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Abstract

In this paper, according to the irreducible representation of the group, the decompo-

sitions of the space of square integrable functions on n subcenter-symmetric quantum
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Üp§ëZ

graphs and the quotient graph of n subcenter-symmetric quantum graphs are given.

It provides a new idea for the decomposition of the long determinant of quantum

graphs, and transforms the spectrum problem of the original quantum graph into the

spectrum problem of the quotient graph, which lays a foundation for the research of

isospectral quantum graphs.
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1. Úó

½Â3Ýþãþ��©�fÚÝþã��¤|¤��N,3êÆÔnïÄ+�¥�¡�þf

ã.þfã3êÆ!ÔnÚzÆ�+�äk2�A^,1936c, Pauling [1] Äg¦^þfãïÄ��

kÅ©f¥�gd>fÌ.Cc5�$LÏäkNõûÐ�(�A5�É'5,Xp���>5,¦

Ù3ó§Ú�E¥äk�2,A^cµ,Ïdò�$LÄ��þfã,ïÄÙ>f5��©�.�X

�E�uÐ,NõÔn�ó§XÚ��.ÑI�AÛãþ��©ÄåXÚ£ã,ÏdÝþãþ�©�

f�.��Ñy,¿¤��©�f+�ïÄ�9:.

'uÝþäþ²��È¼ê�m�©)®kéõ(Ø,XCarlson �< [2–4] ïÄ
�KÝþä

þ²��È¼ê�m��Ú©),ëZ3©z [5] ¥ïÄ
3�KÝþäþ��:?÷v δ-^�Ú

δ′- ^�� Schrödinger �f�Ì, ÏL²��È¼ê�m�©)y²
½Â3�KÝþäþ��f

j�du���ãþ��f, ¿��
ãþ Schrödinger �f�ÌXlÑ�¿©7�^�.�©�â

+�Ø��L«ïÄ
 ng¥%é¡ãþ²��È¼ê�m�©).k�+�L«nØ©u19 V

�Ï,ù�¡�k°´ G. Frobenius, I. SchurÚW. Burnside.+L«nØ´ïÄêÆ,ÚOÚÔnÆ

Nõ+����Ä��óä,3©z [6] ¥�±é�+L«Ø3ãØ¥�A^,©z [7] �Ñ
O�

CayleyãA���+L«Ø��
A^.L«nØ�Ì�A^��´|^þfXÚ�é¡55�B

ÙÌ�O�, Ben-Shach [8]ÚParzanchevski [9]�ïÄ�ÌþfãJÑ
ûã�½Â,�©�âãþ

¼ê�mÚ�f�©)��
 ng¥%é¡ã�ûã,�þfãÈÏ1�ª�©)Jø
#�g´.

DOI: 10.12677/aam.2024.134175 1863 A^êÆ?Ð

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.12677/aam.2024.134175


Üp§ëZ

2. ý��£

�
�B�Ö�©, ù�Ù·�{�0��©¤�9��Ä�Vg.

ã Γ´��kS��| (V,E),Ù¥ V ´º:8, E ´>8. Ev L«�º: v 'é�>8,º

: v �Ý dv ´�� v 'é�>8�ê8,= dv = |Ev|. |E|L«8Ü E ¥����ê,eã Γ¥�

º:8 V �>8 E ����êk�,K¡ã Γ�k�ã.e�ã Γz^> ej ½Â���Ý Lej ,=

Lej ∈ (0,+∞],K¡ã Γ�Ýþã.� Lej = +∞,>��^��.

�©ïÄ� Laplace�f�^/ªXe:

H : f 7→ −d2f

dx2
,

Ù¥ãþ¼êf��3>ejþP�f |ej , f |ej�w�½Â3[0, Lej ]þ�¼ê.�f3 v?�º:^�÷

v

Av


f |e1

(v)
...

f |e|Ev|(v)

+Bv


f ′|e1

(v)
...

f ′|e|Ev|(v)

 = 0,

Ù¥ Av Ú Bv �m× dv �Ý
, m�?¿��ê.~X3 v?� Kirchhoffº:^�

f |e(v) = f |e′(v), ∀e, e′ ∈ Ev,∑
e∈Ev

f ′|e(v) = 0,

=�

Av =


1 −1

. . .
. . .

1 −1

0 · · · 0 0

 , Bv =


0 0 · · · 0
...

...
. . .

...

0 0 · · · 0

1 1 · · · 1

 .

