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Abstract

In this thesis, we study the global well-posedness of a singular chemotaxis system with
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logistic source in three dimensional whole spaces. Through the Cole-Hopf type trans-

formation, the singular chemotaxis is converted into a non-singular hyperbolic system,

and then the global well-posedness of the transformed model solution is established

through the energy estimation method.

Keywords

Chemotaxis System, Logistic Source, Energy Estimate, Global Well-Posedness

Copyright c© 2024 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Úó

ªz5´�[�é�¸¥�,
zÆÔ�e-¤�)�ª�5�A§´[��Ä�)n�

A"áÚªz5¿�X[��zÆÔ�ßÝ�p���£Ä§
ü½ªz5K��§´�[��

zÆÔ�ßÝ�$���£Ä"3©z¥ [1–4]§ZengÚZhaoo(
äkéê¯a5Úlogistic


�Keller-Segel-Fisher�.��
�#(J§
T�.(1)Xeµ{
ct = εcxx − µuc− σc,
ut + χ [u(ln c)x]x −Duxx + au

(
1− u

K

)
.

(1)

3ùp��¼êc = c(x, t) �u = u(x, t) ©O�LzÆ&Ò�ßÝÚ[�+N��Ý"T�.�

Ð3©z [5]¥�JÑ§£ã
,
)ÔN3ÙÛÜ�¸¥º�½�ÑzÆ&Òl
��*Ñ½ö

Ù¦�A�Ä�Cz§äN��©z [6–9]"TXÚ£ã
[�é&Ò�éêªz�A§±9�


Å�§~XzÆÔ��g,ü)Ú[��Ü6)�"T�.¥�éê¯a5¼ê)º
Fickner½

Æ§ù¿�X[�+ézÆ&Ò�ªz�A�ÌT½Æ"T½Æ�Ñ§Ì*a��e-rÝ�é

ê¤�'§3)Ôï�¥äkâÑ��^"T(¯Ý¼ê3�Ð�Keller-Segel �. [10]¥��


A^"

d[�ÄåÆnØ�§XJªz5å�^�)Ôy�Ø==3��mºÝþ�§@oÏ~I

��Ä«+�O�Úk�§ù3êÆ�.þNy�logistic 
��Ñy"¢yù�:���;.�

{´3êÆ�.¥�§¥V\logistic 
�ku − µu2"Ù¥u´�«+��Ý§k ∈ R´Ñ)ÇÚ<
�k�Ç�m��É§�^5£ã<�O�§
−µu2 �.´�	�LÝP@�A"k�K��±
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^5ògu5òz��AB\�.§'X3+�<���¹e«+êþòü$"T�.�±�¤µ ut = ∆u−∇ · (u∇v) + ku− µu2

vt = ∆v − v + u.
(2)

éulogistic
ù�¯K8c®²k
2�ïÄ§ù����^´�
��êâ��»"~X§

TelloÚWinkleru©z [11–13]¥3�m�êØ�L2�b�e§�Ä
�.2��Ôý��§£=

Ù¥vt�0�O¤§L²éu?¿µ > 0§XJµ > n−2
n
��¹e§�.2�3�Ûk.²;)�f)¶


Winkler 3����^�ey²
�.2�3�~f�f)§3N\b�e§�w«
L∞(Ω)¥

�3k.áÂ8¶Cao�3©z [14] [15]¥y²
'u�.2�Ü©(J"'u�5��ÔXÚ§

Winkler3©z [16]¥�Ñ¦�y²§=3µv
���¹e§�.2��Û!²w!k.)��3

5Ú��5"
8c'un��¹e�ïÄ�'��§¤±3�©¥§·�ò�Än��¹eä

kéêªz¼êÚlogistic
�áÚªz�.(3)µ
ut = ∇ · (D∇u− χu∇ ln c) + au

(
1− u

K

)
,

ct = ε∆c− µuc,

(u, v)(x, 0) = (u0, v0) (x).

(3)

Ù¥ëêD > 0´S�[��*Ñ5§χ > 0´ïþªzrÝ�ªzXê§µL«zÆÔ��ü)

�Ç§a > 0´[�+�g,)��Ç§K > 0´[�+�«1Uå"ε > 0´zÆ*Ñ�Ç§§

�±���ÑØO"Ï�Ù¥�zÆ*Ñ�vk§�S�[���p�^­�§ù®²3ë�©

z [17]¥®²?ØL"�
�Bå�§·�-D = χ = 1"ÏL*	·��±uyT�.�3Û5§

�·�ÏLA^Cole-HopfC� [18] [19]

v = −∇ ln c = −∇c
c
,

Ó�t̃ = µt, x̃ =
√
µx, ṽ =

√
1
µ
v, r = a

µK
§ò�.(3)=z�Xe�êÆ�.µ



ut −∆u = ∇ · (uv) + ru(1− u), x ∈ Ω, t > 0,

vt − ε∆v = ∇ (−ε|v|2 + u) , x ∈ Ω, t > 0,

(u,v)(x, 0) = (u0,v0) (x), x ∈ Ω,

(4)

