñy"Ïd§�©�Ä±eäklogistic���.µut = ∇ · (D∇u− χu∇ ln c) + ru(1− u),

ct = ε∆c− µuc,
(2)

Ù¥r ≥ 0�[�O�Ç"T�.�wXA:´§1���§�¹��éê(¯Ý¼êlnc§T¼ê

3c=0��ÛÉ¼ê"�)ûTÛ5§A^±eCole-HopfC� [3, 5]µ

v = −∇ ln c = −∇c
c

±9t̃ = χµ
D
t, x̃ =

√
χµ

D
x, ṽ =

√
χ
µ
v§ò�.(1)=z�±e�.µ


ut −∆u = ∇ · (uv) + ru(1− u), x ∈ Ω, t > 0,

vt − ε∆v = ∇ (−ε|v|2 + u) , x ∈ Ω, t > 0,

(u,v)(x, 0) = (u0,v0) (x), x ∈ Ω,

(3)

Ù¥§Ω ⊂ RdQ�±´���m§��±´k1w>.�k.«�"

�r = 0�§=vklogistic���¹µNõÆöé�.3r = 0�?1
2��ïÄ§3

Ù)��Û·½5ÚìC1���¡��
´L�¤J"�ε = 0�§3���m¥§Zhang

� [6]Äk��
�.(3)3Neumann-Dirichlet >�^�eäk�Ð�)��Û�35§Guo�

[7]�y
�.(3)3�Ð�^�e§�Ü¯K)��Û�35"3p��m¥§Li� [8]��


3Neumann>.^�e§äk�Ð���.(3)�)��Û�35Ú�êP~Ç"�Ð��Cu

~G�(ū, 0)�§Li� [9]3(u0,v0) ∈ Hs(Rd),s > d
2

+ 1Ú‖(u0 − ū,v0)‖Hs�Ð�^�e§ïÄ


�.(3)�Ü¯K�²;)��Û·½5Ú��m1�"�X§Äu3Chemin-Lerner�m¥��

��K5§Hao [10]�y
3�.Besov�mḂ
− 1

2
2,1 × (Ḃ

− 1
2

2,1 )d¥r)��Û�35Ú��5"XJ

Ð�‖(u0 − ū, v0)‖L2×H1é��§ÏLFourier©Û���n��m¥�r) [11]"eÐ�k�p

��K5¦�‖(u0 − ū, v0)‖H2×H1 v
��§3n��m¥�)��êP~Ç��í�Ñ [12]"

�ε > 0�§3���m¥§Tao [12]����.(3)3Neumann-Dirichlet>�^�eäk�Ð�

)��35§3Dirichlet>.^�e�Ð>�¯K��?�Ú�ïÄ [13]"3p��m¥§

Wang� [14]ïÄ
�.(3) 3Ð��~G����C�Ù)�ìC1�"Song� [15]��
3·

��Ð©6Äe)ª�½G��ÂñÇ"

�r > 0�µ�.3�ù«�¹C5É�2�'5§3���m¥§Zeng� [16]ïÄ
�.(3)�

Ü¯K)�·½5!��m1�!Xê��4�ÚP~Ç"�X§¦�?�ÚïÄ
XJÐ©�

3äkk�Uþ��~G�NC�6Ä§�ε = 0�§��Ù)��`�mP~Ç§�ε > 0�§

?�Úb�Ð©�Ì���E#N���§�U��Ù)��`P~Ç [17]"Li� [18]��
�

.(3)3ε ≥ 0��1Å)§±9�ε→ 0�1Å)�Xê��4�"

éu�.(3)p��m�ïÄ8c�Øõ§Ïd�©òmÐ�.(3)3n��m¥�ïÄ"

Jiang� [19]®é�.(3)�Ü¯K)�·½5?1
ïÄ§ÙïÄ(JXeµ
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½½½nnn1. é~G�ū > 0±9��êk ≥ 2§-(u0 − ū,v0) ∈ Hk(R3) × Hk(R3)§@oé?¿~

êM0 > 0§‖∇2u0‖2L2 + ‖∇2v0‖2L2 ≤M2
0§�3���M0 k'��~êη§¦�XJ

‖u0 − ū‖2H1 + ‖v0‖2H1 ≤ η2,

�ε ≥ 0�§�.(3)��Û��)(u,v) ∈ C
(
[0,+∞), Hk(R3)