½Â2.1. k�ã Γþ�²��È¼ê�m L2(Γ)d3z^>þþ²��È�¼ê f |e |¤,�

‖f‖2L2(Γ) =
∑
e∈E

‖f |e‖2L2(e),

= L2(Γ)´�m L2(e)��Ú.

�e5ù�Ü©·��Ñ+9+L«��'½Â.

½Â2.2. � G´��+, V 6= {0}´� F þ����5�m, GL(V)� V þ¤k�_�5C�
|¤�+, G� GL(V)���+Ó� ρ¡� G3� F þ���L«.

½Â2.3. e+ G ¥�z���Ñ´ G ¥,��½� a �¦�(�$�P¤¦{)½ö a

��ê(�$�P¤\{),K¡G�Ì�+, a¡�G�)¤�, n�Ì�+P�Gn = {ai | i =

1, 2, · · · , n, an �uü � e }½Gn = {ia | i = 1, 2, · · · , n, na�uü � e }.
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½Â2.4. Cn(s)L«d�þs = (s1,s2, · · · , sk)½Â�äkn�º:�Ì�ã,�éu s¥�?¿

©þ sk ÷v 1 ≤ sk ≤ n/2. e i− j ≡ sk (mod n), Kü�º: vi, vj ´���.

3. ng¥%é¡ãþ²��È¼ê�m�©)

n�Ì�+k n��gEL«,P ω�ngü �,ÙØ��L«�L 1:

Table 1. Irreducible representations of cyclic groups of order n

L 1. n�Ì�+�Ø��L«

e a a2 a3 · · · an−1

ρ1 1 1 1 1 · · · 1
ρ2 1 ω ω2 ω3 · · · ωn−1

ρ3 1 ω2 ω4 ω6 · · · ω2(n−1)

...
...

...
...

... · · ·
...

ρn 1 ωn−1 ω2(n−1) ω3(n−1) · · · ω

¦^þã n ��gEL«,�!�Ñ
 n g¥%é¡ãþ²��È¼ê�m�©)9ãþ

Laplace�f�©),d¼ê�m�©)��
 ng¥%é¡ã�ûã.

½Â3.1. ¡��ÝþãΓäkÌ�+Gn�^,eN�(ai, x) ∈ Gn × Γ 7→ aix ∈ Γ÷v±e5�:

(1)+�^:é?¿�ai ∈ Gn,N�x 7→ aix´Γ�g��V�,

é?¿�x ∈ Γ,�ü �ekex = x, é?¿�ai, al ∈ Gn, x ∈ Γ, (aial)x = ai(alx);

(2)ëY5:é?¿ai ∈ Gn, Γ�g��N�x 7→ aix´ëY�;

(3)§¢5:ex ∈ Γ, aix = x,Kai = e;

(4)lÑ5:é?¿�x ∈ Γ,�3x���U ,kai 6= e, aix /∈ U ;

(5)�±(�: aiu ∼ aiv��=�u ∼ v.

(6)�å5:3Ýþã½þfã��¹e,+�^�±>��Ý,=Laie = Le.

eäkÌ�+Gn�^�Ýþã Γ�3�� w÷v:

(1) Gn ¤k+��^3wþ�¿8CX��Γ,=⋃
ai∈Gn

aiw = Γ,

(2) wØÓ�£ B�,=ai 6= al ∈ Gn��aiwÚalw�kk���Ó:�ù
:ÑØ´º:,@

o¡ w�Gn �^uΓ�Ä��.5¿,Ä���À�Ø��.

ãþ¼ê3÷v Kirchhoff^���Ýº:v?ëY��,Ïd��ãXJk÷v Kirchhoff^�

��Ýº:�du3T �vkº:�këY>�ã,·�²~�L5¦^ù�¯¢,3�^>þÀ

J��:¿`§´��äk Kirchhoff^���Ýº:,·�òù��º:¡�J[º:,Ú\J[

º:Ø¬UC�©þfã�Ì.ã 1Ð«
äk+ G6 �^�Ì�ãC6(1, 2)�Ä��,�
�EÄ�

�,3C6(1, 2)z^>�¥:?Ú\^�%�L«�J[º:,d�>êC��5���,>^J�L
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«,�C6(1, 2) �º:vj'é�>©OP� ej,1, ej,2, · · · , ej,dvj
,º:v1Ú�Ü���J[º:±9v1

'é�>�¤ C6(1, 2)���Ä��.