8céu�.(4)�ïÄ�Øõ§Ïd�©òmÐ'u�.(4)�Ü¯K)��Û·½5ïÄ§ïÄ

(JXeµ

½½½nnn1. é~G�ū > 0±9�êk ≥ 2§-(u0 − ū,v0) ∈ Hk(R3) × Hk(R3)§@oé?¿~

êM0 > 0§‖∇2u0‖2L2 + ‖∇2v0‖2L2 ≤M2
0§�3���M0k'��~êη§¦�XJ

‖u0 − ū‖2H1 + ‖v0‖2H1 ≤ η2,
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�ε ≥ 0�§�.(4)��Û��)(u,v) ∈ C
(
[0,+∞), Hk(R3)

)
÷vé¤kt > 0§

‖u(t)− ũ‖2Hk + ‖v(t)‖2Hk +

∫ t

0

(
‖∇u(τ)‖2Hk + ‖∇v(τ)‖2Hk−1 + ε‖∇k+1v(τ)‖2L2

)
dτ

≤ C
(
‖u0 − ū‖2Hk + ‖v0‖2Hk

)
,

(5)

Ù¥C�~ê§��ηÚtÃ'"

2. ýýý������£££

3y²¥§·�ò¦^±eü�Ä�¯¢µ

∆v = ∇(∇ · v), ‖∇l+1v‖L2 ' ‖∇`∇ · v‖L2 .

Ù¥`�?¿��K�ê"/'0L«�mü��ê´�d�"�
¦(J�\{²§3�Yy²¥
�ū = 1§¿-p = u− 1§K�§|(4)�±U��

pt −∆p−∇ · v + rp = ∇ · (pv)− r|p|2,

vt − ε∆v −∇p = ∇ (−ε|v|2) ,

(p,v)(x, 0) = (p0,v0) (x).

(6)

ù�·�Òò¯K=z�¦�§|(6)��Û·½5"

ÚÚÚnnn1. (ÛÜ�35) [20] [21] b�é?¿�s > d
2
§k(p0,v0) ∈ Hs

(
Rd
)
× Hs

(
Rd
)
"�3���

mT§÷v

T = T
(
‖p0‖Hs(Rd) , ‖v0‖Hs(Rd)

)
> 0§¦�XÚ(6)k���)(p,v) ∈ C

(
[0, T ), Hs

(
Rd
))
"

�e5·�òÅÚm©y²¤I�¦^Ún§�
�e5y²��B§·�Äk�ï'uX

Ú(6)����5XÚµ

 pt −∆p−∇v + rp = 0,

vt − ε∆v −∇p = 0.
(7)

éu?¿��K�êl§�§|(7)�l�Uþð�ªXeµ

1

2

d

dt

(∥∥∇lp∥∥2
L2 +

∥∥∇lv∥∥2
L2

)
+
∥∥∇l+1p

∥∥2
L2 + ε

∥∥∇l+1v
∥∥2
L2 + r

∫
R3

(
∇lp

)2
dx = 0. (8)

ùp��{´|^�§|(7)¥�1���§¥v�ÑÑ(�5�EpÚv�m��pUþ�O"·

�ò∇l©OA^u�§(7)1Ú(7)2§2©O�−∇l∇ · v Ú∇l+1p�SÈ",�é(J?1È©¿�
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\§·��±��Xe(Jµ

d

dt

∫
R3

∇l+1p · ∇lvdx+
∥∥∇l∇ · v∥∥2

L2 + (1 + ε)

∫
R3

∇l+2p · ∇l+1vdx

−
∥∥∇l+1p

∥∥2
L2 + r

∫
R3

∇l+1p · ∇lvdx = 0.