)
÷vé¤kt > 0§

‖u(t)− ũ‖2Hk + ‖v(t)‖2Hk +

∫ t

0

(
‖∇u(τ)‖2Hk + ‖∇v(τ)‖2Hk−1 + ε‖∇k+1v(τ)‖2L2

)
dτ

≤ C
(
‖u0 − ũ‖2Hk + ‖v0‖2Hk

) (4)

Ù¥C�~ê§��ηÚtÃ'"

�©ò?�ÚmÐéÙ)�P~Ç�ïÄ§Ì�ïÄ(JXeµ

½½½nnn2. e½n1¤á§?�Úb�(u0 − ū,v0) ∈ Ḣ−s(R3) × Ḣ−s(R3)§Ù¥s ∈ (0, 3
2
).Ké?

¿t ≥ 0§½n1���)(u,v)3η·���§k±eP~Çµ

‖∇`(u− ū)‖L2 + ‖∇`v‖L2 ≤ C
(
1 + t

)− s+`
2 , (` = 0, 1, · · · , k − 1)

‖∇k(u− ū)‖L2 + ‖∇kv‖L2 ≤ C
(
1 + t

)− s+k−1
2 ,

(5)

Ù¥C�~ê§��tÃ'"

2. ý��£

3y²�c§·�kòé�
ÎÒÚ.~?1`²"·�½Âµ

Ḣ−s :=
{
f ∈ L2 :

∥∥∥|ξ|−sf̂(ξ)
∥∥∥
L2
<∞

}
, ‖f‖Ḣ−s := ‖|ξ|−sf̂(ξ)‖L2 ,

∇`f = ∇αf = ∂α1
x1
∂α2
x2
∂α3
x3
f, |α| =

3∑
i=1

αi = `,

∫
f dx =

∫
R3

f dx,

Λ :=
√
−∆, Λ̂f(ξ) = |ξ|f̂(ξ),

E`(t) :=
∥∥∇`p∥∥2

L2 +
∥∥∇`+1p

∥∥2
L2 +

∥∥∇`v∥∥2
L2 +

∥∥∇`+1v
∥∥2
L2 + 2δ

∫
∇`+1p · ∇`vdx,

F`(t) :=r‖∇`p‖+ (1 + r)‖∇`+1p‖2L2(Rd) + ‖∇`+2p‖2L2(Rd) + δ‖∇`∇ · v‖2L2(Rd)

Ù¥`�?¿�K�ê§~êδ ∈ (0, 1)"

·�¬¦^e¡ü�Ä�¯¢µ

∆v = ∇(∇ · v), ‖∇`+1v‖L2 ' ‖∇`∇ · v‖L2 .
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�
¦(J�\{²§3�Yy²¥�ū = 1§,�-p = u− 1§K�§|(3)�±U��
∂tp−∆p−∇ · v = ∇ · (pv)− rp(1 + p), x ∈ R3, t > 0,

∂tv − ε∆v −∇p = −ε∇|v|2, x ∈ R3, t > 0,

(p,v)(x, 0) = (p0,v0)(x), x ∈ R3,

(6)

·�Òò¯K=z�¦�§|(6)�P~Ç"

ÚÚÚnnn1. [19] dukA ' B ⇐⇒ c0B ≤ A ≤ ĉ0B§Ké?¿�ê` ≥ 0±9?¿δ ∈ (0, 1)§�3ü�

~êc0Úĉ0§¦�

E`(t) '
∥∥∇`p∥∥2

L2 +
∥∥∇`+1p

∥∥2
L2 +

∥∥∇`v∥∥2
L2 +

∥∥∇`+1v
∥∥2
L2

F`(t) '‖∇`p‖2L2(Rd) + ‖∇`+1p‖2L2(Rd) + ‖∇`+2p‖2L2(Rd)

+ ‖∇`v‖2L2(Rd) + ‖∇`+1v‖2L2(Rd) + ε‖∇`+2v‖2L2(Rd)

ÚÚÚnnn2. [19] b��§|(6)�)÷v

∥∥∇2p(t)
∥∥2
L2 +

∥∥∇2v(t)
∥∥2
L2 ≤

2ĉ0
c0
M2

0 ,

‖p(t)‖2H1 + ‖v(t)‖2H1 ≤ κ20,

é?¿�½�M0 > 0§XJκ0·��§K�3��~êc1 > 0§¦�é¤kt ∈ [0, T ]k

d

dt
E`(t) + c1F`(t) ≤ 0 (` = 0, 1, · · · , k − 1). (7)

ÚÚÚnnn3. [20] (Lp − Lq�O)b�0 < s < 3§1 < p < q < +∞§1/q = 1/p− s/d§@ok

‖ Λ−sf ‖Lq6 C ‖ f ‖Lp .

