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Abstract

An interconnection network is usually modeled as an undirected, connected graph

G = (V (G), E(G)), where V (G) represents vertex set, V (G) represents edge set, and

nodes represent processors, edges represent communication links between processors.

In the interconnect network, the failure of processors or communication links is un-

avoidable. We focus on the fault tolerance of the network. The connectivity plays

an important role in measuring the fault tolerance and reliability of interconnection

networks. Traditional connectivity only allows processor or communication link to

fail, its scope of application is relatively limited. Under this background, the strong

connectivity of the network is proposed. Strong connectivity allows both the processor

and the communication link to fail at the same time and is a derivative of traditional

connectivity. Obviously more applicable to general situations. Leaf graphs have many

good properties. In this paper, we study some strong connectivity of leaf graphs, and

the strong connectivity and strong natural connectivity of leaf graphs are obtained.
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1. Úó

��pé�äÏ~¬��ï¤��Ã�ãG = (V (G), E(G))§Ù¥V (G) = {v1, v2, . . . , vn} �
LãG�º:8§E(G) = {e1, e2, . . . , en}�LXãG�>8§º:vÚ>e©O�LXpé�ä¥�
?nìÚ?nì�m�Ï&ó´"éuãG�?¿��º:v§·�^NG(v)5L«:v���§=

Úv�ë�º:8§-NG[v] = NG(v) ∪ {v}§^EG(v)L«Úv�ë�>8"-U ⊆ V (G)´ãG�

��º:f8§NG(U) =
⋃

v∈U NG(v) \ UL«º:8U���"-V ′ ⊆ V (G)´ãG���º:f

8§dV ′p�Ñ5���fãG[V ′] ´��º:8´V ′§>8´ãG¥’ü�à:Ñ3V ′¥�¤k
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>8�8Ü"·�^dG(v)5L«º:v3ãG¥�Ý§δ(G) = min{dG(v)| v ∈ V (G)}L«ãG��
�Ý"3��ãG¥§XJ?¿��º:v�ÝÑ�k§@o·�Ò¡ãG´k�Kã[1]"

3pé�ä¥§du?nì½öÏ&ó´¬u)�æ§¤±ëÏ53ïþpé�ä�N�5

Ú��5�¡åX���^[2–5]"�.�ä�N�UåÏ~ïþ�´3�äÿÀ¥u)��½

êþ�!:�æ½ó´�æ§�ä�±3õ�§Ýþ�±�k�5�§3ù���µe§ïÄ


�ä¥�«���ëÏ5"~XµZhaoÚHao�<[6]ïÄ
�/ã�2ÂëÏÝ¶Guo�<[7]ïÄ


òUa�á�N�ëÏ5��ëÏ5¶Lin�<[8]ïÄ
�á�N�(�ëÏÝ�f(�ëÏ

Ý¶GuoÚLu�<[9]ïÄ
(ã�>N��Strong Menger>ëÏ5¶Wang�<[10]ïÄ
�/(

ã�rëÏ5¶Feng�<[11]ïÄ
Óã�2-�	ëÏÝ¶Wang�<[12]ïÄ
�/ã�ëÏ5§

��"

Ù¥rëÏ5�±#N?nìÚÏ&ó´Ó�u)�æ"DÚ��ëÏ5�#N?nìu)

�æ§>ëÏ5�#NÏ&ó´u)�æ"§�·^��'�Û�"rëÏ5w,´DÚëÏ5

�û)"�·^u���¹"3ù�©Ù¥§·�Ì�ïÄ�/ãCFn��
rëÏ5§¿���


�/ã�rëÏÝ[10]±9rg,ëÏÝ[10]"

2. ý��£

(1) �/ã

·�^Sn5L«d{1, 2, . . . , n}þ�¤k��§^p1p2 · · · pn5L«��

(
1 2 · · · n

p1 p2 · · · pn

)
§

��(ij)��¡�é�§5¿µ´�� �i Újþ������£Ø����iÚj¤§=(p1 · · · pi
· · · pj · · · pn)(ij) = (p1 · · · pj · · · pi · · · pn)"�â�êÆ�k'�£·���§{(1i) : i = 2, 3, . . . , n}
´é¡+Sn���)¤8"Ïd§{(1i) : i = 2, 3, . . . , n} ∪ {(j(j +1)) : j = 2, 4, . . . , n− 1} (n ´Û
ê)Ú{(1i) : i = 2, 3, . . . , n} ∪ {(j(j +1)) : j = 2, 4, . . . , n− 2} (n´óê)�´Sn���)¤8§n�

�/ãCFn�½ÂXeµ

½Â2.1 �n�Ûê�§n��/ãCFn ´��±Sn�º:8§{(u, v)|u = v(1i)(i ∈ [2, n]), u =

v(i(i+ 1))(i ∈ {2, 4, . . . , n− 1})}�>8�ã¶�n�óê�§n��/ãCFn´��±Sn�º:8§

{(u, v)|u = v(1i)(i ∈ [2, n]), u = v(i(i+ 1))(i ∈ {2, 4, . . . , n− 2})}�>8�ã"

·��±�âz�º:���� �þ�êr�/ãCFn y©¤n�ØÓ�fãµCF
1
n−1,

CF 2
n−1, . . . , CF

n
n−1§~XµifãCF i

n−1pz��º:����� �þ�êÑ´�½�i(i ∈
[1, n])"éw,§z��CF i

n−1�CFn−1´Ó��[11]"�
�B§·�{ü�L«�µCFn =

CF 1
n−1 ⊕ CF 2

n−1 ⊕ · · · ⊕ CFn
n−1§Ù¥⊕�L«CFn��A©)"

?¿�^>Ñkü�à:§·�rü�à: uØÓfã�>¡�	Ü>"XJü^>Ø

��(vkú��º:)§·�Ò¡§�´Ø�'�"éu?¿fãp¡�º:u§·�^u+L

«u(1n)§^u−L«u((n − 1)n§-n�Ûê�§N+
u = {u+, u−}§[1, n]p�?¿ü��êi, j§·

�rifãÚjfã�m¤këX���>^Ei,j(CFn) = ECFn
(V (CF i

n−1), V (CF j
n−1)) 5L«§�

âCFn�½Â·���§�n´Ûê��ÿ§CFn´���¹
n!�º:�
3n−3

2
�Kã¶�n´óê
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��ÿ§CFn´���¹
n!�º:�
3n−4

2
�Kã"2�!3�!4���/ãCF2§CF3ÚCF4�ã

1"

Figure 1. The leaf-sort graphs CF2, CF3 and CF4

ã 1. �/ãCF2§CF3ÚCF4

½n2.2 ([12]) CFn´�Üã"

½n2.3 ([12]) �n�Ûê�§?¿ü�ØÓ�fãCF i
n−1 �m�3X2(n− 2)!^Õá���>¶n

�óê�§?¿ü�ØÓ�fãCF i
n−1�m�3X(n− 2)!^Õá���>"

½n2.4 ([12]) -v ∈ CF i
n−1§(1 ≤ i ≤ n)§Kn�Ûê�§v+ Úv−áuü�ØÓ�fãCF j

n−1
′s§

Ù¥j 6= i¶n�óê�§v+áuCF j
n−1§Ù¥j 6= i"

½n2.5 ([13]) éuifãCF i
n−1p¡�?¿ü�ØÓ�º:u§v§n�Ûê�§N

+
u ∩N+

v = ∅¶n�
óê�§u+ 6= v+"

½n2.6 ([13]) �n�Ûê�§éu1Ú2fãCF
[1,2]
n−1 p¡�?¿��º:u§§�ü�	Ü���

½k��33�nfãCF
[3,n]
n−1 p§=u

+ ∈ V (CF
[3,n]
n−1 )½öu

− ∈ V (CF
[3,n]
n−1 )"
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(2) ½Â�5�

½Â2.7 ([10]) �G = (V,E)´���²�ëÏã§F ⊆ V ∪ E§eδ(G− F ) ≥ g§Kr�æ8F¡
�rg-Ð��æ8"¦G− FØëÏ���rg-Ð��æ8F�¡�ãG���rg-Ð��"rg-Ð
�����ÄêÒ�¡�ãG�rg-Ð�ëÏÝ§^κλg(G) L«"eãGk��rg-Ð��§K