(9)

w,ù��Øv±�Ñé�ª(8)��O"�·��e'up�UþÑÑ�§µ

1

2

d

dt

(∥∥∇l+1p
∥∥2
L2 +

∥∥∇l+1v
∥∥2
L2

)
+
∥∥∇l+2p

∥∥2
L2 + ε

∥∥∇l+2v
∥∥2
L2 + r

∫
R3

(
∇l+1p

)2
dx = 0. (10)

é?¿�δ > 0§·�(Ü�ª(8)§(9)Ú(10)§�±��

1

2

d

dt

(∥∥∇lp∥∥2
L2 +

∥∥∇lv∥∥2
L2 +

∥∥∇l+1p
∥∥2
L2 +

∥∥∇l+1v
∥∥2
L2 + 2δ

∫
R3

∇l+1p · ∇lvdx
)

+
[∥∥∇l+1p

∥∥2
L2 +

∥∥∇l+2p
∥∥2
L2 + δ ‖∇′∇ · v‖2L2 + ε

∥∥∇l+1v
∥∥2
L2 + ε

∥∥∇l+2v
∥∥2
L2

+(1 + ε)δ

∫
R3

∇l+2p · ∇l+1vdx− δ
∥∥∇l+1p

∥∥2
L2 + r

∥∥∇lp∥∥2
L2 + r

∥∥∇l+1p
∥∥2
L2 + δr

∫
R3

∇l+1p · ∇lvdx
]

= 0.

(11)

ÏL�·���δ§·��±ÏL��Ù¥����5ïá�εÃ'�pÚv�UþÑÑ"�â±þ

(J�oÚ§·��±�ÑUþ�Oµ

El(t) :=
∥∥∇lp∥∥2

L2 +
∥∥∇lv∥∥2

L2 +
∥∥∇l+1p

∥∥2
L2 +

∥∥∇l+1v
∥∥2
L2 + 2δ

∫
R3

∇l+1p · ∇lvdx,

Fl(t) :=
∥∥∇l+1p

∥∥2
L2 +

∥∥∇l+2p
∥∥2
L2 + δ

∥∥∇l∇ · v∥∥2
L2 + ε

∥∥∇l+1v
∥∥2
L2

+ ε
∥∥∇l+2v

∥∥2
L2 + (1 + ε)δ

∫
R3

∇l+2p · ∇l+1vdx− δ
∥∥∇l+1p

∥∥2
L2

+ r
∥∥∇lp∥∥2

L2 + r
∥∥∇l+1p

∥∥2
L2 + δr

∫
R3

∇l+1p · ∇lvdx.

(12)

Ù¥l�?¿��K�ê§~êδ÷v0 < δ < 1"ù�·�Òk
��Ä��UþÑÑ(�(12)"

ÚÚÚnnn2. é?¿��K�êl§El(t) ÚFl(t)÷v(12)¥�½Â"@ok

1

2

d

dt
El(t) + Fl(t) =

∫
R3

∇lp∇l∇ · (pv)dx+

∫
R3

∇l+1p∇l+1∇ · (pv)dx− δ
∫
R3

∇l∇ · v∇l∇ · (pv)dx

− ε
∫
R3

∇lv · ∇l∇|v|2dx− ε
∫
R3

∇l+1v · ∇l+1∇|v|2dx− δε
∫
R3

∇l+1p · ∇l+1|v|2dx

− r
∫
n3

∇lp · ∇l|p|2dx− r
∫ l+1

p · ∇l+1|p|2dx+ δr

∫
R3

∇l|p|2 ·
(
∇l∇ · v

)
dx.

(13)
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yyy²²² ò∇l©O�^u�§(6)1Ú(6)2§2©O�∇`pÚ∇`v�SÈ§·��±��

1

2

d

dt

∥∥∇lp∥∥2
L2 +

∥∥∇l+1p
∥∥2
L2 −

∫
R3

∇lp∇l∇ · vdx+ r
∥∥∇lp∥∥2

L2

=

∫
R3

∇lp∇l∇ · (pv)dx− r
∫
R3

∇lp · ∇l|p|2dx,

1

2

d

dt

∥∥∇lv∥∥2
L2 + ε

∥∥∇l+1v
∥∥2
L2 −

∫
R3

∇l+1p∇lvdx = −ε
∫
R3

∇lv · ∇∇l|v|2dx,

dþ¡�ü��ª·��±��µ

1

2

d

dt

(∥∥∇lp∥∥2
L2 +

∥∥∇lv∥∥2
L2

)
+
∥∥∇l+1p

∥∥2
L2 + ε

∥∥∇l+1v
∥∥2
L2 + r

∥∥∇lp∥∥2
L2

=

∫
R3

∇lp∇l∇ · (pv)dx− r
∫
R3

∇lp · ∇l|p|2dx− ε
∫
R3

∇lv · ∇∇l|v|2dx.
(14)

Ó�§·�ò∇l+1©O�^u�§(6)1Ú(6)2§2©O�∇l+1pÚ∇l+1v�SÈ§·��±��

1

2

d

dt

(∥∥∇l+1p
∥∥2
L2 +

∥∥∇l+1v
∥∥2
L2

)
+
∥∥∇l+2p

∥∥2
L2 + ε

∥∥∇l+2v
∥∥2
L2 + r

∥∥∇l+1p
∥∥2
L2

=

∫
R3

∇l+1p∇l+1∇ · (pv)dx− r
∫
R3

∇l+1p · ∇l+1|p|2dx− ε
∫
R3

∇l+1v · ∇∇l+1|v|2dx.
(15)