Ø���5§Ï�(u0 − ū,v0) ∈ Ḣ−s × Ḣ−s§¤±·��±b��3���~êM1 > 1§¦

�

‖p0‖2Ḣ−s + ‖v0‖2Ḣ−s ≤M2
1 . (8)

ÚÚÚnnn4. b��§|(6)�)(p,v)÷vÚn2"e

‖p(t)‖2
Ḣ−s + ‖v(t)‖2

Ḣ−s ≤ 2M2
1 , t ∈ [0, T ], (9)

Ù¥§0 < s < 3
2
"@o§é?¿t ∈ [0, T ]±9¤k` = 0, 1, · · · , k − 1§k

‖∇`p‖2L2 + ‖∇`+1p‖2L2 + ‖∇`v‖2L2 + ‖∇`+1v‖2L2 ≤ CM2
1

(
1 + t

)−(s+`)
; (10)
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é,��~êκ > 1±9?¿t ∈ [0, T ]§k

1

2

d

dt

(
‖Λ−sp‖2L2 + ‖Λ−sv‖2L2

)
+ ‖Λ−sp‖2L2 + ‖Λ−s∇p‖2L2 + ε‖Λ−s∇v‖2L2 + r‖Λ−sp‖2L2

≤ CM2
1 η

s
4

(
‖Λ−sp‖L2 + ‖Λ−sv‖L2

)
(1 + t)−κ,

(11)

Ù¥C��~ê§��tÃ'"

yyy²²² kyØ�ª(10)"d��{§�±��

‖∇`p‖L2 ≤ C‖p‖
1

s+`+1

Ḣ−s
‖∇`+1p‖

s+`
s+`+1

L2 ≤ 2CM
1

s+`+1

1 ‖∇`+1p‖
s+`

s+`+1

L2

±9

‖∇`v‖L2 ≤ C‖v‖
1

s+`+1

Ḣ−s
‖∇`+1v‖

s+`
s+`+1

L2 ≤ 2CM
1

s+`+1

1 ‖∇`+1v‖
s+`

s+`+1

L2 .

Ón§d��Ø�ª

‖∇p‖Ḣ−s = ‖p‖Ḣ1−s ≤ C‖p‖
s

s+1

Ḣ−s
‖p‖

1
s+1

Ḣ1
≤ CM1

�±í�Ñ

‖∇`+1p‖L2 ≤ C‖∇p‖
1

s+`+1

Ḣ−s
‖∇`+2p‖

s+`
s+`+1

L2 ≤ 2CM
1

s+`+1

1 ‖∇`+2p‖
s+`

s+`+1

L2 .

òÚn2�k��O(7)ü>Ó�È©��

E`(t) + c1

∫ t

0

F(τ)dτ ≤ E`(0).

@ok

‖∇`+1v‖2L2 ≤ C1

(∥∥∇`p0∥∥2L2 +
∥∥∇`+1p0

∥∥2
L2 +

∥∥∇`v0

∥∥2
L2 +

∥∥∇`+1v0

∥∥2
L2

)
≤ C.

Ï

‖∇`+1v‖L2 ≤ C‖∇`+1v‖
s+`

s+`+1

L2 .

ò±þ(J�\§dÚn1��

E`(t) ≤ CM
2

s+`+1

1 F
s+`

s+`+1

` (t).

òÙ�\�(7)¥�±��
d

dt
E`(t) + CM

− 2
s+`

1 E
s+`+1
s+`

` (t) ≤ 0.

