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Abstract

The Proximity Algorithm (PPA) is an effective iterative algorithm for solving non-smooth optimi-
zation problems, which is very efficient in solving special structural problems, but it is expensive
to solve large-scale separable problems in practical problems. In order to solve the above prob-
lems and maintain the advantages of PPA algorithm, an inexact proximity gradient algorithm is
proposed. The algorithm combines the ideas of the line search method and the proximity gradient
descent algorithm, and adopts the approximate gradient in the solution of the sub-problem, and
does not need the Lipschitz constant to be known. Based on the above ideas, firstly, we give the
pseudocode of the algorithm, then establish the sufficient conditions for the convergence of the
algorithm, and finally prove that under this condition, each limit point of the sequence generated
by the algorithm iteration is the critical point of the original problem.
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min F (x), (1)

Forbt 1R > RU {-oo} 52 XERRECAE ] R™ LHOF it B, SRR Q)R SEAT IR S, 4
N A R FL FBRBRSE F G, SRR BREE WRE T RAR . 24 FLBRBR S F B YRS, TSR
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Hein>1, HARA f:R" — RU{+oo} AIHZ T LM M e B H TR, XA il RT B — B — B
UL SEESR AR, 40 Robbins 55 A (1951) 82 i 1 FEALESZ 572(SGD) [1]52E T SGD BN ZE /N B 5
TREEVE[2]. I EEE T T E 2R, @ BRSO, W R IR TR AL
(Newsamp) [3], FEfUMitii1 Heesian 4B Lissa 5LE[4], W1HEE 5 Heesian #4347 58 2 BEHLIHEE A SSN 4

IS]. B, SHERHORTAOT, B F ()= 6 (x)+h(x), J5kh:R" - RU 4ec) fes LAERKEE

A R™ _ERR SN AY, IR Oz, WERIKE 6] 55 ALER]7]. Hlasr I [8]5%.
ARSCRAEABITAR L S B At _E 5 NG RN Zn SR S o, 25k s X

J, = prox, (x" —vf (xk)):: arig?nian (xk)(y—Xk)+h(y)+%"y_xk”2’
oo A -3)

Hr g >0, Fxprox, NABIEHE T

KBIUT 55 AR ) AR AT 3B 31 51 [9] [10], 1970 4, Martinet i F- 32 H 7 48T A2, 1976 4, Rockafellar
FESC[11] [L20R0 e SRR AR R B 55710 2 S ), 1991 48, Guler 35118 T 1IEH &SN
A ] R AR T A R By He S IR . 5 Beck A Teboulle [71EFARIE /S L SHERE T REEIRARL &, Xt
HR AR BB, X REEFE A TR E M E SRR, I BAE AR R BN BERNE, b T
SRV A SRV E AL SO B2 o o1 T SR B0 A A R AR AT Ak bR G Lipschitz 7%, Bt Bello 7£3C[13]
HEINT R R, $EH T A8 R B EE, X EIEANURE T AR B BRI A, i
AMEHHRT Lipschitz #4075 A KR o0 B ALA In) R, 1 2 78 SC[14] 7 ) BEALIE I (SA) J7 V5 fif v
AR RR(L), FEorHT T BEAUBRE N B S5 A Sk

BT FRIXEIR SRR, AR SCRR H SRS & ™ Ak 0] 5 1% iy 2 450 2 11 R it &0 1 o A
%, AEREEREAGERE T, X B AR R 0] 2 B o R FARRS TRBE R, ARG B 0T R SR A AR B
TABIE R R G TR A, IEEEAE R RN T H R AR R, SR T EIERIRCE.
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AT — LD BT AR, AR — L8R5 8 CRL SRR 2 B ik W A b o 2 A
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23 6] R™ i ¥ AR 2S5 U () A | R
B fiR™ > RU{+oo} g LAER™ L™ LSHABREL, Hog S
dom f :Z{XE R™: f (x)<+oo},
trdomf =2, NIFREEfREM. REFH EEE R
epi f ::{(x,r)e R™: f(x)< r}.
Wi epi f 76 R™ P2, MIFR 2 FAELE 0. R O FREs B sk, ek 3L 75 2 x AR
Jilald e R™ F 7 A S AU 5E SN

f’(x;d):: "nj_igziijg);:j_gill
t—>0" t
f 75 x ARGy 78 SR
8f(x):={VGR"‘:(v,y—x>sf(y)—f(x)Vyedomf}. (2)

ik xedomf , N of (x)=2
EX 1 € LARTHEF prox, : R™ — domh 41 7R :

prox, (z)=(Id +6h)’1(z), zeR",
Ellproxh(z)z{yeRm:y+6h(y)=z}o I AR W] A 3 A AL

z—prox, (z) e éh(prox, (z)) VzeR". (3)