�X§·�ò∇l+1©O�^u�§(6)1Ú(6)2§¿©O�−∇l∇ · v Ú∇`+1p�SÈ§B�±��X

e�ªµ

−
∫
R3

(
∇lp

)
t
· ∇l∇vdx+

∫
R3

∇l+2p · ∇l+1vdx+
∥∥∇l∇ · v∥∥2

L2 − r
∫
R3

∇lp · ∇l+1vdx

= −
∫
R3

∇l∇ · (pv)∇l∇ · vdx+ r

∫
R3

∇l|p|2 ·
(
∇l∇v

)
dx,

∫
R3

(
∇lv

)
t
· ∇l+1pdx− ε

∫
R3

∇l+2v · ∇l+1pdx−
∥∥∇l+1p

∥∥2
L2 = −ε

∫
R3

∇l+1p · ∇l+1|v|2dx.

ò±þüª�Ükµ

d

dt

∫
R3

∇l+1p∇vdx+
∥∥∇l+1v

∥∥2
L2 + (1 + ε)

∫
R3

∇l+2p · ∇l+1vdx−
∥∥∇l+1p

∥∥2
L2 − r

∫
R3

∇lp · ∇l+1vdx

= −
∫
R3

∇l∇ · (pv)∇l∇ · vdx− ε
∫
R3

∇l+1p · ∇l+1|v|2dx+ r

∫
R3

∇l|p|2 ·
(
∇l∇ · v

)
dx.

(16)
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�·�ò�ª(14)§(15)Ú(16)�Üå5�Òk±e�ªµ

1

2

d

dt

(∥∥∇lp∥∥2
L2 +

∥∥∇l+1p
∥∥2
L2 +

∥∥∇lv∥∥2
L2 +

∥∥∇l+1v
∥∥2
L2 + 2δ

∫
R3

∇l+1p · ∇lvdx
)

+
∥∥∇l+1p

∥∥2
L2 +

∥∥∇l+2p
∥∥2
L2 + r

∥∥∇lp∥∥2
L2 + r

∥∥∇l+1p
∥∥2
L2 + δ

∥∥∇l∇v∥∥2
L2 + ε

∥∥∇l+1v
∥∥2
L2

+ ε
∥∥∇l+2v

∥∥2
L2 + δ(1 + ε)

∫
R3

∇l+2p · ∇l+1vdx− δ
∥∥∇l+1p

∥∥2
L2 − δr

∫
R3

∇lp · ∇l∇vdx

=

∫
R3

∇lp · ∇l∇ · (pv)dx+

∫
R3

∇l+1p · ∇l+1∇ · (pv)dx− δ
∫
R3

∇l∇v · ∇l∇ · (pv)dx

− ε
∫
R3

∇lv · ∇l∇ · |v|2dx− ε
∫
R3

∇l+1v · ∇l+1∇ · |v|2dx− δε
∫
R3

∇l+1p · ∇l+1|v|2dx

− r
∫
R3

∇lp · ∇l|p|2dx− r
∫
R3

∇l+1p · ∇l+1|p|2dx+ δr

∫
R3

∇l|p|2 ·
(
∇l∇ · v

)
dx.

²L�½�©ÜÈ©�B�±��(13)§±þÒ´Ún2��'y²"

�

ÚÚÚnnn3. é?¿l ≥ 0k

El(t) :'
∥∥∇lp∥∥2

L2 +
∥∥∇l+1p

∥∥2
L2 +

∥∥∇lv∥∥2
L2 +

∥∥∇l+1v
∥∥2
L2 ,

Fl(t) :'
∥∥∇l+1p

∥∥2
L2 +

∥∥∇l+2p
∥∥2
L2 +

∥∥∇l+1v
∥∥2
L2 + ε

∥∥∇l+2v
∥∥2
L2 +

∥∥∇lp∥∥2
L2 +

∥∥∇lv∥∥2
L2 ,

Ù¥§A ' B ⇔ c0B ≤ A ≤ ĉ0B§c0 Úĉ0�~ê"

yyy²²² ÏLYoungØ�ª��©¤J��ü�Ä�¯¢§·��±íÑ∣∣∣∣∫
R3

∇`+1p · ∇`vdx
∣∣∣∣ ≤ ∥∥∇`+1p

∥∥2
L2 +

∥∥∇`v∥∥2
L2 ,∣∣∣∣∫

R3

∇`+2p · ∇`+1vdx

∣∣∣∣ ≤ ∥∥∇`+2p
∥∥2
L2 + C

∥∥∇`∇ · v∥∥2
L2

Ïd§�±éN´/é�~êc0 Úĉ0 §l
��¤I�(Ø"

