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Abstract

Graph theory is an important branch of discrete mathematics, which is a study of graphs, and the
crossing number of graphs is also an important research direction in graph theory. This paper
studies the crossing number of the rose windows graph, gives the relevant definition of the

R,,.,(1,3) of the rose windows graph, finds a good drawing of R;,,(1,3), and obtains the upper

bound of the crossing number of R,,,,(1,3). Finally, the lower bound of the crossing number of
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the rose windows graph R;, ., (1,3) is obtained by using the mathematical induction method and
the counterproof method, and then the proof is completed.
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1. 5|15

B 58 CHOME & /2 Pual Turan AR4EF T 1944 55— ANt [ il 21 1) 52 bR i [ 1], BRA8 X0
B — N EESH, B 70 IR S8 SRR B o B e B S ISR S, VLST A& i)l B
BRI R 1) 5 o 1 ] X  F F5 A B v 1a) RE DL R AT T R ) BRI AR ol ) R b K B ) 58 CHU)
Tz R . 2K, B NN 2 = S B A2 B @, Garey #11 Johnson T2 UEHA T #fiE — B
HAE XA NP-Se4s il @[ 2], 1EA2 T H AR, B N AMER Ty 7 R, B R 3
B TR — L0 HOE R IR A5 1 B S8 SCEO BRI B i T B TR SRR A ) A8 O — e I
E[3]. ATEEAESR, W2 AEE A RO R I B A XHGHEAT AT, RS T LR SRR

2003 4F, N.H. Nahas [4]%] 24 m,n 205 K 564 “ 3R EURIT 1t — DTS2 T I R4 2R

er(Kpn )2 sm(m-1)| 2| 221 | £ 9.0x10 0 m2n? . 2007 45, MW CRIBEKISEN T K, 5, B2 X3, i
’ 5 2 2 ”

HJaTcr(Km):z(6,n)+4E J BAh, WAL, VSR T VS ER A A
2007 4, HIEKEEALGITIA T 554 =100 K, , , H95 AL, ?%?'JTcr(Kl‘4yn)=Z(5,n)+2Lg J B,
BTN [8] 9152 T 522 =K, o Ky, B Ko, B XHEOIER, (950 T IR 4550
n
cr(Kl,é,n)—Z(7,n)+6LEJ

cr(Klyg,n)=Z(9,n)+12EJ

cr(Kypo,)=Z(1 1,n)+2oH .

BRI TERCER AL, T AR AR (Petersen) BT 5E XA IR 52 52 XHUT ] ()28 T T2 9534 2004 4,
MR [101%] P(4k + 2,2k ) 553553 L Petersen I8 KAEUGIEAT THE9L, A2 T
cr(P(4k+2,2k)) =2k +1, cr(P(4k+2,4))=2k+2 . 2005 4F, THEXE[11155 NUE] T 1&] P(2m +1,m) TIAC
XA R T or(P(2k+1k)) =3,k 23 o FEII12]T 2013 FLEM LA CHUEN 1 P(10,3) 152 AL
S2BR L, T Petersen E2—281 SUAMIE[13]. & G &R—MEHEE. G — MR G MLAR
M T EIMFIR, 15 G ARG BESIR 0 — A7 B WSRO Taxt B8 fyj, 1<i,j<t,
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G HtE—AHRANG, , B uweE(H,.,) %0, ()0, (v)eE(H,,), WKE G H1—A 5
{H\,H,, - H,} RO, Ha AR e ). mRAAERE G —/MEb g, WARE G 21 A
WK

2. BERIERE R,,,, (1,3) XX H
2.1. FE5|E

B {H, H,y o, H,) B G AN AE MR BYEH, & H, H, e, H, W3R8, FHREUSE 10 B3 D
EE G MNMFE . e R NIEEE, XT1<i<e, FHAME—DIERE L fD(H,.,HH[)zl,.c,
M4 12 (H,) J L BOMERE £ (H,,,y )2 he s AR IERSL . WA 10 (H,)=t+1.

