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Abstract

The fixed point iteration method is an effective method to solve the absolute value equa-

tion. In order to improve the computational efficiency, an inexact fixed point iteration

method in general form is proposed by using matrix splitting on the basis of fixed point

iteration method. Under reasonable conditions, the convergence of the proposed method
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is proved. Finally, a numerical example is given to verify the effectiveness and feasibility

of the proposed method.
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1. Úó

ýé��§´�/X

Ax− |x| = b, (1.1)

��§, Ù¥ A ∈ Rn×n, b ∈ Rn, x ∈ Rn ´�����þ, |x| L« x �©þýé���þ, =

|x| = (|x1|, |x2|, · · · , |xn|)T . AO�, ýé��§ (1.1)´eª2Âýé��§ [1]��«AÏ/ª

Ax−B|x| = b, (1.2)

Ù¥ B ∈ Rn×n, 3©z [2–4]¥, 2Âýé��§�Q�?�ÚïÄ.

ýé��§3�ÆO�Úó§A^�Nõ+�ÑkX2��A^, Ïd, §É�NõÆö�2�'5

¿�¤���9��K. Cc5, ýé��§�¦)�{�´�ÑØ¡, Xý?nAORS�{ [5], ?��

2ÂÚî{ [6], aSORS�{ [7, 8], ØÄ:S�{ [9]�, �
JpO��Ç, 3©z [10]¥, |^XêÝ


 A� £©�, JÑ
�« £©�ØÄ:S��{.

3�©¥, Äu A���©�, JÑ
���Ø°(ØÄ:S�{, ¿�ïÄ
T�{�Âñ5. �

©��{Ü©|�Xe, 31 2!¥, ·�JÑ
���Ø°(ØÄ:S�{. 31 3!¥, ��
T�

{�Âñ5. 31 4!¥, ·��Ñ
�k¢�(J�ê�~f. ��, 3 5!¥, ·��Ñ�
(Ø.

2. S��{

Äk, ·�£�ýé��§ (1.1)��«�d 2× 2¬ [9]/ª, - y = |x|, Kýé��§ (1.1)�du{
Ax− y = b,

−|x|+ y = 0,

= (
A −I

−H(x) I

)(
x

y

)
=

(
b

0

)
, (2.1)

Ù¥ H(x) := diag(sgn(x)).

DOI: 10.12677/aam.2023.127325 3262 A^êÆ?Ð

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.12677/aam.2023.127325


ñ�c

Ùg, ·�£Á¦)ýé��§ (1.1)�ØÄ:S��{. b� (2.1)�XêÝ
�±©��(
A −I

−H(x) I

)
=

(
A 0

0 I

)
−

(
0 0

H(x) 0

)
−

(
0 I

0 0

)
.

� A��ÛÉÝ
�, Äuþã©�, ïá
¦)ýé��§��ØÄ:S��{ [9]:

�{ 2.1 ØÄ:S��{

� A ∈ Rn×n ´�ÛÉÝ
, b ∈ Rn, �½Ð©�þ x(0) ∈ Rn, y(0) ∈ Rn, ¿� k = 0, 1, 2, · · · ��S
�S� {x(k), y(k)}+∞k=0Âñ, k {

x(k+1) = A−1(y(k) + b),

y(k+1) = (1− τ)y(k) + τ |x(k+1)|.
(2.2)

Ù¥ τ > 0.

3¦)ýé��§ (1.1)�, duXêÝ
 A´���DÕ�, 3¦)�  '�L¤�m, Ïd, ·

�æ^©�S�{%CXêÝ
 A�), JÑ�«��Ø°(ØÄ:S��{.

�{ 2.2 ��Ø°(ØÄ:S��{

� A ∈ Rn×n, � A = M − N ´�ÛÉÝ
, b ∈ Rn, �½Ð©�þ x(0) ∈ Rn, y(0) ∈ Rn, ¿�

k = 0, 1, 2, · · · ��S�S� {x(k), y(k)}+∞k=0Âñ, k

{
x(k+1) = M−1Nx(k) +M−1(y(k) + b),

y(k+1) = (1− τ)y(k) + τ |x(k+1)|.
(2.3)

Ù¥ α > 0, τ > 0.

