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Abstract

As we all know, cancer has always been one of the major diseases threatening life

and health, and its intrinsic pathogenesis is an important research topic that many

scientists focus on. In this paper, we will make full use of bifurcation theory of

dynamical systems and numerical simulations to study various dynamics related to

cancer, striving to fully reveal the medical significance of bifurcation related to cancer,

and provide positive help for predicting the future development trend of the disease.

We mainly study the dynamics of a two-dimensional cancer model involving tumor

cells and immune effector cells. We obtain the number and type of equilibrium points,

verify the Hopf bifurcation of codimension 2 and the Bogdanov-Takens bifurcation of

codimension 2. Finally, the conclusions obtained are verified by numerical simulations.
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1. 0�

Jw´��.5�¯K, ¬5[��O�¬»�·��N±��|�. �´, §�*Ñ!»�

ÚïáÅ�E,´���. �õê¾~¥, Ãâ!z�!-�£�Ú��Ñ�U���ØJ[�. ¦

+�K�)��
?Ú, �éJw��äÚ£�E�3Xéõ]Ô. 3L��A�cp, 'u§�)

�!uÐÚ��®²?1
�þ�¢�, �´E,Xd�Eu). ¬5��¼XÚ�m��p�^

´��E,�y�, §®²Úå
NõêÆï�ö�5¿. ·�ïÄ
Khajanchi �< [1]¤���

£ã�¼�5¬5��5ÄåÆ�êÆ�., TêÆ�.aqu�Ô-Ó öXÚ, §dü���5

~�©�§|¤, £ã
�¼�A[�(ECs)Ú¬5[�(TCs)�m��p�^. ��5XÚ�½Â
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Xe:

dE

dτ
= s+

pET

g + T
−mET − dE,

dT

dτ
= aT (1− bT )− nET − εT.

(1)

Ù¥, E(τ) ÚT (τ)©O�Lτ ���A�¼[�Ú¬5[��êþ. T�.¥¤këê�þ��

�. 1���§£ã
�A[�êþ3τ ���Cz�Ç, s´�À��¼�A[��	Ü5��

��, pET
g+T
´¬5AÉ5�A[��ç5, §�Ì�¬5Ïf±�½�¼�A��Ú�A, =�A[

��¬5[�ç5. −mET L«�¼�A[�±m ��Ç�¬5[��Ø, −dE L«�A[�
±d ��Çg,k�. ·��1���§�½
LyÑlogistic O��¬5«+�CzÇ, Ù¥a ´

S3O�Ç, 1/b ´[�����¸NBþ, −nET L«¬5[�Ï�¬5AÉ5�A[��p�
^ü), nL«ü)�Ç, −εT L«�	Ü£�àk�¬5[�.

2. �.ïá�²ï:©Û

2.1. �.ïá

²LÃþjzC�(3), �.(1)C�:

dx

dt
= σ +

ρxy

η + y
− µxy − δx,

dy

dt
= αy(1− βy)− xy − ωy.

(2)

Ù¥

x =
E

E0

, y =
T

T0

, t = nτT0, σ =
s

nE0T0

, ρ =
p

nT0

,

η =
g

T0

, µ =
m

n
, δ =

d

nT0

, α =
a

nT0

, β = bT0, ω =
ε

nT0

.

(3)

2.2. ²ï:©Û

�â)ÔÆ�µ, ·��3R2
+ = {(x, y)|x ≥ 0, y ≥ 0} SïÄXÚ(2). XÚ(2)�k��>.²

ï:E0

(
σ
δ
, 0
)
, ¿�¤k²ï:E(x, y)ÑkXe/ª�ä�'Ý
:

J(E) =

(
−δ + ρy

η+y
− µy µ(−x) + ρx

η+y
− ρxy

(η+y)2

−y −x− αβy + α(1− βy)− ω

)
,

K

det(J(E)) =
−ρxy2 + δx(η + y)2 + (η + y)(α(2βy − 1) + ω)((η + y)(δ + µy)− ρy)

(η + y)2
,

tr(J(E)) = α− δ − x− 2αβy +
ρy

η + y
− µy − ω.
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XJdet(J(E)) 6= 0, @oE(x, y) ´���òz²ï:; XJdet(J(E)) < 0, KE(x, y) ´VQ:;

XJdet(J(E)) = 0, KE(x, y) ´òz²ï:.

ÏL�ÄXÚ(2)3>.²ï:E0

(
σ
δ
, 0
)
?�ä�'Ý
, ·��±éN´/��±eÚn.

Ún1 XÚ(2)�k��>.²ï:E0

(
σ
δ
, 0
)
. XJσ

δ
+ ω < α, @oE0 ´VQ:; X

Jσ
δ

+ ω > α, @oE0 ´V½(:; XJσ
δ

+ ω = α, @oE0 ´��òz²ï:.

Ún2 eσ
δ

+ ω = α, KE0

(
σ
δ
, 0
)
´��òz²ï:, d	,

(1) XJσ 6= αβδ2η
ηµ−ρ , @oE0

(
σ
δ
, 0
)
´��Q(:, Ù¥�)��½��Ô÷/;

(2) XJσ = αβδ2η
ηµ−ρ , ¿�

(a) XJδ = (ηµ−ρ)2
ρ

, @oE0

(
σ
δ
, 0
)
´��Q(:, Ù¥�)��½��Ô÷/;

(b) XJδ > (ηµ−ρ)2
ρ

> 0, @oE0

(
σ
δ
, 0
)
´��òzQ:;

(c) XJ0 < δ < (ηµ−ρ)2
ρ

, @oE0

(
σ
δ
, 0
)
´��½�òz(:.

y² �σ
δ

+ ω = α �, ·�kdet(J(E0)) = 0 ¿�tr(J(E0)) = α − δ(δ+ω)+σ
δ

. Äk, -(u, v) =(
x− σ

δ
, y
)
òE0

(
σ
δ
, 0
)
²£��:, XÚ(2)C¤


du

dt
= σ −

(σ
δ

+ u
)(

δ − ρv

η + v
+ µv

)
,

dv

dt
= −v

(σ
δ

+ u
)

+ αv(1− βv)− vω.
(4)

�X·��XeC�:

u =
σ
(
ρ
η
− µ

)
δ

X + Y, v = δX, t = −1

δ
τ,

¿�E,^t 5L«τ , ·�òXÚ(4)3�:NC?1�VÐm, k

dX

dt
= a20X

2 + a11XY + f(X,Y ),

dY

dt
= Y + b20X

2 + b11XY + b30X
3 + b21X

2Y + b40X
4 + b31X

3Y + g(X,Y ),

(5)

Ù¥f, g ´'u(X,Y )�Ê�1w¼ê,

a20 = αβ +
σ(ρ− ηµ)

δ2η
, a11 =

1

δ
,

b20 =
σ (δ2((ηµ− ρ)(αβη − ηµ+ ρ) + δρ)− σ(ρ− ηµ)2)

δ3η2
, b11 =

(δ2 + σ) (ηµ− ρ)

δ2η
,

b30 = −ρσ(δ + ηµ− ρ)

η3
, b21 =

δρ

η2
, b40 =

δρ (σ(δ + ηµ− ρ) + δ2Y )

η4
, b31 = −δ

2ρ

η3
.

�â½n5 [2], ·����σ 6= αβδ2η
ηµ−ρ�, E0

(
σ
δ
, 0
)
´��Q(:, Ù¥�¹
��½��Ô÷/.