5|2 1 ([15], Proposition 17.2)% h:R™ — RU{+oo} A—ANTRIESEN %L, KT x e domh 5
yeR™ i 2

) W(xy) FAAER N (xy) = inf {wj .

(2 h'(x;y-x)+h(x)<h(y)-

SIE 2 B f,h:R"™ - RU{+oo} N FFIELLE N s AL WXHEER xedom f 5 yeR™, FHIS5IE AL

(1) aof (x) AR AR

(2) LT LR X AL FTRL U f (X) =
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XTI, WR0eof (x.), Mx 2 f
R & - ALLE -

REX 2 (& -AUig) B £ O TR AELLH N REL, >0 o ATHR A x. e dom £ ZARAL [/ min
gd&fuﬁ@’ ﬁn%ﬁﬁ’@dﬁf(n)(o):zmmveif ||V||<8

X ] (L) B KA T 7 B i A T 5

(VF ()}, bV FoRBRHEL E R x ORI
(

)< o(f +h)(x). EXemt(domf)ﬂdomh,}”lJ T AT

X
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xeRM n i=1
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81 +h)(x)=VF (x)+h(x) -

e F AR A BB, A P BB g 1R BRI VF . RIS SR BB P
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f.. Hile

ZVf (x) xedomh,
Sl

g(x)= E
Hor & B |&| o3 R REREASFIREARAN B LUR SI LB, TERMRE IR AR S 0 KT, g AT7E—E i3
B OCN IS BT 5 26 AU o
SIHE 3[16] B g, Ae(01) BBAAEREQ:R" > RIENER ey, H
IVf, (x)|<Q(x) vxeR".
s FR bR w iﬁﬁzﬁklﬁlﬁiﬁﬁﬁﬁl@ (IBEALSE FTRERIRE, ELREAANE & W52
€[> Q(x)* (1+BIn(Y/2)) /gf, mA

Pr([vf(x)-g(x)|<&)21-4.

EX 3 WS KR AIETIE, 5O (X R . HEE— I {o,) WL Y 0, <o (I F
k=0
L xeS FASE R

2 2
Xkt x" s"xk—x" +o, keN,

U541 { X} quasi-Fejér e 8iF) S,

5|3 4 ([17], Theorem 4.1)%{ } quasi-Fejér S EI S, MR 45 18 o7 :
Q) Bl {x"} A .

(2) HFHI{X| A A X €S 5 WA limx =x. .

B8 5 % {a), b}, ) c[0,+0) AIEFFFH, Hrt A=Y a, <40, B=Sb <+, Hey>0. fn
k=0 k=0
FAER R p<1, 143

¢l,,—C <a +pcb VkeN, 4
W@J{ }ﬁi’?
ERH: EEFc, >0, FrAFAEFHHEM >1, {FEIcZM*+2¢,BM +2A+c2>0, R
¢: + A+c,SBM S(Mco) : (5)
N EATIE A
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¢, <Mc, Vvk<m

t(4), #AI1E

M=

(ctn—ci)< iak + iﬂckbk < A+ fc,MB.
k=0 k=0

=
Il

0

c2., <2+ A+ fic,MB < (Mg, )’
HG)I1Ec, <Mc, . HITGNEIE ] 14(6).
3. EERINSIE S
FEXE ) (L) P ) R RRASE T 43 B R A BEA TSR AR, S T ORBR AT SR A s ELANIKS: Lipschitz %%,
52[13] [14] [161H 1B A&, AR H AR R ARSI 5k . Bk, S5[14128180, FRAIET 1l R At
FEFF R A2 RS BRE R, H AR TR 1) BB 22 T [16], L8R A AR 320k H ([13], Lemma 3.2)

3.1. JEfEmMNEEE X

Algorithm 1. Inexact proximity gradient algorithm

BE L IREmAasE R

Step 1. %475 6<(0,1), x” edomh, k=0
Step2. 4 f=1, WHILMBLE g, (x*) A

J, =3 (x*,1) = prox, (xk ~g (% )) . @)
Step 3. 4

(f+h)(xk—ﬂk(xk—Jk))

>(f+h)(xk)—ﬂk[h(xk)—h(.]k)}—ﬂk@k(xk),xk—Jk>+%"xk—\]k"2, ©
LB =08 BN, Yt g .