FIBE 2.1 [13]: ¥ e NIESEL, ¢ M x NIEREEL. ikl G REAG LS (H,H, - H,} )] X
JAWIE. W er(G) 2 [er| 2 EALCATE G LR —FEFIE D T4 max {17 (H,),1° (H,), 1" (H,)} <1 .

Jordan HIZREH £ 4 MR S AHIAD) F 28 J F0F 1 23 BRI, L6 AN (7] X 35 (10 P o
MIE, NSRS J A .

RAEL 42 e 5, FRATA LUR 51 H,

51 2.2: EE G, W C M CRTSESMZHHEANE, B =uu,-u 2KERN k HEEH
V(R)NV(C)=D . B¥E D £E G H—MFHIES, W en, (C,C) R, &u  u, KT D(C)HIF—
XH, cr, (B,C) MEEL 5N &4
2.2. HREFE R,,,,(1,3) HEREX

T TE A S A A B 2 SUI & AR AT LLTE 255 SCHR[ 141 331

TE]” X Petersen & P(3k +2,3) fEsAE FiRn—3id, HRBOREHEE R,,,,(13), FHAHBOREHE
Ry, (1,3) MEAMGE Lo WAL T R, (1,3) TN V (R, (1.3)) ={a, b, [1<i <3k +2} , 4%
NE(Ry,,(13))={a a.,,ab.bb..ba,}» k22, HAP T3k +2 . GBI R, (1,3) MT4
NE,, HEV(E)={a.b.a.,.b:}+ E ={aa,.ab.bb.,.ba,}, 1<i<3k+2, k=2, W

i

{EEyoo By o} Ry, (L3) B ANTTE# AR, Foh E(R,,, (1L3))=U""E BENE, =0, i#). E,
R E.E.,. E WIF8E, B £, (H) R H 56T A W
fo(H)=cry(H)+cr,(H.G\E(H))/2 .  G{EEE D F {15 XHH cr (D) S er, (G) F.

TN, ARCHE LA

B=aa,ay,,

B=bb, b, ,

P2 = b2b5 "'b3k+2

]:3 =b3b6 '”b3k
P, =aba,b, - a;,,,b; .,
2.3. VAERL
518 23:  or(R(13))=6-

24. R,,,(1,3) NEZXHH LR

513 2.4: cr(Ry,,(13))<2k+2, k22,
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UEML: 1 FR, D R(3k +2,3,1) I—MFRmE, L on, (R(3k+2,3,1)) =2k +2, R4 X
Bt A er(Ry,, (1,3)) <2k +2.

Figure 1. A good drawing of R,,,,(1,3)
1. Ry, (L3) —NEFHEX

2.5. Ry, (1,3) EEXHHTH

513 2.5: (WME5IH) W1<i<3k+2, D =B M—MFEVE H e, (B)=1, Wa,, Mb ¥ D(T_) 5
B a,_ Fb_ B D(T) &

VE . BB a, A1 1E D(T,,) %4 0 — X 4. R oy (b7, )21, HAIEE 22,
cry(a,b,.T)=2, Ser,(B)=1MFE. Biter,(a,b,.T.,)=0. Her,(B)=1, cr(baa,,,T_)=1.
NHF D RIFNES, Bibher, (a b, ,baa,, )=1. Fik, a_ Fb_ 4 D(T)HE.

513 2.6: ¥ D 2 Ry, (1,3) —MFili H o, (Ry, 5 (13)) <2k +2. #1724, W& ey (T,.7,) =0,
3<j<3k+2; cr,(B)=0, 2<i<3; cr,(B;,E)=0.

UEWT: (1P 24,47 £, (E)<2/3. fo(EL)<4/3, f,(Ey) <2 JRAEEARYES B 2.2, % e, (1.7,) 21,
3<j<3k+2, Wery(T.7,)22, 5 £,(E)<2/34F &, Biter,(T.7,)=0.