Figure 1. (a) The circulant graph, C6(1, 2), with dummy vertices
(b) The fundamental domain of C6(1, 2)

ã 1. (a) Ú\J[º:�Ì�ã C6(1, 2) (b) C6(1, 2)�Ä��

½n3.2 ng¥%é¡ã Γnäk+Gn�^,�âGn��ÜØ��L«�±��ãþ²��È

¼ê�m L2(Γn)�©)

L2(Γn) =
⊕ n∑

t=1

Ft ,

Ù¥Γnþ²��È¼ê�m Ft¥�¼êFt�dÙ3Ä��wþ���Ft|w LÑ:

Ft|aiw = ρt(a
n−i)Ft|w.

y². ?� F ∈ L2(Γn) ,Ø��Ä��wkm^>,òz^>ëêz,@o��3Ä���ãþ

¼ê F |w �±dm^>þk���©ã¼ê5L«,·�^km�©þ��þ¼êL«þã©ã¼

ê,=F |w = {Fe1
, Fe2

, · · · , Fem}.½Â�mL2(Γn) ��m⊕Σn
t=1Ft�N�P ,�âGn�1 t�Ø��

L«k¼êF�¼êFt ∈ Ft�N�Pt, t = 1, 2, · · · , n,

PtF |e1
= Ft|e1

=
ρt(e)F |e1

+ ρt(a)F |e1+m
+ · · ·+ ρt(a

n−1)f1+m(n−1)

n
,

PtF |e2
= Ft|e2

=
ρt(e)F |e2

+ ρt(a)F |e2+m
+ · · ·+ ρt(a

n−1)f2+m(n−1)

n
,

...

PtF |emn
= Ft|emn

=
ρt(e)F |emn

+ ρt(a)F |em + · · ·+ ρt(a
n−1)fm(n−1)

n
,

(3.1)
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KN�P�÷�,Ï�

n∑
t=1

ρt(e) = n ,
n∑

t=1

ρt(a
i) = 0 (i = 1, 2, · · · , n− 1) ,

¤±

F = F1 + F2 + F3 + · · ·+ Fn−1 + Fn ,

¿�

‖F‖2L2(Γn) =
n∑

t=1

‖Ft‖2Ft
,

ÏdN�P��åÓ�N�.dª(3.1)��Ft|aiw = ρt(a
n−i)Ft|w. �

~3.3 �Ääk+G4�^� 4g¥%é¡ã Γ4þ²��È¼ê�m�©),�ÙÄ��wΓ4
k

8^>,�ã 2.

Figure 2. (a) Γ4 with partial edges marked (b) The fundamental domain wΥ4

ã 2. (a)IP
Ü©>� Γ4 (b)Ä��wΓ4

G4�Ø��L«�L 2:

Table 2. Irreducible representations of cyclic groups of order 4

L 2. 4�Ì�+�Ø��L«

e a a2 a3

ρ1 1 1 1 1
ρ2 1 i -1 −i
ρ3 1 -1 1 -1
ρ4 1 −i -1 i

?� F ∈ L2(Γ4) ,dG4�o�Ø��L«�±��Ft ∈ Ft, t = 1, 2, 3, 4,
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F1 ={F1|e1
, F1|e2

, · · · , F1|e24
}

={F |e1
+ F |e7

+ F |e13
+ F |e19

4
,
F |e2

+ F |e8
+ F |e14

+ F |e20

4
,

· · · , F |e24
+ F |e6

+ F |e12
+ F |e18

4
},

F2 ={F2|e1
, F2|e2

, · · · , F2|e24
}

={F |e1
+ iF |e7

− F |e13
− iF |e19

4
,
F |e2

+ iF |e8
− F |e14

− iF |e20

4
,

· · · , F |e24
+ iF |e6

− F |e12
− iF |e18

4
},

F3 ={F2|e1
, F2|e2

, · · · , F2|e24
}

={F |e1
− F |e7

+ F |e13
− F |e19

4
,
F |e2

− F |e8
+ F |e14

− F |e20

4
,

· · · , F |e24
− F |e6

+ F |e12
− F |e18

4
},

F4 ={F2|e1
, F2|e2

, · · · , F2|e24
}

={F |e1
− iF |e7

− F |e13
+ iF |e19

4
,
F |e2

− iF |e8
− F |e14

+ iF |e20

4
,

· · · , F |e24
− iF |e6

− fe12
+ iF |e18

4
},

�Ft|aiwΓ4
= ρt(a

4−i)Ft|wΓ4
.