�

,�·�ò½Â±eCþ

K1 =
∫
R3 ∇lp∇l∇ · (pv)dx,

K2 =
∫
R3 ∇l+1p∇l+1∇ · (pv)dx− δ

∫
R3 ∇l∇ · v∇l∇ · (pv)dx,

K3 = −ε
∫
R3 ∇lv · ∇l∇|v|2dx,

K4 = ε
∫
R3 ∇l+1∇v · ∇l+1|v|2dx− δε

∫
R3 ∇l+1p · ∇l+1|v|2dx,

K5 = −r
∫
R3 ∇lp · ∇l|p|2dx,

K6 = −r
∫
R3 ∇l+1p · ∇l+1|p|2dx,

K7 = δr
∫
R3 ∇l|p|2 ·

(
∇l∇ · v

)
dx.
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ôr�§$ù�

@o�ª(13)Ò�±�¤

1

2

d

dt
El(t) + Fl(t) = K1 + K2 + K3 + K4 + K5 + K6 + K7 (17)

@oy3¯K�'�´��'u�K1, K2, K3, K4, K5, K6 ÚK7.��O"3�©¥§·�òæ^

k��O"Äk§·�b��§(6)�)(p,v)éu?¿�t ∈ [0, T ]÷v

∥∥∇2p(t)
∥∥2
L2(Rd)

+
∥∥∇2v(t)

∥∥2
L2(Rd)

≤ 2ĉ0
c0
M2

0 (18)

Ú

‖p(t)‖2H1(Rd) + ‖v(t)‖2H1(Rd) ≤ κ20 (19)

Ù¥c0 Úĉ0 5gÚn3"

ÚÚÚnnn4. ·�-�§|(6)�)÷v(18)Ú(19)"é?¿�M0 > 0§XJk0v
�§@o�3���

~êc1§é?¿�t ∈ [0, T ]§¦�
d

dt
El(t) + c1Fl(t) ≤ 0. (20)

Ù¥�l = 0, 1, · · · , k − 1"

yyy²²² �e5�y²ò©�n�Ü©"

ÚÚÚ½½½���(l = 0)

3�e5�y²¥§·�òª��¦^±eü�Ø�ªµ

‖f‖L3(R3) ≤ C‖f‖
1
2

L2(R3)‖∇f‖
1
2

L2(R3), ‖f‖L6(R3) ≤ C‖∇f‖L2(R3). (21)

þãü�Ø�ªdG-NØ�ªÚSobolevØ�ª��"
b��Ø�ª(18)�(19)�ò3�e5�

y²¥Øä¦^"Ù¥§'uK1�K4®²3©z [20]¥k
�[�y²"¤±�e5ùpò�

ÑK5�K7�y²"

|K1| =
∣∣∣∣−∫

R3

∇p · (pv)dx

∣∣∣∣ ≤ Cκ0 (‖∇p‖2L2(R3) + ‖∇v‖2L2(R3)

)
, (22)

|K2| =
∣∣∣∣∫

R3

(
∇2p+ δ∇ · v

)
(∇p · v + p∇ · v)dx

∣∣∣∣ ≤ Cκ0 (∥∥∇2p
∥∥2
L2(R3)

+ ‖∇v‖2L2(R3)

)
, (23)

|K3| = ε

∣∣∣∣ ∫
R3

v · ∇|v|2dx
∣∣∣∣ = ε

∣∣∣∣− ∫
R3

|v|2∇ · vdx
∣∣∣∣ ≤ Cκ0‖∇v‖2L2(R3), (24)

|K4| = ε

∣∣∣∣∫
R3

(∇(∇ · v)− δ∇p) · ∇ |v|2 dx
∣∣∣∣ ≤ Cκ0 (‖∇p‖2L2(R3) + ε

∥∥∇2v
∥∥2
L2(R3)