XJσ = αβδ2η
ηµ−ρ , ka20 = 0. �â¥%6/½n, �b�Y = m1X

2 + m2X
3 + o (|X|3 ), ¿òÙO�
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�XÚ(5)�1���§. ÏLéáXÚ(5)�1���§, ��

m1 =
αβδ ((ρ− ηµ)2 − δρ)

η(ηµ− ρ)
,

m2 =
αβδ (−αβη ((ρ− ηµ)2 − δρ) + δ2ρ− (ηµ− ρ) ((ρ− ηµ)2 − 2δρ))

η2(ηµ− ρ)
.

òY = m1X
2 +m2X

3 + o (|X|3 ) �\XÚ(5)�1���§, ��

dX

dt
=
αβ ((ρ− ηµ)2 − δρ)

η(ηµ− ρ)
X3 +O

(
X3
)
.

�δ = (ηµ−ρ)2
ρ

�, òδ = (ηµ−ρ)2
ρ

�\XÚ(5)�1���§, ��

dX

dt
=
αβµ(ρ− ηµ)2

ηρ
X4 +O(X)4.

�â½n5 [2]?1©Û, Äk����mC�τ = −δt, ·�uy�0 < δ < (ηµ−ρ)2
ρ

¿�ηµ > ρ

½öδ > (ηµ−ρ)2
ρ

> 0 ¿�ηµ < ρ �, @oE0

(
σ
δ
, 0
)
´��(:; �0 < δ < (ηµ−ρ)2

ρ
¿�ηµ < ρ ½

öδ > (ηµ−ρ)2
ρ

> 0 ¿�ηµ > ρ �, E0

(
σ
δ
, 0
)
´��Q:; �δ = (ηµ−ρ)2

ρ
�, E0

(
σ
δ
, 0
)
´��Q(

:. R2
+ = {(x, y)|x ≥ 0, y ≥ 0} �ü^÷X�Ky ¶¿ª�:E0

(
σ
δ
, 0
)
�©��©¤
üÜ©. �

Ü©´�Ô÷/, ,�Ü©´dü�V÷/|¤. d	, duαβµ(ρ−ηµ)2
ηρ

> 0, @o�Ô÷/3m�

²¡þ.

�e5·��ÄXÚ(2)��²ï:��êÚa.. XJE(x, y) ´XÚ(2)��²ï:, Kx ´

�§

x3 + bx2 + cx+ d = 0 (6)

��. ùp

b = −αβ(δ + ηµ− ρ)

µ
− 2α+ 2ω,

c =
α(α(βη + 1)(βδ + µ)− αβρ+ βσ)− αω(β(δ + ηµ− ρ) + 2µ) + µω2

µ
,

d = −αβσ(αβη + α− ω)

µ
.

�
ïÄ�²ï:�a., -

f(x) = x3 + bx2 + cx+ d,

f ′(x) = 3x2 + 2bx+ c.

df(x) = 0, ��

µ = αβ

(
δx− σ

x(−α+ x+ ω)
− ρ

−α(βη + 1) + x+ ω

)
. (7)
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XÚ(2)3²ï:E(x, y) ?�ä�'Ý
�±z{¤

J(E) =

 −δ + ρ+ αβηρ
−α(βη+1)+x+ω

+ µ(−α+x+ω)
αβ

x
(

α2β2ηρ
(−α(βη+1)+x+ω)2

− µ
)

−α+x+ω
αβ

−α+ x+ ω

 ,

KJ(E) �1�ªÚ,©O�:

det(J(E)) =
A(−α+ x+ ω)

αβ(−α(βη + 1) + x+ ω)2
,

tr(J(E)) = x+ ω − α− δ + ρ+
αβηρ

−α(βη + 1) + x+ ω
+
µ(−α+ x+ ω)

αβ
,

Ù¥

A =2µx3 − (αβη + α− ω)
(
α2((βη + 1)(βδ + µ)− βρ)− αω(β(δ + ηµ− ρ) + 2µ) + µω2

)
+ 2x(αβη + α− ω)(α(β(δ + ηµ− ρ) + 2µ)− 2µω)

+ x2(5µω − α(β(δ + 4ηµ− ρ) + 5µ)).

·�ò(7)�\det(J(E)), Kdet(J(E)) �±#L«�

det(J(E)) =
µBf ′(x) + µf(x)(α− x− ω)

αβ(−α(βη + 1) + x+ ω)2

=
µB

αβ(−α(βη + 1) + x+ ω)2
f ′(x),

(8)

Ù¥

B = x2 + (2ω − α(βη + 2))x+ (α− ω)(αβη + α− ω).

�ân��ê�§��úª, ·�4

∆2 =
∆̂2

µ2
,

∆3 = − 4

µ2
∆2

(
k23 − 3k1k2

)
+

1

µ4
(k2k3 − 9k1)

2.

(9)

ùp

∆̂2 =α2
(
β2
(
δ2 − δ(ηµ+ 2ρ) + (ρ− ηµ)2

)
+ βµ(δ + ηµ− ρ) + µ2

)
− αµ(βω(δ + ηµ− ρ) + 3βσ + 2µω) + µ2ω2,

k1 =αβµσ(αβη + α− ω),

k2 =α(β(δ + ηµ− ρ) + 2µ)− 2µω,

k3 =α2((βη + 1)(βδ + µ)− βρ)− αω(β(δ + ηµ− ρ) + 2µ) + αβσ + µω2.

(10)

du�§(6)�����ê´dT�§�~ê�û½�, Ïd·�3?ØXÚ(2)��²ï:��ê

Úa.�, ©�±eü«�¹: ω < α(βη + 1) Úω ≥ α(βη + 1).
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(I) ω < α(βη + 1)

3ù«�¹e, XÚ(2)�k��>.²ï:E0

(
σ
δ
, 0
)
, ��õkn��²ï:. �âã 1¥

�f(x) �ã�, ·�ke¡�Ún:

Ún3 �ω < α(βη+ 1) ¿�x < α− ω �, ½öx > αβη+α− ω�, XÚ(2)��k���²ï

:, �õkn��²ï:. d	, �â�7úªÚ�7½n:

(1) �∆3 < 0 �, �â�7½n5, ·���∆2 > 0 ¿��â�7�úªIV, XÚ(2)kn�ØÓ�

²ï::

(a) �â��ng�§���½n, �b < 0 ¿�c > 0 �, XÚ(2)kn�ØÓ��²ï

:: E2´VQ:, ¿�XJtr(J(Ei) < 0, @oEi (xi, yi) (i = 1, 3) ´V½(:

½�:; XJtr(J(Ei) > 0, @oEi (xi, yi) (i = 1, 3) ´VØ½�(:½�:; X

Jtr(J(Ei) = 0, @oEi (xi, yi) (i = 1, 3)�f�:½¥%, Ù¥0 < x1 < x2 < x3 < α − ω
½αβη + α− ω < x1 < x2 < x3. (ë�ã 1(a)).

(b) 3Ù¦�¹e, XÚ(2)k����²ï:Úü�ØÓ�K²ï:. XJtr(J(E3) < 0, KE3

´��V½(:½�:; XJtr(J(E3) > 0, KE3 ´��VØ½(:½�:; X

Jtr(J(E3) = 0, KE3 ´��f�:½¥%. duEi (xi, yi) (i = 1, 2) ´K²ï:, ¤±·

�Ø�?Ø. (ë�ã 1(f)).