Step 4.%

Xt =x =B (X =3,). )
Step 5.4 X! = x| <&, fth x5 W, A ki=k+1, JZ[ Step 2.

BISEL L ATRL, BESAOE TR 2 B R A, WAL LR LA RAE R S0k, B
(113], Method 3)HIF. T IHif # K Ar 5 5 B0k, HRIEUER S (X} STk 1 =2k
AL BkeN, A NHIE LS KA Step 3 ZEMIBK, MAHEE xedomh, #:
)t = x| =[x =] <2 (£ +h)(x) = (£ +R)(x<) ]+ 28 [ (£ +R)(x) = (F +h)(x*)]
# 2, [ [5F () - 0. ()]

(10)

ER: SHMEE xedomh, #

2 2 2
Ak::|x"*1—xk|| +||xk—x|| —|xk*1—x|| :2<x"—x"*1,xk—x>.

H(9) I 15
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HE) S X -3, -g,(x)ean(Jy)
Nt I R, BT RA

GEORIENE 3L, HLy=x, &
Z%kz h(Jk)—h(x)+ﬁik[(f +h)(x) = (f +h)(xk)}rh(x")—h(\]k)+%"xk—Jk”
+ f (xk)— f(x)—"x—x""”Vf (x")—gk(x" )”
=[(f+n)(x)~(f +h)(x)]+ﬂi[(f +h)(x) = (f +h)(xk)]+%”x" i

k
_||x—xk "“Vf (x")— 9, (x" )”

2

TR
x"*l—x"2 —||xk —x"2 < xk*l—xk"2 +28, [(f +h)(x)—(f +h)(xk )J+2[(f +h)(xk)—(f +h)(xk*l)J
A= 2 x|t () -0 ()]
XHF A A= B (3 =X ), H B e(01), WA <p, . HIx —x
M (L0) FHE
Fpoilth, 4 x=x"if, H(10)H
(f+h)(x*)-(f +h)(xk+1)2%

MTEFEB {( £ -+ h)(x )} 2T, U ST: 1 R BB
KT L A TS
B WIRES. =D, (X B} RIEE LB AERF). idd, = dist(x°,S. ), [RBLEBUERIE g, &

A M R

X< — x"2 >0. (11)

4 HAFAE a> 13 2
A=V (%)= K 0, 12
[V () g (x )] <+ (12
mﬂf?ﬁu{xk}qﬁcﬁﬁz?sﬂﬂaﬁ, EIfF7EX €S, , 153
l!irgxk:x (13)

iEB: fE(N)F L x=x.€S., A
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xk*l—x,("2 [ —x*”2 sz[(f +h)(x)-(f +h)<Xk+1):|+2ﬂk [x. —xk".HVf (¥)-g(x* )” vkeN. (14)
T FFA{( +h)(x)} S,
gl(f+hxxw_(f+hxx“ﬁ]s(f+hxxﬂ_(f+hx&)<+m

HI(12)551# 5 (A (f + h)(xk)—( f+ h)(xk“) , ”Vf (x) =gy (x* )” gl ||xk - x*" R a, b Flc, )T &1
gl {"x" - x*||} A5, NG

Zi[(f +h)(xk)—(f +h)(x"*l)]+2§ﬁk ||x* —xk”.“Vf (x")—gk (xk )”
[ (f+h)(x")=(f+h)( ]+2§:ﬁk ||x*—xk||.“Vf(x")—gk(xk)“<+oo.

gh4(14) 5 5E 3 A {x"} quasi-Fejér YCSHE] S, . SCHSI B 4 RUF A (X' | A5, IR O X
FI—AEE, PHIEAXeS. . &

ﬁk :=%>ﬁk >0,
¥, = xk—ﬁk(xk—Jk):(l—/}k)xk+/§’ka. (15)
HI %% 1 1Y step3 AT %0
(f+h)(9)>(f +h)(xk)—[;’k[h(xk)—h(\]k)}—ﬁk<gk(xk),xk —Jk>+%"xk —Jk"Z.
455 (2A(15) 15

0>(f+h)( ) (f+h)( ) ’Bk|: (Xk> h(‘]k):|_,ék<gk(xk)yxk—Jk>+%"Xk—Jk”Z
> (g, (5).X =9 )+ (VI () -9 .