Bk cr, (B,) =1, W f,(E,)<4/3, Heny(B,)=1, 5125, Ha . b D(T,) 3Bk a, . b,
D(T,) 75 W51 2.2, #5a,« bW D(T,) 5B, HEAEbba,Fay,,a, T, o #iay~ b4 D(T}) 535,
B aya,abb, KT . BRI £, (E,)24/3, F/E. Biter,(B,)=0.

Bt er, (B,)21, M f,(E,)<2, Hoery(B)=1. HAESIM 25, #a,. b4 D(T) 5 Bska, b,
D(T,)5ri. WRIWHIH 2.2, Fa, b D(T) /&, HAHEbbasa,aa, « bby,ay a0, LTy #ia,-
b Wi D(T,) 5785, 4B A% bbagasa, « by, Phasha, 2T, , FiFEEME £, ()22, F&. Bt
ch(B3)=Oo
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% cr, (B, E) =1, WA cr, (T,.E) 21 Ber, (T.E )21 o Ber, (T,.E)21, W f,(E,)<4/3. B
cry (T, B ) =1 X T er, (By) =0, W er, (T,,bb, ) =1, A5 51 B 2.2 H #4% bbya,b, 2 T, fD(E,,2)24/3 )
T Bt en, (1,,E)=0. ¥ cry (T3, E) 21, e, (1,13)=0, A e, (T,bb,)21 Ha « b AT D(T,)
RGP E — X8, BT £, (Es) <2, Wer, (T.bb,) =1, IRIESIH 2.2 8 4% bby, Pbea,bb, -
a,ay, ,Pab, T, E‘fD(EL3)<21‘H%I§D B cry (T3, E ) =0 o #cr, (B, Ey )21

513 2.7 (EVETIHE) Bk D A cr(Ry., (1,3)) < 2k +2 —MFREE, TR
cr(RWH (1,3)) >2(k=1)+2, k>3, MR aba, b, bty LA a A, MTE R aa,,,a,.,a

i i i+3

EOH a1 NEX G, a>2, 1<i<3k+2; WREZ ba,, b, a,.,b.,a..b., LA b AN, MAEHZ b,
BOHEL-1IMEXE, b22, 1<i<3k+2,

513 2.8: ¥ D AL cr(Ry,., (1L3)) < 2k + 2 10— MFIERE, #5717 =5, W D(H,) AT 3.

UMY 1725, 6 1,(E)<2/3: f,(E,)<4/3: fp(Es)<2: fo(E.)<8/3- H5IH 2.6 %I,
crp(By.E) =0, ery(T.7,)=0, 1<j<3k+2, KU cr, (ayaya,b,, ) =0, L AF 8 2 10 & LA
ch(a2a3,a4b4)S1 o i—'}ch(aza3,a4b4)=lH‘]L, g ch(Tz,n)Zl , MRIEGIH 2.2, JLE ch(TZ,T4)22 ,
fo(Es)=2, D(H,) AT 2). El20b)Zz—.

# D(H) W T E 2a), WESIH 1 H B gay,Rabbay < aby,.,Pbasa, 38 a,bbaa; fE
fo(E)28/3, FJ&. % D(H,) A TE 20b), £, (E,)<8/3 6 cry(aba,,H —ab,)=0,
cry (aybyay,a,b,) <15 #icry (aybyay,a,b,) =1, WRAETIBE 2.7 Fl ayaya,a; « bb, ATF, X5 fD(EL4)<8/3
WA JE. BTl cry(abay,a,b,)=0 H byeRy, D(HUT,) R TE 2(c), BERRHESIH 22 FiKit
Wy Ry~ aby,ba, ETAL f) (E1,4)28/3 » E. WMD(H,) AT E S,

Il
—_

Figure 2. D(H,) with cr,(H,)
B2 D(H,)Ber(H)=1

Figure 3. D(H,) with cr,(H,)=0
E 3. D(H,)Bcr,(H)=0
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513 2.9: # D(H,) FA#TE3 Hb, eR,, 1’25, WD(HUT,UB,) FA#TE 5.