(2) �∆3 = 0�,

(a) e∆2 > 0, @o¼êf(x) kn�¢�, Ù¥x∗ ´����.

i. �b < 0�c > 0 �, XÚ(2)kü�ØÓ��²ï:: ��òz²ï:E∗(x∗, y∗) Ú��

Ä�²ï:E1(x1, y1)(½E3(x3, y3)). XJtr(J(Ei) < 0, KE1(x1, y1)(½

E3(x3, y3)) ´��V½(:½�:; XJtr(J(Ei) > 0,KE1(x1, y1)(½E3(x3,

y3)) ´��VØ½(:½�:; XJtr(J(Ei) = 0, KE1(x1, y1)(½E3(x3, y3))

´��f�:½¥%, Ù¥x1 < x∗ (ë�ã 1(b)) ¿�x1 < x3 (ë�ã 1(c)).

ii. XJc < 0, XÚ(2)k����²ï:E3(x3, y3). XJtr(J(E3) < 0, KE3(x3, y3)

´��V½(:½�:; XJtr(J(E3) > 0, KE3(x3, y3) ´��VØ½(:½

�:; XJtr(J(E3) = 0, @oE3(x3, y3) ´��f�:½¥%. duE∗(x∗, y∗) ´��

K²ï:, ¤±·�Ø?Ø§. Ù¥, x∗ < x3. (ë�ã 1(g)).

(b) e∆2 = 0, @oXÚ(2)k��¢n�. �Ò´`, XÚ�k���²ï:E∗(x∗, y∗), ù

´��òz²ï:, Ù¥, x∗ = αβ(δ+ηµ−ρ)+2αµ−2µω
3µ

, y∗ = α(µ−β(δ+ηµ−ρ))−µω
3αβµ

(ë�ã 1(d)).

(3) �∆3 > 0�, ¼êf(x) k��¢�Ú�é�ÝE�. �Ò´`, XÚk����²ï

:E3(x3, y3). XJtr(J(E3) < 0, E3(x3, y3) ´��V½(:½�:; XJtr(J(E3) > 0,

KE3(x3, y3) ´��VØ½(:½�:; XJtr(J(E3) = 0, @oE3(x3, y3) ´��f�:

½¥%. Ei(xi, yi)(i = 1, 2) 3E²¡þ,¤±·�Ø?Ø§. (ë�ã 1(e)).

y² d(8)��, �x < α−ω ½x > αβη+α−ω �µ(x2+(2ω−α(βη+2))x+(α−ω)(αβη+α−ω))
αβ(−α(βη+1)+x+ω)2

> 0 �,

kf ′(x) < 0 =⇒ det(J(E)) > 0, f ′(x) > 0 =⇒ det(J(E)) < 0 ¿�f ′(x) = 0 =⇒ det(J(E)) = 0.
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éN´wÑdet(J(Ei)) < 0, (i = 1, 3), det(J(E2)) > 0, det(J(E∗)) = 0, det(J(E∗)) = 0, ÏdE1, E2

ÚE3 Ñ´Ä�²ï:¿�(Ei), (i = 1, 3) ´��VQ:, E∗ ÚE
∗ Ñ´òz²ï:.

Figure 1. Roots of f(x) = 0 when ω < α(βη + 1). (a) Three single positive roots x1, x2, x3. (b)(c) Two
positive roots: a double root x∗ and a single rootx1 (or x3). (d) A unique triple positive root x∗. (e) A real
root and a pair of conjugate complex roots. (f) Two negative roots x1, x2 and a positive root x3. (g) A double
negtive rootx∗ and a positive root x3

ã 1. �ω < α(βη+1)�, f(x) = 0����¹. (a)n�ØÓ���x1, x2, x3. (b)(c)ü���:����x∗Ú
����x1 (½x3). (d)����n�x∗. (e)��¢�Ú�é�ÝE�. (f)ü�K�x1, x2 Ú����x3. (g)
��K���x∗ Ú����x3

Ún4 �ω < α(βη + 1) �α− ω < x < αβη + α− ω �, XÚ(2)��k���²ï:, �õk

n��²ï:. d	, �â�7úªÚ�7½n��

(1) �∆3 < 0�, �â�7½n5Ú7�úªIV, ·���∆2 > 0, KXÚ(2)kn�ØÓ�²ï::

(a) �â��ng¼ê���½n, �b < 0 �c > 0 �, XÚ(2)kn�ØÓ��²ï::

Ei (xi, yi) (i = 1, 3) ´½�VQ:. ¿�XJtr(J(Ei) < 0, @oE2 ´V½(:½

�:; XJtr(J(Ei) > 0, @oE2 ´VØ½�(:½�:; ¿�XJtr(J(Ei) = 0, @

oE2 ´��f�:½¥%, Ù¥α− ω < x1 < x2 < x3 < αβη + α− ω. (ë�ã 1(a)).

(b) 3Ù¦�¹e, XÚ(2)k������²ï:Úü�ØÓ�K²ï:. E3´��VQ:

¿�duEi(xi, yi)(i = 1, 2) ´K²ï:, ¤±·�Ø?Ø. (ë�ã 1(f)).

(2) �∆3 = 0 �,

(a) e∆2 > 0, @o¼êf(x) kn�¢�, Ù¥x∗ ´����.

i. �b < 0 �c > 0�, XÚ(2)kü�ØÓ��²ï:: ��òz²ï:E∗(x∗, y∗) Ú��

VQ:E1(x1, y1)(½E3(x3, y3)); XJtr(J(Ei) < 0, KE1(x1, y1)(½E3

(x3, y3))´��V½(:½�:; XJtr(J(Ei) > 0 KE1(x1, y1)(½E3(x3, y3))

´��VØ½(:½�:; XJtr(J(Ei) = 0, KE1(x1, y1)(½E3(x3, y3)) ´��f

�:½¥%:, Ù¥x1 < x∗ (ë�ã 1(b)) ¿�x1 < x3 (ë�ã 1(c)).

ii. XJc < 0, XÚ(2)k����²ï:E3(x3, y3), ¿�E3 ´��VQ:. d

uE∗(x∗, y∗) ´��K²ï:, ¤±·�vk?Ø§, Ù¥, x∗ < x3 (ë�ã 1(g)).
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(b) e∆2 = 0, @o¼êf(x) k��n�¢�. �Ò´`, XÚ�k���²ï:

E∗(αβ(δ+ηµ−ρ)+2αµ−2µω
3µ

, α(µ−β(δ+ηµ−ρ))−µω
3αβµ

), ù´��òz²ï:. (ë�ã 1(d)).

(3) �∆3 > 0�,XÚ(2)k��¢�Ú�é�ÝE�.�Ò´`,XÚk����²ï:E3(x3, y3),

¿�ù´��VQ:. Ei(xi, yi)(i = 1, 2) 3E²¡þ, ¤±·�Ø?Ø§.(ë�ã 1(e)).

y² d(8)��, �α − ω < x < αβη + α − ω, µ(x2+(2ω−α(βη+2))x+(α−ω)(αβη+α−ω))
αβ(−α(βη+1)+x+ω)2

< 0�,

kf ′(x) < 0 =⇒ det(J(E) < 0; f ′(x) > 0 =⇒ det(J(E) > 0; f ′(x) = 0 =⇒ det(J(E) = 0. N´w

Ñdet(J(Ei) > 0, (i = 1, 3), det(J(E2) < 0, det(J(E∗)) = 0, det(J(E∗)) = 0 ¤±E1, E2 ÚE3 Ñ´

Ä�²ï:¿��kE2 ´VQ:, E∗ ÚE
∗ Ñ´òz²ï:.

(II) ω ≥ α(βη + 1)

Ún5 �ω ≥ α(βη + 1) �, XÚ(2)�õkü��²ï:. d	, �â�7úªÚ�7½n:

(1) �∆3 < 0�, K�â�7½n5Ú�7�úªIV, ·���∆2 > 0, XÚ(2)kn�ØÓ�²ï

::

(a) �b > 0 �c > 0 �, ¼êf(x) kn�Ø���K�, �Ò´`XÚ(2)vk�²ï:(ë

�ã 2(a)).