�M = αI+A
2 , N = αI−A

2 �, ��¦)ýé��§ (1.1)� £©�ØÄ:S��{, ,, T�{

ÄgJÑ´^�¦)2Âýé��§ (1.2) [10]. Ùg, �M = (α+ 1)H,N = αH − S �, ��·�¤J

Ñ���ØÄ:Ø°(S��{, Ù¥ H = A+A∗

2 , S = A−A∗

2 .

3. Âñ5

3�!¥, ·�òïÄ¦)ýé��§���Ø°(ØÄ:S�{�Âñ5. Äk�Ñ�
Ún, ù


Únò^u¦)ýé��§���Ø°(ØÄ:S�{�Âñ5©Û.

Ún 3.1[11, 12] éu?¿�þ x ∈ Rn, y ∈ Rn, K:

(1) ‖x− y‖ ≤ ‖x− y‖;

(2)XJ 0 ≤ x ≤ y, @ok ‖x‖p ≤ ‖y‖p,Ù¥ ‖ · ‖p L«�þ� p-�ê;

(3)XJ x ≤ y� P ´�KÝ
, @ok Px ≤ Py.

Ún 3.2[11] ��=� |b| < 1� |a| < 1 + b�, ¢�g�§ x2 − ax+ b = 0ü����Ñ�u1.

Ún 3.3[12] éu?¿Ý
 A,B ∈ Rn×n, XJ 0 ≤ A ≤ B, @ok ‖A‖p ≤ ‖B‖p, Ù¥ ‖ · ‖p L«Ý
�
p-�ê.

�ýé��§k��), ¿� (x∗, y∗)´ (2.1)���°(), K{
x∗ = M−1Nx∗ +M−1(y∗ + b),

y∗ = (1− τ)y∗ + τ |x∗|,
(3.1)

� (x(k), y(k))´d (2.3))¤��þS�, ÏdS�Ø��±L«�

ϕxk = x∗ − x(k) � ϕyk = y∗ − y(k).
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½n 3.1 � A ∈ Rn×n, b ∈ Rn, α > 0, KM,N ∈ Rn×n´�ÛÉ�. ½Â

ν = ‖M−1N‖, β = ‖M−1‖, γ = |1− τ |,

k

ψ(k+1) =

(
‖ϕxk+1‖
‖ϕyk+1‖

)
,

K

‖ψ(k+1)‖∞ ≤ ‖L(α, τ)‖∞ · ‖ψ(k)‖∞, (3.2)

Ù¥ ‖ · ‖∞L«�þ½Ý
�∞-�ê,

k

L(α, τ) :=

(
ν β

τν τβ + γ

)
,

��=� ν Ú τ ÷v±e^��, ‖L(α, τ)‖∞ < 1,

ν + β < 1� 0 < τ <
2

ν + β + 1
, (3.3)

Ïd, XJ (3.3)¤á, S�S� {x(k)}+∞k=0Âñuýé��§ (1.1)?¿Ð©�þ����) x∗.

y² d (2.3)Ú (3.1), ��

ϕxk+1 = M−1Nϕxk +M−1ϕyk, (3.4)

ϕyk+1 = (1− τ)ϕyk + τ(|x∗| − |x(k+1)|). (3.5)

�â (3.4), k

‖ϕxk+1‖ ≤ ν‖ϕxk‖+ β‖ϕyk‖. (3.6)

Ón, d (3.5)ÚÚn3.1, ��

‖ϕyk+1‖ ≤ γ · ‖ϕ
y
k‖+ τ‖|x∗| − |x(k+1)|‖

≤ γ · ‖ϕyk‖+ τ‖x∗ − x(k+1)‖
= γ · ‖ϕyk‖+ τ‖ϕxk+1‖.

(3.7)

(Ü (3.6)Ú (3.7), uy (
1 0

−τ 1

)(
‖ϕxk+1‖
‖ϕyk+1‖

)
≤

(
ν β

0 γ

)(
‖ϕxk‖
‖ϕyk‖

)
. (3.8)

3 (3.8)ª�¦�ÛÉÝ
 P =

(
1 0

τ 1

)
, �âÚn3.1, k(

‖ϕxk+1‖
‖ϕyk+1‖

)
≤

(
ν β

τν τβ + γ

)(
‖ϕxk‖
‖ϕyk‖

)
, (3.9)

=

ψ(k+1) ≤ L(α, τ) · ψ(k). (3.10)