Ø�ªü>Ó�È©§�n��

E`(t) ≤ CM2
1

(
E`(0)−

1
s+` + t

)−(s+`)
≤ CM2

1 (1 + t)
−(s+`)

,

2(ÜÚn1§=�y�Ø�ª(10).
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�e5§y²Ø�ª(11)"Λ−s©O�^u�§|(6)�1�ªÚ1�ª§¿ò¤���(J©

O�Λ−spÚΛ−sv�SÈ§�

1

2

d

dt
‖Λ−sp‖2L2 + ‖Λ−s∇p‖2L2 −

∫
Λ−spΛ−s∇ · vdx+ r‖Λ−sp‖2L2

=

∫
Λ−spΛ−s∇ · (pv)dx− r

∫
Λ−spΛ−s|p|2dx,

1

2

d

dt
‖Λ−sv‖2L2 + ε‖Λ−s∇v‖2L2 −

∫
Λ−s∇p · Λ−svdx = −ε

∫
Λ−sv · Λ−s∇|v|2dx,

òüª�\§©ÜÈ©��

1

2

d

dt

(
‖Λ−sp‖2L2 + ‖Λ−sv‖2L2

)
+ ‖Λ−s∇p‖2L2 + ε‖Λ−s∇v‖2L2 + r‖Λ−sp‖2L2

=

∫
Λ−spΛ−s∇ · (pv)dx− ε

∫
Λ−sv · Λ−s∇|v|2dx− r

∫
Λ−spΛ−s|p|2dx

:= S1 + S2 + S3.

(12)

éS1§A^HölderØ�ªÚÚn3��

S1 ≤ C
∥∥Λ−sp

∥∥
L2

∥∥Λ−s(∇p · v + p∇ · v)
∥∥
L2

≤ C
∥∥Λ−sp

∥∥
L2

(
‖∇p · v‖

L
6

2s+3
+ ‖p∇ · v‖

L
6

2s+3

)
≤ C‖Λ−sp‖L2

(
‖∇p‖

L
3

s+1
‖v‖L6 + ‖p‖L6‖∇ · v‖

L
3

s+1

)
.

,�A^Sobolevi\Ø�ª±9��Ø�ª§��

S1 ≤ C‖Λ−sp‖L2

(
‖∇p‖

L
3

s+1
‖∇v‖L2 + ‖∇p‖L2‖∇ · v‖

L
3

s+1

)
≤ C‖Λ−sp‖L2

(
‖p‖

2s+1
4

L2 ‖∇2p‖
3−2s

4

L2 ‖∇v‖L2 + ‖∇p‖L2‖v‖
2s+1

4

L2 ‖∇2v‖
3−2s

4

L2

)
≤ C‖Λ−sp‖L2

(
‖p‖L2 + ‖v‖L2

) 2s+1
4
(
‖∇p‖L2 + ‖∇v‖L2

) (∥∥∇2p
∥∥
L2 +

∥∥∇2v
∥∥
L2

) 3−2s
4 .

(13)

��òS1�O¥�pO�¤v=���S2��Oµ

S2 ≤ C
∥∥Λ−sv

∥∥
L2

∥∥Λ−s∇|v|2
∥∥
L2

≤ C
∥∥Λ−sv

∥∥
L2

∥∥∇|v|2∥∥
L

6
2s+3

≤ C‖Λ−sv‖L2‖∇v‖
L

3
s+1
‖v‖L6

≤ C‖Λ−sv‖L2‖∇v‖
L

3
s+1
‖∇v‖L2

≤ C‖Λ−sv‖L2‖v‖
2s+1

4

L2 ‖∇v‖L2‖∇2v‖
3−2s

4

L2 .

(14)

�q/§�±��

S3 ≤ C‖Λ−sp‖L2‖Λ−s|p|2‖L2

≤ C‖Λ−sp‖L2‖‖|p|2‖ 6
2s+3

≤ C‖Λ−sp‖L2‖‖p‖L6‖p‖
L

3
s+1

≤ C‖Λ−sp‖L2‖‖∇p‖L2‖p‖
1−s
2

Ḣ−s
‖∇p‖

s+1
2

L2 .