ëÏãG´rg-Ð�ëÏ�"ãG�r0-Ð�ëÏ��¡�ãG�rëÏÝ§P�κλ(G)¶ãG�

r1-Ð�ëÏ��¡�ãG�rg,ëÏÝ§P�nκλ(G)"eF ⊆ E§ãG�rg,ëÏÝ¡�

ãG�rg,>ëÏÝ§^nλ(G)5L«"

b�g
′ ≥ g§e��ëÏãG´rg′

-Ð�ëÏ�§@ãGk��rg
′
-Ð��F"Ïdδ(G−F ) ≥

g
′
§@oδ(G− F ) ≥ g"ÏdãG´rg-Ð�ëÏ�"dd�±��e��½n"

½n2.8 ([10]) -g
′ ≥ g§�G´��rg′

-Ð�ëÏã"Kκλg
′

(G) ≥ κλg(G)"

½Â2.9 ([10]) �G = (V,E)´���²�ëÏã§F ⊆ V ∪ E§eG− F�z�©|��kg�º
:§Kr�æ8F¡�rg-�	�æ8"¦G − FØëÏ���rg-�	�æ8F �¡�ãG��
�rg-�	�"rg-�	����ÄêÒ�¡�ãG �rg-�	ëÏÝ§^κ̃λg(G) L«"eãGk

��rg-�	�§KëÏãG´rg-�	ëÏ�"

b�g
′ ≥ g§e��ëÏãG´rg

′
-�	ëÏ�§@oãGk��rg

′
-�	�F"Ïd�±

��G − F�z�©|��kg′
�º:§@oG − F�z�©|��kg�º:"ÏdëÏãG´

rg-�	ëÏ�"dd�±��µ

½n2.10 ([10]) -g
′ ≥ g§�G´��rg′

-�	ëÏã"Kκ̃λg
′

(G) ≥ κ̃λg(G)"

½n2.11 ([10]) -g
′ ≥ g§�G´��rg-Ð�ëÏã"Kκλg(G) ≥ κ̃λg(G)"

½n2.12 ([10]) -g
′ ≥ g§�G´��rg-�	ëÏã§�g = 0, 1�§kκλg(G) = κ̃λg(G)"

XJãG�z���£r¤£>¤�FÑU�áÑ5��º:§KëÏãG´£r¤�|F |£>¤
ëÏ�"d	§eG− Fkü�©|§Ù¥��©|´�á:§KãG´£r¤;�|F |£>¤ëÏ
�"XJëÏãG�z���g,£r¤£>¤�FÑU�áÑ5�^>§KëÏãG´£r¤�|F |
£>¤g,ëÏ�"d	§eG − Fkü�©|§Ù¥��©|´�^>§KãG´£r¤;�|F |
£>¤g,ëÏ�"

½n2.13 ([12]) -CFn´��n��/ã(n ≥ 2)§n�Ûê�§CFn�ëÏÝκ(CFn) =
3n−3

2
¶n�

óê�§CFn�ëÏÝκ(CFn) =
3n−4

2
"

½n2.14 ([12]) -CFn´��n��/ã(n ≥ 2)§n�Ûê�§CFn �>ëÏÝλ(CFn) =
3n−3

2
¶n

�óê�§CFn �ëÏÝλ(CFn) =
3n−4

2
"

Ún2.15 ([13]) -CFn´��n��/ã(n ≥ 4)§n�Ûê�§CFn´;�
3n−3

2
ëÏ�¶n�óê

�§CFn´;�
3n−4

2
ëÏ"

Ún2.16 ([14]) �n ≥ 4§-F ⊂ V (CFn)§n�Ûê§|F | ≤ 3n − 6¶n�óê§|F | ≤ 3n − 7�"

eCFn − FnØëÏ§Kk±eü«�¹:

(1) CFnkü�Ü©§Ù¥����á:¶
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(2) CFnkn�Ü©§Ù¥ü���á:"