(b) �b < 0 �c > 0 ½öc < 0 �, XÚ(2)kü��²ï:Ei(xi, yi)(i = 2, 3). (ë�ã 2(b)).

i. �x < α−ω½öx > αβη+α−ω�, E2(x2, y2)´��VQ:,¿�XJtr(J(E3) < 0,

@oE3(x3, y3) ´��V½(:½ö�:; XJtr(J(E3) > 0,@oE3(x3, y3) ´�

�VØ½(:½ö�:; XJtr(J(E3) = 0,@oE3(x3, y3) ´��f�:½¥%,

Ù¥, x1 < 0 < x2 < x3 < α− ω ½öx1 < 0 < αβη + α− ω < x2 < x3.

ii. �α− ω < x < αβη+α− ω �, E3(x3, y3) ´��VQ:, ¿�XJtr(J(E2) < 0, @

oE2(x2, y2) ´��V½(:½ö�:; XJtr(J(E2) > 0, @oE2(x2, y2) ´��

VØ½(:½ö�:; XJtr(J(E2) = 0, @oE2(x2, y2) ´��f�:½¥%, Ù

¥, x1 < 0 < α− ω < x2 < x3 < αβη + α− ω.

(2) �∆3 = 0�,

(a) e∆2 > 0, @o¼êf(x) kn�¢�, Ù¥x∗ ´����.

i. �c > 0 �−b < 0�, XÚ(2)vk�²ï:. (ë�ã 2(c)Úë�ã 2(d)).

ii. �b < 0 �c > 0 ½öc < 0 �,XÚ(2)k���²ï:E(x∗, y∗), ¿�E(x∗, y∗) ´��

òz²ï:. (ë�ã 2(e)).

(b) e∆2 = 0, @o¼êf(x) k��nK¢�. �Ò´`, XÚ(2)vk�²ï:. (ë�ã

2(f)).

(3) �∆3 > 0�, K¼êf(x) k��K¢�Ú�é�ÝE�. �Ò´`, XÚ(2)vk�²ï:. (ë

�ã 2(g)).

y² d(8)��, �x < α−ω ½x > αβη+α−ω �µ(x2+(2ω−α(βη+2))x+(α−ω)(αβη+α−ω))
αβ(−α(βη+1)+x+ω)2

> 0 �,

kf ′(x) < 0 =⇒ det(J(E) > 0, f ′(x) > 0 =⇒ det(J(E) < 0 ¿�f ′(x) = 0 =⇒ det(J(E) = 0. éN
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´wÑdet(J(E2) < 0, det(J(E3) > 0, det(J(E∗) = 0, ÏdE2 ÚE3 Ñ´Ä�²ï:¿��k(E2)

´��VQ:, ¿�E∗ ´òz²ï:.

�α − ω < x < αβη + α − ω, µ(x2+(2ω−α(βη+2))x+(α−ω)(αβη+α−ω))
αβ(−α(βη+1)+x+ω)2

< 0�, ·�kf ′(x) < 0 =⇒
det(J(E) < 0; f ′(x) > 0 =⇒ det(J(E) > 0; f ′(x) = 0 =⇒ det(J(E) = 0.éN´wÑdet(J(E2) > 0,

det(J(E3) < 0, det(J(E∗) = 0, ÏdE2 ÚE3 Ñ´Ä�²ï:¿��k(E3) ´��VQ:, ¿

�E∗ ´òz²ï:.

Figure 2. Roots of f(x) = 0 when ω ≥ α(βη + 1). (a) Three single negtive roots x1, x2, x3. (b) A negtive
root x1 and two positive root x2, x3. (c)(d) Two negtive roots: a double negtive root x∗ and a negtive root
x1. (e)A negtive root x1 a double positive root x∗. (f) A unique triple negtive root x∗. (g) A real negtive root
and a pair of conjugate complex roots

ã 2. �ω ≥ α(βη + 1) �, f(x) = 0 ����¹. (a) n�ØÓ�K�x1, x2, x3. (b)��K�x1 Úü��
�x2, x3. (c)(d) ü�K�:����x∗Ú��K�x1. (e)��K�x1 Ú������x∗. (f)��K�n
�x∗. (g) ��K¢�Ú�é�ÝE�

3. ©|©Û

3.1. {�2�k:©|

-

δ = δ∗ = − Υ

α2β2ηx∗
,

ρ = ρ∗ = −(−α(βη + 1) + x∗ + ω) 2 (αβ(ω − α) + x∗(αβ − µ))

α2β2ηx∗
,

σ = σ∗ = x∗ (−α+ x∗ + ω) ,

(11)
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Ù¥

Υ =(x∗ + ω − α)(αβ(α− ω)(αβη + α− ω) + x∗(α(2βω + µ)

− µω − 2α2β(βη + 1)) + x2∗(αβ − µ)).

¿�δ∗, ρ∗, σ∗ ´�âf (x∗) = 0, f ′ (x∗) = 0, tr(J(E∗)) = 0 ���.

½n1 �(σ, ρ, η, µ, δ, α, β, ω) ∈ Γ1 �, δ, ρ, σ ÷v(11), @oE∗(x∗, y∗) ´��k:. d	,

�ω = ω∗ �, E∗(x∗, y∗) ´��{�2�k:.

y² �e5·�y²
²ï:E∗(x∗, y∗) ´��{�2�k:. �g?1±e�5C�.Äk4

X = x− x∗, Y = y − y∗,

δ = δ∗, ρ = ρ∗, σ = σ∗, y = y∗ =
α− x∗ − ω

αβ
,

òXÚ(2)3(0, 0) :�VÐm, ��U�¤Xe/ª(�{üå�, ·�E,^x, y, t ©OO

�X,Y, τ)
dx

dt
= a1x+ a2y + a3xy + a4y

2 +O(|x, y|)3,

dy

dt
= b1x+ b2y + b3y

2 + b4xy +O(|x, y|)3,
(12)

Ù¥

a1 = α− x∗ − ω, a2 = αβ (α− x∗ − ω) , a3 =
αβ (α− x∗ − ω)

x∗
,

a4 =
αβ (αβ(ω − α) + x∗(αβ − µ))

αβη + α− x∗ − ω
, b1 =

−α+ x∗ + ω

αβ
,

b2 = −α+ x∗ + ω, b3 = −αβ, b4 = −1.

(13)

�X, -

v = x, u = y,

·���
du

dt
= b3u

2 + b4uv + b2u+ b1v +O(|u, v|)3,

dv

dt
= a4u

2 + a3uv + a2u+ a1v +O(|u, v|)3,
(14)

,�, �C�

X = u, Y = b3u
2 + b4uv + b2u+ b1v,

KXÚ(14)�±�U�Xe/ª(�
�Bå�, ·��,^x, y �OX,Y ):

dx

dt
= y,

dy

dt
= b20x

2 + b11xy + b02y
2 +O(|x, y|)3,

(15)
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Ù¥

b20 = (−α+ x∗ + ω)

(
αβ (−α+ x∗ + ω)− µx∗

αβη + α− x∗ − ω
+
αβ (−α+ x∗ + ω)

x∗

)
,

b02 = − αβ

−α+ x∗ + ω
,

b11 =
αβ (α− 2x∗ − ω)

x∗
.

d	, -dt = dτ (1− b2x), KXÚ(15)C¤(·�E,^t �Oτ)

dx

dt
= y (1− b02x) ,

dy

dt
= (1− b02x)

(
b20x

2 + b11xy + b02y
2 +O(|x, y|)3

)
,

(16)

�C�X = x, Y = y (1− b2x), KXÚ(16)=��(·�E,^x, y ©OO�X,Y ):

dx

dt
= y,

dy

dt
= b20x

2 + b11xy +O(|x, y|)3.