UEW]: 11 >5, A £, (E)<2/3. f,(EL)<4/3: fo(Es)<2s fo(E)<8/3-

Zib, € Ry I AR b, Pbyy o~ bybyy 500 SEH AT (E1,4)21 P H /) (E1,4)<8/3 W er, (T,,H,)<1,
HRIET1H 2.6 %Hch(Tz,El)zo , ch(B3)=O, ﬁﬁuch(]"z,a4b4)Sl o %CrD(Tz,a4b4)=l EDCVD(Tz,T4)=l )
HERSI 2.2 flcr, (1,,7,) 22, %55 £, (E,, ) <8/3 HF &, 806 cr, (Ty, H,) =0, D(H,UT,) AT 4(a).

0 £y (E)<8/3 W er, (T, H UT) <1, MRIESIH 2.6 %l cry(L.E)=0, crp(By)=0, MH
cry(Ty,a,b,)<1o #icry(Ty,a,b,) =180 cr, (B,)=1, H5IEE25, Hay. by T, rEEa; « bW T 735
Bay . b RET, AR, B £, (E )220 Wer, (T,.T,) =0, o (T.E)=0, #ay b £ T, XI5 T
[ — X4, MRS 2.2 B AR by Pby 28 TAE £, (E, ) 25/25 W f,(EL)<8/3, A
cry(bybs, HHUT,UB,) =0, #§HI b« b T, 70 &, WIS 22 H AL bagRay,, by by 2 T, fif
fo(Ey)23, Tl Hag bW T, 53 B, B BRAE asbsagab,b, 28 T A% £, (E, )2 5/2 5 H cny (T, E ) =0
by bFET, A FEMFA—XS, Fila . b#ET, 58, B8 bby, Pbaga; X TAE £, (E,) 23,
FE. Witer,(T,a,b,)=0Rcr, (B,)=0 .

XTI, FEA ch(E,HIUB3)S1 , XN ch(Bz,T4)=O , ch(B4):O , ch(ﬂ,blb4)Sl . H
cry (T, byb, ) =1 I ARARAF UEVEIE AT ery (ayas,bb,) =1, DU £, (E, )22 a; e RyUR, , f,(E)=1/2,
0 (E)<2/3+ /o (E1,2)<4/3 RUHEAZ by Pby nay v by ay 0 P EDAH — K AR B, B0 P IKAL
fo(Es)25/2. Hage R, B f,(E,)<8/3, fcny(bb, HUT,UB,)=0, Mb eR UR,, ¥x5a;
Sy, WUESIHE 2.2 H ab X HUT, UB AL £, (E, )23, TJE. 2aseR B, D(HUT,UB,) T
Ab), MRIETIFE 22 HEAF asRay,,a,« asbsPby,a, 2 H UT,UB, £ £, (E1,4)22 B S (E)<2/3 s
fo(Ey) <43 k1% a Pay o0« ashsPby, ,a, %58 B, ZAWUAL £, (E . )23, TJE. Bitcn, (T,.bb,)=0
Eﬂch(E,HIUB3)SO o

i bx D(H, UT,UB,) Ak T4 5.

Figure 4. Subdrawings of D
4. D IFEE

Figure 5. Subdrawings of D
5.D BFESK
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51# 2.10: & D(H UL, UB,) FMTE 5, Mi°<s5.

WO B 260 W 1, () <230 fp(EL) <43 fo(Eis)<20 fo(EL) <830 fy(Fs)<10/3

WIS 2.2, Zbs e R W, H cry (bbsas, 1) 22, X5 £, (E)<1VMFJE. Zbs € R, I, A EEAE byas -
bsaghhs « bibasRas S T8 £, (E,,)23/2, TJE. 2ibye RiiF, £ b bsas LR ERAE bagas 52 T, 1k
/o (E1,3)2 2, . HAbeR I, cn, (bzbssn) 21, HATE#AR bsasRyay ,by,00 ~ byby 00~ bsagbebs ~
bsPb;, a,by, b X T f, (E1,4) >3, FJE.