½n3.4 ½Â3ng¥%é¡ã Γnþ� Laplace �fH½Â��D (H) = { F, F ′
, F ′′ ∈

L2(Γn), F 3 Γn �º:?÷v Kirchhoffº:^�}, Hj�du½Â3�m Ft þ� Laplace�f

Ht��Ú, =

H ∼=
n∑

t=1

⊕Ht,

�fHt�½Â��

D (Ht) = { Ft, F
′

t , F
′′
t ∈ Ft, Ft3 Γn��º:?÷v Kirchhoffº:^�

Ft3ë�> ej Ú el = aiej �J[º: ṽ?÷v

Ft|ej (ṽ) = ρt(a
i)Ft|el(ṽ), F

′

t |ej (ṽ) + ρt(a
i)F

′

t |el(ṽ) = 0}.

(3.2)

d�f�©)���XeÌ'X:

σ(H) =
n⋃

t=1

σ(Ht).

y². Ï�

D (H) ⊂ L2(Υn),

@od½n3.2���f½Â���Ú©),=
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D (H) ∼=
n∑

t=1

⊕D (Ht) .

é?¿Ft|ei ∈ Ft,

HtFt|ei = −F ′′t |ei ∈ Ft,

¤±

Ht(Ft) ⊂ Ft.

nþ�±��

H ∼=
n∑

t=1

⊕Ht.

y.. �

eã Γ äk+ G′�^, ρ1, ρ2, · · · , ρs´G′��ÜØ��L«,ã Γ þ Laplace �f�Ìσ′(H) =

∪s
t=1σ

′(Ht), ρs ´ G′ � D �Ø��L«,@o Γ �ûã G′/ρs d D�Ä��ÏL>.:?1ÊÜ�

�,ÊÜL§¥/¤�#�º:^��6u ρs,�ûã G′/ρs �Ì�σ
′(Hs)Ó�.e¡·��Eäk+G4�

^�Γ4 Úäk+G12 �^� Γ3�Γ4 �ûã,Ï�Ì�+�Ø��L«Ñ���L«,ÏdΓ4� Γ3�Γ4 �û

ãÑd��Ä���¤,�ã 3.

Figure 3. (a) The fundamental domain wΥ4 of Υ4 (solid line) (b) The quotient
graph of Υ4

ã 3. (a) Υ4�Ä��wΥ4(¢�) (b) Υ4�ûã

~3.5 �Äz�º:Ñ÷v Kirchhoff ^��Γ4 (ã 2),Ä��wΓ4
3 G4 ��^e(^=))¤��

ã,3^=L§¥,º: v1 � v6 ?1ÊÜ/¤#�º:v1(6),Ù{º:ØC,dd��Γ4�ûã,d~3.3�

�Γ4ko�ûã.

±1�«Ø��L«�~í�ûã�º:^�,Ï�+��^3¼êþ��u§�L«�¼ê�¦,¤

±  aF |e1
(v1) := iF |e1

(v1) = F |e7
(v6),

aF ′|e1
(v1) := iF ′|e1

(v1) = F ′|e7
(v6),

(3.3)
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F 3 v6?÷v Kirchhoff^��±��F |e6
(v6) = F |e7

(v6),

F ′|e6
(v6) + F ′|e7

(v6) = 0,
(3.4)

�âª(3.3)Ú(3.4) F |e1
(v1) + iF |e6

(v6) = 0,

F ′|e1
(v1)− iF ′|e7

(v6) = 0,

¤±

Av1(6)
=

(
1 i

0 0

)
, Bv1(6)

=

(
0 0

1 −i

)
,

do«Ø��L«��3 v1(6)?o«ØÓº:^��ûã,Ù{º:þ� Kirchhoff^�, dρ1�

Av1(6)
=

(
1 −1

0 0

)
, Bv1(6)

=

(
0 0

1 1

)
,

dρ2�

Av1(6)
=

(
1 i

0 0

)
, Bv1(6)

=

(
0 0

1 −i

)
,

dρ3�

Av1(6)
=

(
1 1

0 0

)
, Bv1(6)

=

(
0 0

1 −1

)
,

dρ4�

Av1(6)
=

(
1 −i
0 0

)
, Bv1(6)

=

(
0 0

1 i

)
.