(17)

�b11 = 0, =ω = ω∗ = α − 2x∗ �, ,�kσ = x∗ (−α+ x∗ + ω) = −x2∗ ≤ 0 ¤á, �3�©

¥σ ∈ Γ1, ùü«�¹�m�3gñ, ¤±b11 6= 0 ©ª¤á. ¤±, E∗(x∗, y∗) ´��{�2�k:.

3.2. {�2�Bogdanov-Takens ©|

3�!¥, ·�ïÄXÚ(2)3����ëê6Äe¬u){�2�BT ©|. ¢Sþ, ·�k±

e�½n:

½n2 �δ = δ∗, ρ = ρ∗, σ = σ∗ �, =(11)¥�^�Ñ÷v�, XÚ(2)k��{���k

:E∗(x∗, y∗). XJ·�ÀJσ Úδ ��©|ëê, @oXÚ(2)3²ï:E∗(x∗, y∗) NC��S�3

{���Bogdanov-Takens ©|.

y²
dx

dt
= (λ1 + σ)− x (δ + λ2) +

ρxy

η + y
+ µ(−x)y,

dy

dt
= −xy + αy(1− βy)− ωy,

(18)

Ù¥λ1 Úλ2´�C(0, 0) ��ëê. ·��'%3E∗(x∗, y∗) NC, XÚ(2)��¹. �C�:

X = x− x∗, Y = y − y∗.
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XÚ(18)�±��(·�E,^x, y O�X,Y )

dx

dt
= m1 +m2x+m3y +m4xy +m5y

2 + P1 (x, y, λ1, λ2) ,

dy

dt
= m6 +m7x+m8y +m9xy +m10y

2 + P2 (x, y, λ1, λ2) ,

(19)

Ù¥P1 (x, y, λ1, λ2) ÚP2 (x, y, λ1, λ2)´��äkn��ê�(x, y) ¼ê. §��Xê�ûuλ1

Úλ2, ¿�

m1 = λ1 − λ2x∗, m2 = α− λ2 − x∗ − ω, m3 = αβ (α− x∗ − ω) ,

m4 =
αβ (α− x∗ − ω)

x∗
, m5 =

αβ (αβ(ω − α) + x∗(αβ − µ))

αβη + α− x∗ − ω
,

m6 = 0, m7 =
−α+ x∗ + ω

αβ
, m8 = −α+ x∗ + ω, m9 = −1, m10 = −αβ.

-

v = x, u = y.

��XeXÚ:
du

dt
= m6 +m7v +m8u+m9uv +m10u

2 + P1 (u, v, λ1, λ2) ,

dv

dt
= m1 +m2v +m3u+m4uv +m5u

2 + P2 (u, v, λ1, λ2) ,

(20)

UY�C�:

X = u,

Y = m6 +m7v +m8u+m9uv +m10u
2 + P1 (u, v, λ1, λ2) ,

·��±òþ¡�XÚ(20)U�¤Xe/ª(·�E,^x, y ©OL«X,Y )

dx

dt
= y,

dy

dt
= n1 + n2x+ n3y + n4x

2 + n5xy + n6y
2 + P3 (x, y, λ1, λ2) ,

(21)

Ù¥P3 (x, y, λ1, λ2) ´��äkn��ê�(x, y) ¼ê. §��Xê�ûuλ1 Úλ2, ¿�

n1 =
(λ1 − λ2x∗) (−α+ x∗ + ω)

αβ
, n2 = λ2 (−α+ 2x∗ + ω)− λ1, n3 = −λ2,

n4 =
(α− x∗ − ω) (αβ(α− ω)(αβη + α− ω)− αβx∗(αβη + α− ω) + µx2∗)

x∗ (αβη + α− x∗ − ω)
− αβλ2,

n5 =
αβ (α− 2x∗ − ω)

x∗
, n6 = − αβ

−α+ x∗ + ω
.
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�
lXÚ(21)¥£y2 �, ·��

dt = (1− n6x) dτ,

KXÚ(21)C�

dx

dt
= y (1− n6x) ,

dy

dt
= (1− n6x)

(
n4x

2 + n5xy + n2x+ n6y
2 + n3y + n1

)
+ P3 (x, y, λ1, λ2) ,

(22)

2-X = x, Y = y (1− n6x), ¿©OòX,Y ��x, y, ·���

dx

dt
= y,

dy

dt
= f1 + f2x+ f3y + f4x

2 + f5xy + P4 (x, y, λ1, λ2) ,

(23)

Ù¥P4 (x, y, λ1, λ2) ´��äkn��ê�(x, y) ¼ê. §��Xê�ûuλ1 Úλ2, ¿�

f1 =
(λ1 − λ2x∗) (−α+ x∗ + ω)

αβ
, f2 = λ2(ω − α) + λ1, f3 = −λ2,

f4 = αβ (−α(βη + 1) + ηµ+ 2λ2 + ω) +
αβη (α2β2η − α(βηµ+ µ) + µω)

αβη + α− x∗ − ω

+
αβ (λ2(ω − α) + λ1)

α− x∗ − ω
+
αβ(α− ω)2

x∗
+ µx∗,

f5 = αβ

(
− λ2

−α+ x∗ + ω
+
α− ω
x∗

− 2

)
.

´��λ1 = λ2 = 0 �, k

f1 = f2 = f3 = 0,

f4 =
αβ (x∗(αβη + α− ηµ− ω)− (α− ω)(2αβη + α− ω))

αβη + α− x∗ − ω
+
αβ(α− ω)2

x∗
+ µx∗ 6= 0,

f5 = αβ

(
α− ω
x∗

− 2

)
6= 0.

�
lXÚ(23)¥£Øx�, ·�-

X =
f2
2f4

+ x, Y = y.

KXÚC�(E,^x, y ©OL«X,Y )

dx

dt
= y,

dy

dt
= r3x

2 + r4xy + r2y + r1 + P5 (x, y, λ1, λ2) ,

(24)
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ùp�P5 (x, y, λ1, λ2) ´��äk'ux, y �n��ê�¼ê. §��Xê'uλ1 Úλ2 ��, ¿�

r1 =
(λ1 − λ2x∗) (−α+ x∗ + ω)

αβ
− (λ2(ω − α) + λ1)

2

4r3
,

r2 = −λ2 −
αβ (λ2(ω − α) + λ1)

(
− λ2

−α+x∗+ω
+ α−ω

x∗
− 2
)

2r3
,

r3 = αβ (−α(βη + 1) + ηµ+ 2λ2 + ω) +
αβη (α2β2η − α(βηµ+ µ) + µω)

αβη + α− x∗ − ω

+
αβ (λ2(ω − α) + λ1)

α− x∗ − ω
+
αβ(α− ω)2

x∗
+ µx∗,

r4 = αβ

(
− λ2

−α+ x∗ + ω
+
α− ω
x∗

− 2

)
.

éCþ����gC�

X =
r24
r3
x, Y =

r34
r23
y, τ =

r3
r4
t.

���(E,^x, y, t ©OO�X, Y , τ)

dx

dt
= y,

dy

dt
= s1 + s2y + x2 + xy + P6 (x, y, λ1, λ2) ,

(25)

Ù¥P6 (x, y, λ1, λ2) ´��äkn��ê�(x, y) ¼ê. §��Xê'uλ1 Úλ2 ��, ¿�

s1 =
r1r

4
4

r33
, s2 =

r2r4
r3

.