M b eR N, W 22 AL bRb,,,a « bagBay,,,a %L bb,a,a,ab 5 £, (EM)ZI , H
Fo(E)<2/30 fo(E,) <43 BRI bPby, pa,« byagPas,,,a, TEDH — 5K ERAR3E B, AWK, BLiA
/o (E1,4)23/2 °

# D(H,UT,UB,) A# T 5(a), H5I13E 2.2, HIA cr, (asb, H UT,UB,)>1, f
cry(ahs, H,UT,UB,) 22, X5 f, (E ) <10/3MF &, Hiter,(ahs, H,UT,UB,)=0, D(H,,UB,)I
T 6(a). MRAESIHE 2.2, BES SUH BRI byPbyby « bybyy, oy 2by Py 58 byasa,ash,bs A% £, (E, )2 5/2
1 £, (Es)<10/3 % cr, (bybg. H,, UB, ) <1, Wb ¢ R o 2be R URUR, I, cr,(bp,.H,,UB,)=1,
fo(Es)=3+ W cry(bag. H,UB,)=0, a,eRUR, » IR4E5IH 2.2 K% 1% b, % H,,UB, f§
fo(Es)27/20 FJE. b eR i, cry(bbe.H,UB)=1, f,(Es)>3, WRIE5IE 22, sbitH
cry (bybgbybsas) =1« #icr,y (bybg.bybs) =1+ M £, (E,5) <10/3 %l cr,, (beasas, H,, UB,) =0, Hf
cry (bybs,bya,asachby) =1, WIERAE bPby ,a, « bagPyay,,,a, WA ady , WAESIHL 2.7 51 b,b, A%, X
/o (El,s ) <10/3 AT o # cry (bibg,ashs) =1, H f, (El,s) <10/3, B#1EbsPby ,a,« bsagRay,,a WA —5%
BRARAE by, DR B, f,(Ey)21 s IRAESIE 22 1, IXFAE B, MBRAEH A T, BB UL
fo(E)22, FIE, WX ABELAT,, M4 ab, , HIE3IT 2.7 51 bb, EMIRIA ab; (55T )
AT, X5 f,(Es)<103 MFJE. 2 b eR B, 3 cry(bb,H,UB,)>1, 4G5I 22 BFH
cry (bbo Hoy UB) 22, TJ&, Bitter, (bbe,H,,UB,)=0, it XH#IE bagas « byab,Rby, b, & T, fi
fo(E5)210/3, FJE. Xib,e RS, FFRI cr, (b, H, ,UB,)=0, fRIE5IH 22, HHAEbasRas,.,a
beBby by Gsynsyin @y~ bgasbiby o bbby a by by iéHl,Z UB,, HE#IE basRay.,a
b Py sy Dy @y by 00y I5E H,,UB, AWK £, (EI,S ) >3, Hf, (E1,4) <8/3, XWZEEH RS
— BRI ashs » 1 f,, (E,5) <10/3 Hlcry, (byby Hy, UB,) =0, M b, € Ry UR, U Ry > 5 by 53 85, BN 4% beasb,
AFE . Fcry (bayhy,ash ) =1, WHESIFL 2.7 Kl a,b,aby NREF A58 X, W bb, A, X5
/o (El,s ) <10/3 A7 J&, PIEHEAR DyagRyas, 0~ DPbyysyiby@ypnbyyny 395 E, HEI B S
fo(E3)22, FI&. # cry(bsasby.ash) =0, HIEGIHE 2.7 Flbb, A, TJE-

4 D(H,UT, UB,) R T 5(b), WRIETIHE 2.2 AT bas « bPby,,a,« bagPyay,,,a,« asagbby 5T
HUT,UB A% £,(Es)25/2 # D(H,UT,UB,) AT E 5(d), HRAE5IH 22 HE#AE bas « byPby.a, «
bsagRyay ., ~ bybyy8y.0by by 38 H UT, UB, 1 f,, (El,s ) 25/20 W fp(E)<2/3+ fp (EI,Z) <4/3 FEAE
biPby,a ~ bsagRay,a HEDH — KR B, BRI |, (EI,S ) 23, Hf (El,s ) <10/3,
cry(asag, HHUT,UB,)=0, Hla,eR,UR,, b 5a, &, WA cr,(bsa,, H UT,UB,)21, X5
fo(Eys)<10/3 A7 &