2 = 9] <o (50 - 94 (4 +19F (5 - 9. (5 (16)

HF 57 prox, () BAEE St D)3, - 3, <[~ + o (x) - g ()] -
HI(LS) T 5124 3, O, 4 lim]5, - x*=0. mgMEﬁﬁTﬁékewﬁbdn)gk “)|-o-
%ﬁ%IIES—I%D"Vf V)= 9 (Vi ||—>0, XRHT
lim|x* - 3,] =0. (17)

k—a

% (X B MR TR (X Bk {9,

0, ) -vi(3, 0.

il

VE S }m&ﬁﬁf,mxmmﬂsﬁ

lim =0. (18)

]—)00

HEE@) T4 2=X" g (X ) T35
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X9 -3, -9, (xkj )+Vf (ka)eah(ka )+Vf (ka):a(f +h)(ka )
& jow, HAT)KA8)ME0eo(f+h)(X), MifixeS., H5IH 4 A[13(13).
32. B 1 iERERE

AR, R AIT I 1 ISR TR0 MARR M AR K (8} 1 IER TR,
BRI ICRNE Jy o (K™ ) , 36 5([13], Method3)eh (K ) ABILBAIE SERA TR S A 0.
R 2 YR 1R IOBRACL, BRIt B, > f>0, MR i a0

mk[(f +h)(x) = min( f +h)(x)}=0.

xeR™
UERH: HiE B 1A

limx* =x, 8.,
k—o

REXHER 6 >0, f77E K >0 ffi13
[ = x| <e M (f+n)(x)-(f+h)(x)<e Vk=K, (19)

@l 1 (10) (& x=x), SHMEZEleNH
0>(f+h)(x)=(f+h)(x')

zz_lﬂl( K =[x = 2[ (F ) (x4 n) () ]2 - X [9F (¢') - g (X )“)
2"%(”%” —x[ - x -x[ #2(F+n)(X)=(F+n)(x)] -2 Jx. - X ||-HVf (x) =g (x )H)

FRAAEAS =K, K +1,--+, K + k —1 3R F145

K+k-1

k(f+h)(x)- > (f +h)(x')

. =K
2l
S 2 ot () )“j.

EIVEREE{( £+ h)(x )} i, RATH
K+k-1

> (F+h)(X)<k(F+h)(x), (f+h)(X*)=(f+h)(x)=(f+h)(x)=(f+h)(x).

1=K

IXA(20)— 2K ]
K[(f+h)(x)=(f+h)(x*)]= -i”xK x-S (F+R) () =(F +h)(x)]

X< x*”Z —[x< - x*||2 + 2[( Fh)(X) = (£ +h)(x" )] (20)

245
=3 et () ()
> —(8—2+£+5Aj,
B
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Hrig g — AR N (12), (19)H0 inf 5> f3 - HT e>0 M{EEME, RATE

limsupk [ ( +h)(x)=(f +h)(x)]<0.

k—o
S(F+h)(X)=(f+h)(x)20, FrLAEHLE L.
T ol dr R IILE VR, (iew ) Lipschitz HESARBIZM T, (A} ALMT . EIEEE 5 ([13],
Proposition 5.4)254LL, B LAFRATTA WS T B IIE
R 2 B {f ) NAEIER 1S LT RT ), Box R (X} RO AT, B limx* =x., JLLIBEE

Feol{g, } AR R ey, VEFER X ZFHON L (x) >0 MR #8 Lipschitz 2L/, U]

. . 0
liminf 8, > min<1, ,
k—0 ﬂk { ZL(X*)}

HrL(x):=maxL (%) .

iey
4. &g

AT — PRI A AL AR T AR AR FE 0%, SR AN AT 1o ek 20 Lipschitz ¥
B I 7 RREIUSSIE . BTOR, BRATAT DORIE SR AR KRB i B R AR RS B SR e A 5%, 753

e A B
ELWMB
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