��·�òs1 Ús2 Ðm¤'uλ1 Úλ2 �/ª, ��

s1 = g1λ1 + g2λ2 + g3λ
2
1 + g4λ2λ1 + g5λ

2
2 +O(|λ1, λ2|)3,

s2 = k1λ1 + k2λ2 + k3λ
2
1 + k4λ2λ1 + k5λ

2
2 +O(|λ1, λ2|)3,

(26)

Ù¥

g1 =
α3β3

(
α−ω
x∗
− 2
)

4 (−α+ x∗ + ω)(
αβ(−α(βη + 1) + ηµ+ ω) + αβη(α2β2η−α(βηµ+µ)+µω)

αβη+α−x∗−ω + αβ(α−ω)2
x∗

+ µx∗

)
3
,

g2 =−
α3β3x∗

(
α−ω
x∗
− 2
)

4 (−α+ x∗ + ω)(
αβ(−α(βη + 1) + ηµ+ ω) + αβη(α2β2η−α(βηµ+µ)+µω)

αβη+α−x∗−ω + αβ(α−ω)2
x∗

+ µx∗

)
3
,
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g3 =
11α4β4 (α− 2x∗ − ω) 4 (αβη + α− x∗ − ω) 4

4 (α− x∗ − ω) 4G4
,

g4 =
α4β4

(
α−ω
x∗
− 2
)

4 (7αx4∗ − 7x4∗ω − 18x5∗) (αβη + α− x∗ − ω) 4

2 (α− x∗ − ω) 4G4

−
4α4β4

(
α−ω
x∗
− 2
)

3

αβ
(
αβ(−α(βη + 1) + ηµ+ ω) + αβη(α2β2η−α(βηµ+µ)+µω)

αβη+α−x∗−ω + αβ(α−ω)2
x∗

+ µx∗

)
3
,

g5 =− 3α4β4x∗ (α− 2x∗ − ω) 5 (−α(βη + 1) + x∗ + ω) 4

(−α+ x∗ + ω) 4 (αβ(α− ω)(αβη + α− ω)− αβx∗(αβη + α− ω) + µx2∗)
4

− α4β4(α− ω)2 (−α+ 2x∗ + ω) 4 (−α(βη + 1) + x∗ + ω) 4

4 (−α+ x∗ + ω) 4 (αβ(α− ω)(αβη + α− ω)− αβx∗(αβη + α− ω) + µx2∗)
4

+
4α3β3x∗ (α− 2x∗ − ω) 3 (αβη + α− x∗ − ω) 3

(α− x∗ − ω) 3 (αβ(α− ω)(αβη + α− ω)− αβx∗(αβη + α− ω) + µx2∗)
3
,

k1 =−
α2β2

(
α−ω
x∗
− 2
)

2

2
(
αβ(−α(βη + 1) + ηµ+ ω) + αβη(α2β2η−α(βηµ+µ)+µω)

αβη+α−x∗−ω + αβ(α−ω)2
x∗

+ µx∗

)
2
,

k2 =

αβ
(
α−ω
x∗
− 2
)(
− αβ(ω−α)(α−ω

x∗ −2)

2

(
αβ(−α(βη+1)+ηµ+ω)+

αβη(α2β2η−α(βηµ+µ)+µω)
αβη+α−x∗−ω +

αβ(α−ω)2

x∗ +µx∗

) − 1

)
αβ(−α(βη + 1) + ηµ+ ω) + αβη(α2β2η−α(βηµ+µ)+µω)

αβη+α−x∗−ω + αβ(α−ω)2
x∗

+ µx∗
,

k3 =
α3β3

(
α−ω
x∗
− 2
)

2

(α− x∗ − ω)K3
31

− 6α4β4λ2
2K32 (αβη + α− x∗ − ω) 4

(α− x∗ − ω) 8G5
,

k4 =− 2α3β3x2∗ (α− 2x∗ − ω) 2 (αβη + α− x∗ − ω) 3

(α− x∗ − ω) 4G3
,

k5 =
−αβK51K52x

3
∗ (αβη + α− x∗ − ω)

(α− x∗ − ω) 4G3
,

¿�

G =
(
α3β2η + α3β − α2β2ηω − 2α2βω + αβω2 − α2β2ηx∗ − α2βx∗ + αβx∗ω + µx2∗

)
,

K31 =αβ(−α(βη + 1) + ηµ+ ω) +
αβ(α− ω)2

x∗
+ µx∗

+
αβη (α2β2η − α(βηµ+ µ) + µω)

αβη + α− x∗ − ω
,

K32 =α5β2ηx4∗ + α5βx4∗ − 3α4β2ηx4∗ω − 8α4β2ηx5∗ − 4α4βx4∗ω − 10α4βx5∗ + 3α3β2ηx4∗ω
2

+ 16α3β2ηx5∗ω + 19α3β2ηx6∗ + 6α3βx4∗ω
2 + 30α3βx5∗ω + 31α3βx6∗ − α2β2ηx4∗ω

3

− 8α2β2ηx5∗ω
2 − 19α2β2ηx6∗ω − 14α2β2ηx7∗ − 4α2βx4∗ω

3 − 30α2βx5∗ω
2

− 62α2βx6∗ω − 38α2βx7∗ − α2µx6∗ + αβx4∗ω
4 + 10αβx5∗ω

3 + 31αβx6∗ω
2 + 38αβx7∗ω
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+ 16αβx8∗ + 2αµx6∗ω + 3αµx7∗ − µx6∗ω2 − 3µx7∗ω − 2µx8∗,

K51 =x∗
(
α(7βω + µ)− µω + x∗(4αβ − µ)− α2β(3βη + 7)

)
+ αβ(α− ω)(α(2βη + 3)− 3ω),

K52 =αβ(α− ω)2 + x∗
(
α2β(βη − 1) + α(βω + µ)− µω − µx∗

)
.

Ï�

|∂ (s1, s2)|
|∂ (λ1, λ2)|

=
S1

S2

6= 0,

Ù¥

S1 =α4β4 (α− 2x∗ − ω) 5 (−α(βη + 1) + x∗ + ω) (αβ(α− ω)(αβη + α− ω)

+ 2x2∗(µ− αβ) + αβx∗(α− ω)),

S2 =2x∗ (α− x∗ − ω) 3
(
αβ(α− ω)(αβη + α− ω)− αβx∗(αβη + α− ω) + µx2∗

)
5.

@o, XÚ(3.2) �3��{���Bogdanov-Takens ©|.

3.3. Hopf ©|

3ù�Ü©¥, ·��8�´©ÛXÚ(2)�)Hopf©|�^�. ¿�Hopf ©|òu)3²ï

:E∗(x∗, y∗) ?. �)Hopf ©|���Ä�^�´tr(J(E∗)) = 0 Údet(J(E∗)) > 0, ù¦�A�

�λ1,2  uJ¶þ. Ød�	, ùéXJA���λ1,2 = ±iθ, Ù¥θ =
√
h1p2 − h2p1. e¡�½n·

��Ñ
�)Hopf©|�^�.