3Ø�ª (3.10)�ü>�∞−�ê, dÚn3.1�� (3.2). Ïd, �±�Ñ

0 ≤ ‖ψ(k)‖∞ ≤ ‖L(α, τ)‖∞ · ‖ψ(k−1)‖∞ ≤ · · · ≤ ‖L(α, τ)‖k∞ · ‖ψ(0)‖∞.

d L(α, τ), k ‖L(α, τ)‖∞ = max{ν + β, (ν + β)τ + γ}, ��=�{
ν + β < 1,

(ν + β)τ + γ < 1,
(3.11)
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÷v ‖L(α, τ)‖∞ < 1,

¦) (3.11)�, k  ν + β < 1,

0 < τ < 2
ν+β+1 ,

= (3.3)¤á, K

lim
k→∞

‖ψ(k)‖∞ = 0,

Ï� ‖ψ(k)‖∞ = max{‖ϕxk‖, ‖ϕ
y
k‖}, k

lim
k→∞

‖ϕxk‖ = 0� lim
k→∞

‖ϕyk‖ = 0,

Ïd, 3^� (3.3)e, S�S� {(x(k), y(k))}+∞k=0Âñu (x∗, y∗), �y.

4. ê�¢�

3�!¥§�Ñ
��~f5y²��ØÄ:Ø°(�{��15Úk�5§·�lS�Úê(

/IT0)!$1�m(/CPU0)Ú�éí�(/RES0)ùn��¡òT�{�ØÄ:S��{§ £©�

ØÄ:S��{?1
'�"

RES :=
‖Ax(k) − |x(k)| − b‖2

‖b‖2
.

·�3O��, ¤k�Ð©�þ x(0) Ú y(0) ÑÀJ�"�þ, � RES ≤ 10−6 ½ö��S�Ú��

L 50�, ¤k�S�Ñ�ª�. ·��O�óä´����1.60 GHZ�¥
?nì(Intel(R)Core(TM)i5-

8250U)ÚS��4 GB��<O�Åþ¦^MATLAB R2020b?1O��.

~ 4.1 �ýé��§�XêÝ
 A = D̂ + I ∈ Rn×n, Ù¥

D̂ = Tridiag(−I,D,−I) =



D −I 0 · · · 0 0

−I D −I · · · 0 0

0 −I D · · · 0 0

...
...

. . .
...

...

0 0 · · · · · · D −I

0 0 · · · · · · −I D


∈ Rn×n,

´��¬né�Ý
,

D = tridiag(−1, 4,−1) ∈ Rm×m,

´��né�Ý
, n = m2. � x∗ = (−0.5,−1,−0.5, . . . ,−0.5,−1, . . .)T ∈ Rn ´ýé��§�°().

3L 1¥�{�L«ØÄ:S��{,  £©�ØÄ:S�{^�{�L«, �{n´·�¤JÑ���

Ø°(ØÄ:S��{, ¿��Ñ
�m�ØÓ���, τ = 1.2, α = 0.5�� IT!CPUÚ RES.

lL 1¥uy�S�Úê��5½���S�Úê��{�¿vkÂñ�°(), �±wÑ�ª�O

��, �{n�S�ÚêÚO�¤I���mÑ´���, Ïd, ØJ�Ñ�{n´�k��.

5. o(

�©JÑ
¦)ýé��§���Ø°(ØÄ:S��{, ÏLÂñ5©Û, ��
T�{�Âñ^

�, ÏLê�~f�y
T�{�k�5Ú�15.
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Table 1. Numerical results

L 1. ê�(J

m IT, CPU, RES �{� �{� �{n

m=20 IT 25 50 11

CPU 0.0601 0.0515 0.0018

RES 9.9306e-7 1.8579 9.7395e-7

m=40 IT 26 50 11

CPU 0.1255 0.2262 0.0039

RES 6.9026e-7 1.8527 9.0560e-7

m=60 IT 26 50 11

CPU 0.2906 0.6040 0.0075

RES 7.2304e-7 1.8509 8.7745e-7

m=80 IT 26 50 11

CPU 0.4914 0.9424 0.0121

RES 7.3941e-7 1.8500 8.6221e-7

m=100 IT 26 50 11

CPU 0.9746 1.7626 0.0273

RES 7.4923e-7 1.8494 8.5266e-7

Ä7�8

a�[��`DïÄ)/M#�(0�ïOy�8(2023CXZX-327)ÚÜ����ÆïÄ)�ï]

Ï�8(2022KYZZ-S116)é�©�|±"
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