)
, (25)
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éuK5�K7§·�$^(21)�ü�Ø�ª±9HölderØ�ª§·��±íÑ

|K5| =
∣∣∣∣−r ∫

R3

p · |p|2 dx
∣∣∣∣ ≤ C‖p‖L2‖p‖L3‖p‖L6 ≤ C‖p‖

3
2

L2‖∇p‖
3
2

L2

≤ Ck0
(
‖p‖2L2 + ‖∇p‖2L2

)
,

(26)

|K6| =
∣∣∣∣−r ∫

R3

∇p · ∇ |p|2 dx
∣∣∣∣ ≤ C ‖∇p‖L2 ‖∇p‖L3 ‖∇p‖L6

≤ C‖∇p‖
3
2

L2‖∇2p‖
3
2

L2 ≤ Ck0
(
‖∇p‖2L2 +

∥∥∇2p
∥∥2
L2

)
,

(27)

|K7| =
∣∣∣∣δr ∫

R3

|p|2 (∇ · v)dx

∣∣∣∣ ≤ C‖v‖L2‖p‖L3‖∇p‖L6

≤ C‖v‖L2‖p‖
1
2

L2‖∇p‖
1
2

L2‖∇2p‖L2 ≤ Ck0
(
‖v‖2L2 + ‖∇2p‖2L2

)
.

(28)

ò(22)�(28)�\�(17)¥§¿$^Ún3�±��

1

2

d

dt
E0(t) + F0(t) ≤ C0k0

(
‖p‖2L2 + ‖v‖2L2 + ‖∇p‖2L2 + ‖∇v‖2L2 +

∥∥∇2p
∥∥2
L2 + ε

∥∥∇2v
∥∥2
L2

)
≤ C0

c0
k0F0(t).

¤±§XJ·�4k0·��§¦�
C0

c0
κ0 ≤ 1

2
§·�Ò�±é����êc1§¦�

1

2

d

dt
E0(t) + c1F0(t) ≤ 0.

ÚÚÚ½½½���(l = 1)

3�!¥§·�$^4ÙZ]úª§HölderØ�ªÚØ�ª(21)�±íÑ±e(Jµ

|K1| ≤ Cκ0
(∥∥∇2p

∥∥2
L2(R3)

+
∥∥∇2v

∥∥
L2(R3)

)
, (29)

|K2| ≤C
(
κ

1
2
0M

1
2
0 + κ0

)(∥∥∇3p
∥∥2
L2(R3)

+
∥∥∇2v

∥∥2
L2(R3)

)
, (30)

|K3| ≤ Cκ0
∥∥∇2v

∥∥2
L2(R3)

, (31)

|K4| ≤ Cκ
1
2
0M

1
2
0

(∥∥∇2p
∥∥2
L2 +

∥∥∇2v
∥∥2
L2 + ε

∥∥∇3v
∥∥2
L2

)
. (32)

$^Ó���{§�±��K5 ÚK6��O
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|K5| =
∣∣∣∣−r ∫

R3

∇p · ∇ |p|2 dx
∣∣∣∣ ≤ C‖∇p‖L2‖p‖

1
2

L2‖∇p‖
1
2

L2‖∇2p‖L2

≤ Ck0
(
‖∇p‖2L2 + ‖∇2p‖2L2

)
,

(33)

|K6| =
∣∣∣∣−r ∫

R3

∇2p · ∇2 |p|2 dx
∣∣∣∣ ≤ C ∥∥∇3p

∥∥
L2 ‖p‖L3 ‖∇p‖L6

≤ C
∥∥∇2p

∥∥
L2 ‖p‖

1
2

L2 ‖∇p‖
1
2

L2

∥∥∇3p
∥∥
L2 ≤ Ck0

(∥∥∇2ρ
∥∥2
L2 +

∥∥∇3ρ
∥∥2
L2

)
.

(34)


éuK7·�Äk$^©ÜÈ©Ú4ÙZ]úª��

|K7| =
∣∣∣∣δr ∫

R3

∇ |p|2
(
∇2 · v

)
dx

∣∣∣∣ =
2∑
j=0

Cj2

∫
R3

(∇ · v)∇jp∇2−jpdx,

Ù¥Cj2 :=

(
2

j

)
§Ïd·��±��

|K7| ≤ C
2∑
j=0

‖∇v‖L2

∥∥∇jp∇2−jp
∥∥
L2 .

3ù�Ø�ª¥§·�I��OØ�ªmý�1��"|^G-NØ�ªÚ��Ø�ª�±��

XeØ�ª§äNí�L§�ë�©z [20]

∥∥∇jp∇`−jv∥∥
L2(R3)

≤ C
(
κ

3
4
0M

1
4
0 + κ0

)(∥∥∇`+1p
∥∥
L2(R3)

+
∥∥∇`+1v

∥∥
L2(R3)

)
, (35)

∥∥∇jp∇`+1−jv
∥∥
L2(R3)

≤ C
(
κ

1
4
0M

3
4
0 + κ0

)(∥∥∇`+2p
∥∥
L2(R3)

+
∥∥∇`+1v

∥∥
L2(R3)

)
, (36)