½n3 b�F (x∗) = 0, tr(J(E∗)) = 0, XJ1�oäÊìÅXêσ1 > 0(½σ1 < 0), @oX

Ú(2)3E∗(x∗, y∗) ?u)g�.(½��.) Hopf ©|, Ù¥

σ1 =
θ (3H5 +H7 + P6 + 3P8) + 2H2P2 − 2H4P4 −H3 (H2 +H4) + P3 (P2 + P4)

8θ
.

y² -X = x− x∗, Y = y − y∗, K²ï:E∗(x∗, y∗) �£�
�:(0, 0), XÚ(2)C¤


dx

dt
= h5x

2y + h7xy
3 + h3xy + h1x+ h8y

4 + h6y
3 + h4y

2 + h2y,

dy

dt
= p3xy + p1x+ p4y

2 + p2y,
(27)

Ù¥

h1 = −δ +
ρy∗
η + y∗

− µy∗, h2 =
ηρx∗

(η + y∗) 2
− µx∗, h3 =

ηρ

(η + y∗) 2
− µ,

h4 = − ηρx∗
(η + y∗) 3

, h5 = − ηρ

(η + y∗) 3
, h6 =

ηρx∗
(η + y∗) 4

,

h7 =
ηρ

(η + y∗) 4
, h8 = − ηρx∗

(η + y∗) 5
, p1 = −y∗,

p2 = α− x∗ − 2αβy∗ − ω, p3 = −1, p4 = −αβ.
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�C�

X =
1

h2
x, Y =

1

θ
(
h1
h2
x+ y),

KXÚ(27)C¤(·�E,^x, y, t ©OO�X,Y, τ)

dx

dt
= θy +H2x

2 +H3xy +H4y
2 +H5x

3 +H6x
2y +H7xy

2 +H8y
3 +H9x

4 +H10x
3y

+H11x
2y2 +H12xy

3 +H13y
4,

dy

dt
= −θx+ P2x

2 + P3xy + P4y
2 + P5x

3 + P6x
2y + P7xy

2 + P8y
3 + P9x

4 + P10x
3y

+ P11x
2y2 + P12xy

3 + P13y
4.

ùp

P4 = θ(−αβ −
ηρ(y∗(

ρ
η+y∗

− µ)− δ)
(η + y∗)3(

ηρ
(η+y∗)2

− µ)
),

P5 =
ηρ(δ + y∗(µ− ρ

η+y∗
))2(x∗(η + y∗)(µ− ηρ

(η+y∗)2
)2 − (δ + y∗(µ− ρ

η+y∗
))2)

θ(η + y∗)4(
ηρ

(η+y∗)2
− µ)

,

P6 =
ηρ(y∗(

ρ
η+y∗

− µ)− δ)(3(δ + y∗(µ− ρ
η+y∗

))2 − x∗(η + y∗)(µ− ηρ
(η+y∗)2

)2)

(η + y∗)4(
ηρ

(η+y∗)2
− µ)

,

P7 = −
3ηθρ(δ + y∗(µ− ρ

η+y∗
))2

(η + y∗)4(
ηρ

(η+y∗)2
− µ)

,

P8 =
ηθ2ρ(y∗(

ρ
η+y∗

− µ)− δ)
(η + y∗)4(

ηρ
(η+y∗)2

− µ)
,

P9 = −ηρ(δ + ηµ− ρ+ 2µy∗)(δη + y∗(δ + ηµ− ρ+ µy∗))
4

θ(η + y∗)7(η(ηµ− ρ) + µy∗(2η + y∗))
,

P10 =
ηρ(y∗(

ρ
η+y∗

− µ)− δ)3( 4(y∗(
ρ

η+y∗−µ)−δ)
ηρ

(η+y∗)2
−µ + 3(η + y∗))

(η + y∗)5
,

P11 =
3ηθρ(δ + y∗(µ− ρ

η+y∗
))2(−η − 2(y∗(

ρ
η+y∗−µ)−δ)
ηρ

(η+y∗)2
−µ − y∗)

(η + y∗)5
,

P12 = −ηθ
2ρ(δη + y∗(δ + ηµ− ρ+ µy∗))(η(4δ + ηµ− ρ) + y∗(4δ + 6ηµ− 4ρ+ 5µy∗))

(η + y∗)5(η(ηµ− ρ) + µy∗(2η + y∗))
,

P13 = −
ηθ3ρ(y∗(

ρ
η+y∗

− µ)− δ)
(η + y∗)5(

ηρ
(η+y∗)2

− µ)
.
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$^^�Mathematica ÚMatlab, ·���1�oäÊìÅXêÚ1�oäÊìÅXê, Xe:

σ1 =
θ(3H5 +H7 + P6 + 3P8) + 2H2P2 − 2H4P4 −H3(H2 +H4) + P3(P2 + P4)

8θ
,

σ2 =
1

288θ3
(4(−5H3 + 10P2 + 9P4)H

3
2 + (H3(P3 − 40H4) + 4H4(P2 + 5P4)− 2P3(9P2

+ 5P4))H
2
2 + (−5H3

3 + (9P2 + 13P4)H
2
3 + (−40H2

4 − 18P3H4 + 18P 2
2 + P 2

3 + 10P 2
4

+ 8P2P4)H3 + 40P 3
2 − 36P 3

4 − 9P2P
2
3 − 20P2P

2
4 + 40P 2

2P4 − 13P 2
3P4 − 8H4P3(P2

+ P4)− 20H2
4 (P2 + 2P4))H2 + 20(P3 − 2H4)P

3
4 + P 2

4 (H3(18H4 − P3)− 4P2(H4

− 10P3))− 5H3
3H4 +H2

3P2(5H4 − P3) + 5P2P3(−2H2
4 − P3H4 + 4P 2

2 + P 2
3 ) +H3

(−20H3
4 − 19P3H

2
4 + (10P 2

2 + P 2
3 )H4 + 19P 2

2P3) + (−40H3
4 − 18P3H

2
4 +H4(20P 2

2

− 9P 2
3 ) +H2

3 (9H4 − P3) + 2H3P2(4H4 + 9P3) + 5(P 3
3 + 8P 2

2P3))P4 + θ(2(30H5

+ 19H7 − 8P6 + 15P8)H
2
2 + (3H3(7H6 + 11H8 + 5P5 + P7) + 6P2(−7H6 + 3H8

+ 13P5 − 5P7) + 12P4(−5H6 + 4(H8 + P5)− 5P7) + P3(−3H5 + 17H7 − 7P6

+ 21P8) + 2H4(3H5 + 25H7 − 5P6 + 45P8))H2 − 12H4P2(H6 + P7) + 2P 2
4 (15H5

− 8H7 + 19P6 + 30P8) +H2
3 (3H5 + 5H7 − P6 − 3P8) + 10P 2

2 (6H5 −H7 + 2P6

− 3P8)− P 2
3 (3H5 +H7 − 5P6 − 3P8)− 10H2

4 (3H5 − 2H7 + P6 − 6P8) +H3(12P3

(H8 + P5) + 3H4(5H6 + 13H8 + 3(P5 + P7)) + P2(27H5 − 5H7 + 19P6 + 3P8))

+ P4(3P3(H6 + 5H8 + 11P5 + 7P7) + 6H4(−5H6 + 13H8 + 3P5 − 7P7) + 2P2

(45H5 − 5H7 + 25P6 + 3P8) +H3(21H5 − 7H7 + 17P6 − 3P8)) + P3(3P2(3H6

+ 3H8 + 13P5 + 5P7) +H4(3H5 + 19H7 − 5P6 + 27P8))) + θ2(−9H7(H6 +H8

+ P5 + P7) + 9P6(H6 +H8 + P5 + P7)− 9H5(H6 − 3(H8 + P5) + P7) + 9(H6

− 3(H8 + P5) + P7)P8 + 6H3(5H9 −H11 − 3H13 + 2P10) + 6P2(20H9 + 2H11

+ 5P10 + 3P12) + 6P4(22H9 + 4H11 − 6H13 + 7P10 + 9P12)− 6H4(3H10 + 5H12

+ 2P11 + 20P13)− 6H2(9H10 + 7H12 − 6P9 + 4P11 + 22P13) + 6P3(−2H12

+ 3P9 + P11 − 5P13))).

4. ê��[

3�!¥, ·�/Ï~�©�§^�MatlabÚAuto07p [3], ÏLÀJëê�5?1ê��[,

l�ynØ(J.