% D(H,UT, UB,) FI# T 5(c), HR4ETIHE 2.2 FFERAE b Pby,, a0, « bsagByay, ,a,  asagbgb,
bybyg 1 Gsgabsyabs 2 HY\UT, U BAE £, (E, 4 )220 [ 6(b)RIBRAE by Py sa, + bsagRay, ,a PEDE—5%
BRAE5E By AWML £, (E,,)25/2 1 f,(E,,)<8/3, H cry(bbe. H{UT,UB,)=0, b eRUR,,
by RyW . WG E 2.2 A B A% bPbyb 2 HUT,UB ME £, (E )23, TJE. beR, I, i
fo(E5)<10/3, cr,(bagas, HUT,UB,)<1, Filha,eR,UR . a,eR I, H
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cry (bsaghe, H\UT,UB,)22 , WAESIH 2.7 %1 bb, KT, f,(E,)23, FE. HaeR i, %
crp (aghssbby ) 215 bPbya; ~ bsagRay,,a W #1285 B, B0 PIRAE £, (E1,4) >8/3, TJE, HrEA
cry (aghs,bb, ) =0, HRHETIF 2.2 %0,
cry (agh H,UT,UB,) 22, X5 f,(E,,)<8/3 HFJ&.

2 b € R, I, 74éD(Hl ur, UB4) IR T B 5(a), BEA boby « ashs HAE byby, sy 00y ~ bibsy 500~ bsagas
% H UL, UB % £, (E,,)28/3, FJE. # D(HUT,UB,) AT 50b). 15 5(c), CHIFHIEbb
b,y 13,0y ~ asagbgh, ~ asbsagFias, by, b, A H, U T, U B, fif o (E1,4) = 5/2 » B Crp (beS’Hl ur, U B4) =1,
I b, « by KT T, U B, RI53-FIHII Rl — X4k, R4 51 B 2.2, 45 oy, (b,b5, T, U B, ) 21, WA cry (bybs, U B, ) =22,
TG, Biter, (bb, TUB,) =0, WUh cr, (bbs,ayay Ubb,) =1, 1 £, (E,,) < 4/3 K byby ay,,a %5 B, %
SEUAE £, (E, )23, FIE. # D(H,UT,UB,) FTE 5d), B35 22 G« bby,ay.,a %
HUT,UB % £, (E.,)=23/2, FES50b). E SR # cn, (bbs, ,UB,) =1, M
crp (bb . TUB) 22, f), (E1,4) 25/2, fp (EI,Z ) 21, Hf, (El,z ) <A4/4 F1 bybyy, a0 3L By DTS
fo(Es)=8/3, T JE, BEA cr, (bybs, TTUB,) =0 FTLA cn, (byby,ayay Ubb,) =1, FIHEH £, (E,,)<4/3
Bl bybyy s, p0, AT By BAPEUAME £, (E )22, RIESIH 22, F ey (ash, H UL, UB,)>21, 0H
cry(ahs, H,UT,UB,) 22, X5 f, (E ) <10/3MFJ&, Hikcr,(ah,H,UT,UB,)=0, D(H,,UB,)I
T 6(b). [ 6(c)2—o 4 D(H,, UB,) FIKI Tl 6(b), H1513E 2.2 F#REE biby, 00, + bibeasbib, 52 H,, U B,
& £, (El,s ) >3, H/, (El,s ) <10/3, Hier, (b3b6’Hl,2 U B4) =0, HERbyby, 05,0 THER H,UB, =
WOHAAAE agbyas » WRAESIBE 2.7 Hl by AN T4, 1% [, (E,5)<10/3 407 & . # D(H,,UB,) AT 6(c),
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