�ÏL(36)·�Uí�Ñ

|K7| ≤ C
2∑
j=0

‖∇v‖L2

∥∥∇jp∇2−jp
∥∥
L2 ≤ Ck

3
4
0 M

1
4
0

(∥∥∇3p
∥∥2
L2 + ‖∇v‖2L2

)
. (37)

�Ü(29)�(34)Ú(37)�(17)¥§$^Ún3�±��

1

2

d

dt
E1(t) + F1(t) ≤ C1

(
k0 + k

1
2
0 M

1
2
0 + k

3
4
0 M

1
4
0

)
·
(
‖∇p‖2L2 + ‖∇v‖2L2 +

∥∥∇2p
∥∥2
L2 +

∥∥∇2v
∥∥2
L2 +

∥∥∇3p
∥∥2
L2 + ε

∥∥∇3v
∥∥2
L2

)
≤ C1

c0
k

3
4
0 M

1
4
0 F1(t).

Ó��§·�-k0v
�§¦�
C1

c0
κ

3
4
0M

1
4
0 ≤ 1

2
§Ò�3���~êc1÷v

1

2

d

dt
E1(t) + c1F1(t) ≤ 0.

DOI: 10.12677/pm.2024.145195 403 nØêÆ

https://doi.org/10.12677/pm.2024.145195


ôr�§$ù�

ÚÚÚ½½½nnn(l ≥ 2)

éuK1�K4§·�$^©ÜÈ©§(36)Ú(37)�±���A�Oµ

|K1| ≤ C
(
κ

3
4
0M

1
4
0 + κ0

)(∥∥∇`+1p
∥∥2
L2(R3)

+
∥∥∇`+1v

∥∥2
L2(R3)

)
, (38)

|K2| ≤ C
(
κ

1
4
0M

3
4
0 + κ0

)(∥∥∇`+2p
∥∥2
L2(R3)

+
∥∥∇`+1v

∥∥2
L2(R3)

)
, (39)

|K3| ≤ C
(
κ

3
4
0M

1
4
0 + κ0

)∥∥∇`+1v
∥∥2
L2(R3)

, (40)

|K4| ≤ C
(
κ

1
4
0M

3
4
0 + κ0

)(∥∥∇`+1p
∥∥2
L2(R3)

+
∥∥∇`+1v

∥∥2
L2(R3)

+ ε
∥∥∇`+2v

∥∥2
L2(R3)

)
. (41)

'uK5§·�Äk$^4ÙZ[úª�±��

K5 = r

∫
R3

∇lp · ∇l|p|2dx = r

l∑
j=0

Cjl

∫
R3

∇lp · ∇jp∇l−jpdx,

3¦^HölderØ�ªÒk

|K5| ≤ C
l∑

j=0

∥∥∇lp∥∥
L2

∥∥∇jp∇l−jp∥∥
L3 . (42)

aqK1�?n�ª§ò(35)¥�vO�¤p§k

∥∥∇lp∇l−jp∥∥
L2 ≤ C

(
k

3
4
0 M

1
4
0 + k0

)∥∥∇l+1p
∥∥
L2 . (43)

ù�·�U��K5�éA�Oµ

|K5| ≤ C
l∑

j=0

∥∥∇lp∥∥
L2

∥∥∇jp∇l−jp∥∥
L2 ≤ C

(
k

3
4
0 M

1
4
0 + k0

)∥∥∇l+1p
∥∥
L2

∥∥∇lp∥∥
L2

≤ C
(
k

3
4
0 M

1
4
0 + k0

)(∥∥∇l+1p
∥∥2
L2 +

∥∥∇lp∥∥2
L2

)
.

(44)

'uK6§k

K6 = r

∫
R3

∇l+1p · ∇l+1|p|2dx =
l∑

j=0

Cjl

∫
R3

∇l+1p · ∇jp∇l+1−jpdx,

$^HölderØ�ª�±��

|K6| ≤ C
l∑

j=0

∥∥∇l+1p
∥∥
L2

∥∥∇jp∇l+1−jp
∥∥
L2 .
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ôr�§$ù�

Ù¥§é?¿�j ≥ 0§ò(36)¥�vO�¤p§�±íÑ

∥∥∇jp∇l+1−jp
∥∥
L2 ≤ C

(
k

1
4
0 M

3
4
0 + k0

) (∥∥∇l+2p
∥∥
L2 +

∥∥∇l+1p
∥∥
L2

)
. (45)

�·�U��K6��O

|K6| ≤ C
(
k

1
4
0 M

3
4
0 + k0

)(∥∥∇l+1p
∥∥2
L2 +

∥∥∇l+2p
∥∥2
L2

)
. (46)