·�ÏL��±eëê©Û¬5[�Ú�¼[���p�^, ÏL©ÛJwXÚ�ÄåÆ1�

�«�.(1)���ÄåÆ1�. ù|ëê�guKuznetsov et al. [4]:

σ = 0.1181, ρ = 1.131, η = 20.19, µ = 0.00311,

δ = 0.3743, α = 1.636β = 0.002, ω = 0.2038376828.
(28)
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Figure 3. The two-parameter bifurcation of the system (2) for parameters σ and ρ. H and SN represent Hopf
bifurcation and Saddle node bifurcation, respectively (to ensure the integrity of the bifurcation, the bifurcation
at σ is also provided here)

ã 3. XÚ(2)'uëêσ Úρ ��ëê©|ã. Ù¥H,SN ©O�LHopf©|�ÚQ(©|�(�
�y©
|���5, ùpÓ��Ñσ ��©|ã)

�þã(28)¥�ëê��, ���E0(0.315522, 0), E1(1.40671, 7.778), E2(0.363784, 326.521) n

�²ï:. �{üå�, ·�À�σ Úρ ��ëê©|. ·����ëê©|ã�): Hopf©|

�H (ùÚ)ÚQ(©|�SN (ÉÚ).·�é���2Â�Hopf©|:GH(1.4156998, 5.0313264),

d�σ = 0.37669404, ρ = 2.0372754. ¿�é�
4���Q(©|�k:CP , d�σ =

0.93605836, ρ = 0.045525486. ,	�kü�BT ©|:BT1(1.2536126, 54.568998), d�σ =

0.17616709, ρ = 0.989990005; BT2(1.564771,−40.5283418), d�σ = 0.60750163, ρ = 0.058035927,

ë�ã 3. ��©|ã�y©�o�«�: I − IV , z�«��[�&EÚ�ã, ë�ã 4: (I)

σ = 0.6606, ρ = 0.35: ��½(:(0.21778,371.1433) Ú��Q:(0.69623, 0); (II) σ = 0.4948,

ρ = 3.6: ��½��:(1.42585,1.92801); (III) σ = 0.375, ρ = 2.037: ��Q:(0.08666,411.217)

Ú��4���¹
��Ø½��:(1.4156,5.0517); (IV) σ = 1, ρ = 0.1:��½(

:(0.52461, 277.3685), ��Q:(1.2371, 59.6167), ��>.²ï:¿�´��½(:(1.603, 0).

dXÚ(2)�©|ã��, �X�¼�A[��	Ü����O\, �²ï:��êdn�Åì

C���(����Hopf ©|:), ùL«¬5[�Ú�¼�A[�Ñy
±Ï5��.

5. o(

3�©¥, ·�Ì�ïÄ
�x¬5[�Ú�¼�A[����Jw�.�ÄåÆ1�, ��
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Figure 4. The phase portraits of I − IV in Figure 3

ã 4. ã 3¥«�I − IV ��ã


²ï:��êÚa., {�2�Hopf ©|, {�2�Q(©|ÚBT ©|. ��ÏLê��[�y


¤�(Ø. ���J�´, duJw�.�ÄåÆ1�4ÙE,, ·����nØÚê��[(J

¿Ø�-<÷¿, I�38��ïÄó�¥UYãå.
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N ¹

�Ü©�Ñ
©¥y²L§¥^���
Ä�VgÚ½n.

½n4[�7úª [5]]��ng�§

ax3 + bx2 + cx+ d = 0 (29)

���Oª�: 

A = b2 − 3ac,

B = bc− 9ad,

C = c2 − 3bd.

(30)

Ùo�Oª�:

∆ = B2 − 4AC. (31)

�A = B = 0 �, K�7úªI�:

x1 = x2 = x3 = − b

3a
= −c

b
= −3d

c
. (32)

�∆ = B2 − 4AC > 0 �, K�7úªII�:
x1 =

−b−
(

3
√
Y1 + 3

√
Y2

)
3a

,

x2,3 =
−b+

(
1
2

(
3
√
Y1 + 3

√
Y2

)
± 1

2

√
3i
(

3
√
Y1 − 3

√
Y2

))
3a

,

(33)

Ù¥

Y1,2 =Ab+
3a

2

(
−B ±

√
B2 − 4AC

)
,

i2 =− 1.

�∆ = B2 − 4AC = 0 �, �7úªIII�:

x1 = − b
a

+K,

x2 = x3 = −K
2
,

(34)

Ù¥

K =
B

A
, (A 6= 0).
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�∆ = B2 − 4AC < 0 �, �7úªIV�:
x1 =

−b− 2
√
A cos θ

3

3a
,

x2,3 =
−b+

√
A
(
cos θ

3
±
√

3 sin θ
3

)
3a

,

(35)

Ù¥

θ = arccosT,

T =
2Ab− 3aB

2
√
A3

(A > 0,−1 < T < 1).

½n5[�7½n [5]]��ng�§

ax3 + bx2 + cx+ d = 0 (36)

���Oª�: 
A = b2 − 3ac,

B = bc− 9ad,

C = c2 − 3bd,

(37)

Ùo�Oª�:

∆ = B2 − 4AC. (38)

�7½n3ØÓ�ëê^�e, �©�Xe½n:

�7½n1:�A = B = 0�, eb = 0, K7½kc = d = 0(d�, �§k��n¢�0, �7ú

ªIE¤á).

�7½n2:�A = B = 0�, eb 6= 0, K7½kc 6= 0(d�, ·^�7úªI)K).

�7½n3:�A = B = 0�, K7½kC = 0(d�, ·^�7úªI)K).

�7½n4:�A = 0�, eB 6= 0, K7½k∆ > 0(d�, ·^�7úªII)K).

�7½n5:�A < 0�, K7½k∆ > 0(d�, ·^�7úªII)K).

�7½n6:�∆ = 0�, eA = 0, K7½kB = 0(d�, ·^�7úªI)K).

�7½n7:�∆ = 0�, eB 6= 0, �7úªIII�½Ø�3A ≤ 0��(d�, ·^�7ú

ªIII)K).

�7½n8:�∆ < 0�, �7úªIV�½Ø�3A ≤ 0��(d�, ·^�7úªIV)K).

�7½n9:�∆ < 0�, �7úªIV�½Ø�3T ≤ −1½T ≥ 1��, =T7÷v−1 < T < 1.

½n6[Zhang et al. [2]]éuXÚ

dx

dt
= P2(x, y)

dy

dt
= y +Q2(x, y), (39)
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·�b�O(0, 0)´XÚ(39)����á�.:, Sδ(O) ´O(0, 0)NC��¿©����, P2, Q2´

Ø�u2��Sδ(O)¥�)Û¼ê. Ïd, éuv
��δ, �3��)Û¼êΦ(x)÷v

Φ(x) +Q2(x,Φ(x)) ≡ 0, |x| < δ.

-

Ψ(x) = P2(x,Φ(x)) = amx
m + [x]m+1,

Ù¥, am 6= 0, m ≥ 2. KkXe�
5�.

1. XJm�Ûê, �am > 0, KO(0, 0)´��Ø½�(:.

2. XJm�Ûê, �am < 0, KO(0, 0)´��Q:, §�o�©��÷θ = 0, π
2
, π, Ú 3π

2
��©O

ªuO(0, 0).

3. XJm�óê, KO(0, 0)�Q(:. =Sδ(O)�ü�©��©�üÜ©, §�÷Xy���¶

Úy�K�¶ª�uO(0, 0). �Ü©´�Ô.÷«, ,�Ü©´dü�V.÷«|¤. d	,

XJam > 0(½< 0), K�Ô¡÷«3m(½�)�²¡þ.
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