(15)
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P~�O(10)�` = 1§k

‖∇p‖2L2 + ‖∇2p‖2L2 + ‖∇v‖2L2 + ‖∇2v‖2L2 ≤ CM2
1

(
1 + t

)−(s+1)
. (16)

�` = 2§k

‖∇2p‖2L2 + ‖∇3p‖2L2 + ‖∇2v‖2L2 + ‖∇3v‖2L2 ≤ CM2
1

(
1 + t

)−(s+2)
. (17)

ò(13)-(15)�\(12)§d½n1��

l

2

d

dt

(
‖Λ−sp‖2L2 + ‖Λ−sv‖2L2

)
+ ‖Λ−s∇p‖2L2 + ε‖Λ−s∇v‖2L2 + r‖Λ−sp‖2L2

≤ C
(∥∥Λ−sp

∥∥
L2 +

∥∥Λ−sv
∥∥
L2

)(
‖p‖L2 + ‖v‖L2

) 2s+1
4
(
‖∇p‖L2 + ‖∇v‖L2

) (∥∥∇2p
∥∥
L2 +

∥∥∇2v
∥∥
L2

) 3−2s
4

≤ Cη
2s+1

8

(∥∥Λ−sp
∥∥
L2 +

∥∥Λ−sv
∥∥
L2

)(
‖∇p‖L2 + ‖∇v‖L2

) (∥∥∇2p
∥∥
L2 +

∥∥∇2v
∥∥
L2

) 3−2s
4 ,

d(16)Ú(17)���O

l

2

d

dt

(
‖Λ−sp‖2L2 + ‖Λ−sv‖2L2

)
+ ‖Λ−s∇p‖2L2 + ε‖Λ−s∇v‖2L2 + r‖Λ−sp‖2L2

≤ CM2
1 η

2s+1
8

(∥∥Λ−sp
∥∥
L2 +

∥∥Λ−sv
∥∥
L2

)
(1 + t)−

s+1
2 (1 + t)−

s+2
2 ·

3−2s
4

≤ CM2
1 η

s
4

(
‖Λ−sp‖L2 + ‖Λ−sv‖L2

)
(1 + t)−κ,

(18)

Ù¥§

κ :=
s+ 1

2
+
s+ 2

2
· 3− 2s

4
> 1, s ∈ (0,

3

2
)

y..

3. ½n2�y²

yyy²²² µ4é,��u0�~êM1�k�b�(9)§ÏLÚn4ÒUd(10)��P~�O(5)"e

¡k�y(9)(¢¤á"�d§kd(11)ü>Ó�È©��éκ > 1§k

‖Λ−sp(t)‖2L2 + ‖Λ−sv(t)‖2L2

≤
(
‖Λ−sp0‖2L2 + ‖Λ−sv0‖2L2

)
+ CM2

1 η
s
4

t∫
0

(∥∥Λ−sp(τ)
∥∥
L2 +

∥∥Λ−sv(τ)
∥∥
L2

)
(1 + τ)

−κ
dτ

≤
(
‖Λ−sp0‖2L2 + ‖Λ−sv0‖2L2

)
+ CM2

1 η
s
4 sup
τ∈[0,t]

(∥∥Λ−sρ(τ)
∥∥2
L2 +

∥∥Λ−sv(τ)
∥∥2
L2

) 1
2

∫ t

0

(1 + τ)
−κ
dτ

≤
(
‖Λ−sp0‖2L2 + ‖Λ−sv0‖2L2

)
+ CM2

1 η
s
4 sup
τ∈[0,t]

(∥∥Λ−sp(τ)
∥∥2
L2 +

∥∥Λ−sv(τ)
∥∥2
L2

) 1
2

.

-

M(t) := sup
τ∈[0,t]

(∥∥Λ−sp(τ)
∥∥2
L2 +

∥∥Λ−sv(τ)
∥∥2
L2

) 1
2
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M2(t) ≤M2
1 + CM2

1 η
s
4M(t) ≤ 1

4
M2(t) +M2

1 + C1M
4
1 η

s
2

Ù¥�~êC1�ηÚM1Ã'"�η·��¦�C1η
s
2M2

1 ≤ 1
2
§��

∥∥Λ−sp(t)
∥∥2
L2 +

∥∥Λ−sv(t)
∥∥2
L2 ≤M2(t) ≤ 2M2

1 ,

=k�b�(9)¤á"Ïd§½n2�y"

y..

4. o(�Ð"

�©Ì��Ääklogistic��ªz�.(2)�P~Ç"T�.äkÛ5§Ïd^Cole-Hofp

C�òÙ=z¤vkÛ5��.(3)"®kïÄy²�.(3)3�Ð�^�e)��Û·½5 [19]§
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Uþ�{3àgKSobolev�mḢ−s¥��ÙP~Ç"�Ï~3Hk�
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 3
2
"
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