Ó��§éuK7Äk^HölderØ�ª�§2$^(45)�±��

|K7| ≤ C
(
k

1
4
0 M

3
4
0 + k0

)(∥∥∇lv∥∥2
L2 +

∥∥∇l+1p
∥∥2
L2 +

∥∥∇l+2p
∥∥2
L2

)
. (47)

@o(Ü(38)�(41)±9(44)§(46)Ú(47)�\�(17)¥§·�íÑ

1

2

d

dt
El(t) + Fl(t) ≤ C

(
k0 + k

1
4
0 M

3
4
0

)
·
(∥∥∇lp∥∥2

L2 +
∥∥∇lv∥∥2

L2 +
∥∥∇l+1p

∥∥2
L2

+
∥∥∇l+1v

∥∥2
L2 +

∥∥∇l+2p
∥∥2
L2 + ε

∥∥∇l+2v
∥∥2
L2

)
≤ C2

c0
k

1
4
0 M

3
4
0 Fl(t).

(48)

·�-k0v
�§Ò�±¦�
C2

c0
k0

1
4M

3
4
0 ≤ 1

2
§·�Ué����~êc1¦�

1

2

d

dt
El(t) + c1Fl(t) ≤ 0,

Ù¥§l ≥ 2"±þÒ´Ún4���y²"

�

ÚÚÚnnn5. (k��O) b��§|(6)�)(p,v)÷vÚÚÚnnn5=±eb�

∥∥∇lp(t)∥∥2
L2 +

∥∥∇l+1p(t)
∥∥2
L2 +

∥∥∇lv(t)
∥∥2
L2 +

∥∥∇l+1v(t)
∥∥2
L2 + c1

∫ t

0

(∥∥∇lp(τ)
∥∥2
L2

+
∥∥∇l+1p(τ)

∥∥2
L2 +

∥∥∇l+2p(τ)
∥∥2
L2 +

∥∥∇lv(τ)
∥∥2
L2 +

∥∥∇l+1v(τ)
∥∥2
L2 + ε

∥∥∇l+2v(τ)
∥∥2
L2

)
dτ

≤ ĉ0
c0

(∥∥∇lp0∥∥2L2 +
∥∥∇l+1p0

∥∥2
L2 +

∥∥∇lv0

∥∥2
L2 +

∥∥∇l+1v0

∥∥2
L2

)
.

(49)

Ù¥t ∈ [0, T ] Úl = 0, 1, · · · , k − 1"

yyy²²² �±��lÚn3ÚÚn4��§�ùp�ÑL§" �

3. ½½½nnn1���yyy²²²

yyy²²² éu?¿�t ∈ [0, T ]§3Ø�ª(49)·��l = 0§k

‖p(t)‖2H1 + ‖v(t)‖2H1 ≤
ĉ0
c0

(
‖p0‖2H1 + ‖v0‖2H1

)
≤ ĉ0
c0
η2.
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-ηv
�§¦� ĉ0
c0
η2 ≤ κ20§@o�±íÑ

‖p(t)‖2H1(Rd) + ‖v(t)‖2H1(Rd) ≤ κ20, t ∈ [0, T ],

ù�ÒÚ(19)��
"·�UY-(49)¥l = 1§�±��

∥∥∇2p(t)
∥∥2
L2 +

∥∥∇2v(t)
∥∥2
L2 ≤

ĉ0
c0

(
‖∇p0‖2L2 +

∥∥∇2p0
∥∥2
L2 + ‖∇v0‖2L2 +

∥∥∇2v0

∥∥2
L2

)
≤ ĉ0
c0

(
η2 +M2

0

)
≤ 2ĉ0

c0
M2

0 ,

ù�(18)���"@oò(49)¥l = 0, 1, · · · , k − 1�(JÑ�Ü3�å§·��±��

‖p(t)‖2Hk + ‖v(t)‖2Hk +

∫ t

0

(
‖p(τ)‖2Hk + ‖v(τ)‖2Hk−1 + ε

∥∥∇k+1v(τ)
∥∥2
L2

)
dτ

≤ C
(
‖p0‖2Hk + ‖v0‖2Hk

)
,

@o�âÚn1�ÛÜ�35ÚÚn5�k��OÒ�±��)(p,v)��Û�35§Ïd½n��

y"

�

�©y²
3n��¹eäkÛ5ÚLogistic
�ªz�.�·½5"éuLogistic
�3XÚ

¥å����»�^��ª�Ø
²(§�5òUYïÄÙ¥�Å�"
Ù¦�U�¤J§X1

Å)§"*Ñ4�ÚÂñÇ�§·�òUY&¢ÚïÄÙ(J"
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