�e5·�y² Ft ��3 Γ4 �ûãG4/ρtþE÷véA�º:^�.��BO�,± v1 �å:^��

��ò Γ4z^>w�«m [0,1], F ¥¤k¼ê3z�º:þ÷v Kirchhoff^�,¤±F |e1
(0) = F |e24

(1),

F |′e1
(0) + (−F |′e24

(1)) = 0,

F |e7
(0) = F |e6

(1),

F |′e7
(0) + (−F |′e6

(1)) = 0,F |e13
(0) = F |e12

(1),

F |′e13
(0) + (−F |′e12

(1)) = 0,

F |e19
(0) = F |e18

(1),

F |′e19
(0) + (−F |′e18

(1)) = 0,

(3.5)

3 F2¥À�c6�©þP�mi(i = 1, 2, · · · , 6) ,

m1(0) =
F |e1

(0) + iF |e7
(0)− F |e13

(0)− iF |e19
(0)

4
,
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m6(1) =
F |e6

(1) + iF |e12
(1)− F |e18

(1)− iF |e24
(1)

4
,

dª(3.5)� m1(0) = im6(1),

m′1(0) + i(−m′6(1)) = 0,

=F23 v1(6)?÷v±eº:^�

Av1(6)
=

(
1 −i
0 0

)
, Bv1(6)

=

(
0 0

1 i

)
.

ey F23 v2Ú v3?©O÷v Kirchhoff^�,m1(1) = m2(0) = m3(0),

(−m′1(1)) +m′2(0) +m′3(0) = 0,

m2(1) = m4(0),

(−m′2(1)) +m′4(0) = 0,

Ón v4 � v5�÷v Kirchhoff ^�.nþ, F2 ��3ûãþ÷vd ρ2 ���º:^�,Ù¦n�¼ê

F1, F3, F4Ón.

4. ng¥%é¡þfãÈÏ1�ª���5

ÈÏ1�ª´þfã�A��¼ê,�ÙÏLë�©z [10]¥�O��{��
 ng¥%é¡þfã

Γn �ÈÏ1�ª,d¼ê�m�©)½n��
ÈÏ1�ª�©), Γn ÈÏ1�ª��ÜÏª� Γn �Ü

ûã�ÈÏ1�ª,lò�þfã�Ì¯K=z�ûã�Ì¯K.

�
�Ñ Γn�ÈÏ1�ª,·�éã?1,�«£ã,Ú\��Vg.�´ãþäk�½���>.3k

�Ýþãþ,z^>Ñ�� j Ú j ��,Ïd Lj = Lj .·�é� j ëêz,- j �å: o(j)��I xj = 0Ú

j �ª: t(j)��I xj = Lj .Ó��,éu j ��= j , o(j)��I xj = 0 , t(j)��I xj = Lj .ù���

Xã 4¤«§ÏdxjÚxj ´�'�, xj = Lj − xj .

Figure 4. The pair of bonds j and j associated with the interval [0, Lj ]

ã 4. Ú«m [0, Lj ]�'é��é� j Ú j

òz^>ejëêz� [0, Lj ] ,� k 6= 0 �, Laplace�fA���§ −f ′′ = k2f 3z^>þ�)�±�

�fj(x) = aje
ikx + aje

ikLj−x,©z [10]¥�Ñλ = k2 6= 0´Ýþãþ Laplace�f�A��,��=� k´
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e¡�§��,

Σ(k) := det(I − SD(k)) = 0, (4.1)

¼êΣ(k)¡�þfã�ÈÏ1�ª,Ù¥SÚD(k)�2|E|�Ý
, D(k)´�>��'�é�Ý
,D(k)j,j =

eikLj , S��Ñ�Ý
,÷val = Sl,j · aj , lÚj����1, 2, · · · , |E|, 1, 2 · · · |E|.

3þ�Ù·���
 Γ4 �ûã9Ùº:^�,�e5·�ò�Ñ>�� a, b, c� 4g¥%é¡ãΥ4

(�ã 5)�ûã�ÈÏ1�ª9 Γ4ÈÏ1�ª�©).

Figure 5. The rotation-invariant
graph Γ4 of side lengths a, b, c

ã 5. >��a, b, c� 4g¥%é¡
ãΓ4

¤kº:� Kirchhoff^��Γ4�ÈÏ1�ª
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(4.2)

Ù¥va = eikLa , vb = eikLb , vc = eikLc .
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� �

a�¦Æ�´��·���ëZP�,P��þ�ÆâEÅÚî>�£Æ�Ý4·ÉÃ�f,P�Ãê

gG%��,4·�Ø©�±^|�¤.«��°,%�a-,6�P�Uz¯�%,�¯�¿.
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