Ún2.17 ([14]) -F ⊂ E(CF3),|F | ≤ 3 �§eCFnØëÏ§KCFnkü�Ü©§Ù¥����á

:"

Ún2.18 ([14]) �n ≥ 3§-F ⊂ E(CFn)§n�Ûê§|F | ≤ 3n − 6¶n�óê§|F | ≤ 3n − 7�"

eCFnØëÏ§KCFnkü�Ü©§Ù¥����á:¶

3. �/ãCFn�r;�ëÏ5

½n3.1 éu?¿�ên ≥ 3§n�Ûê�§κλ(CFn) =
3n−3

2
¶n�óê�§κλ(CFn) =

3n−4
2
"

y²µ-F�CFn���r�§XJF ⊂ V (CFn)§d½n2.13��§�n�Ûê�§|F | = 3n−3
2
¶n

�óê�§|F | = 3n−4
2
"eF ⊂ E(CFn)§d½n2.14��§�n�Ûê�§|F | = 3n−3

2
¶n�óê

�§|F | = 3n−4
2
"�T½néþãü«�¹¤á"

b�n ≥ 3�§F * V (CFn)"·�-n�Ûê�§|F | ≤ 3n−5
2
¶n�óê�§|F | ≤ 3n−6

2
§Ó�

�Fv = F ∩V (CFn)§Fv 6= ∅§Fe = F ∩E(CFn)§Fe 6= ∅"dd�±�Ñn�Ûê�§|Fv| ≤ 3n−7
2
¶

n�óê�§|Fv| ≤ 3n−8
2
§@od½n2.13��§CFn − Fv´ëÏ�"duFe�CFn − Fv���

>�§�CFn − Fv − Fekü�©|"-|Fe| = i"Ï�n ≥ 3§¤±�n�Ûê�kn! − |Fv| ≥
n!− ( 3n−5

2
− i) ≥ 2(i+ 1)¶�n�óê�kn!− |Fv| ≥ n!− ( 3n−6

2
− i) ≥ 2(i+ 1)"Ïd§3CFn −

Fv − Fe¥k��©|C§÷v|V (C)| ≥ i+ 1"-VC�CFn − Fv ¥�Fe�'é:�8Ü§d

u|VC | ≤ |Fe| = i"·��±��µ�n�Ûê�§|VC |+ |Fv| ≤ |Fe|+ |Fv| = |F | ≤ 3n−5
2
¶n�óê

�§|VC |+|Fv| ≤ |Fe|+|Fv| = |F | ≤ 3n−6
2
"d½n2.13��§CFn−Fv−Fe´ëÏ�§=CFn−Fë

Ï§�F�CFn���r�gñ"K�n�Ûê�§|F | ≥ 3n−3
2
¶n�óê�§|F | ≥ 3n−4

2
"

-u = (1)v = (12)"�n�Ûê�§-F = {(1, i) : 3 ≤ i ≤ n} ∪ {i(i+ 1) : i = 246 · · ·n− 1} ∪
{uv}¶�n�óê�§-F = {(1, i) : 3 ≤ i ≤ n} ∪ {i(i + 1) : i = 246 · · ·n − 2} ∪ {uv}"�±w
ÑF�CFn���r�"¤±�n�Ûê�§κλ(CFn) ≤ 3n−3

2
¶n�óê�§κλ(CFn) ≤ 3n−4

2
§�

�y"

½n3.2 éu?¿�ên ≥ 4§n�Ûê�§CFn´;�
3n−3

2
>ëÏ¶n�óê�§CFn´;

� 3n−4
2
>ëÏ"

y²µ-F�CFn���>�§n�Ûê�§|F | = 3n−3
2
§n�óê�§|F | = 3n−4

2
"-Fi = F ∩

E(CF i
n)§Ù¥i ∈ [1n]§�-|F1| ≥ |F2| ≥ · · · ≥ |Fn|"�C�CFn¥¤k��>�8Ü§Ó�

-Fc = F ∩ C"e¡·�én�©a?Øµ

£1¤�n = 4�§|F | = 4§k±e�¹µ

�¹1µ |F1| ≤ 2

3d�¹e§·��±��i ∈ [14]�§|Fi| ≤ 2§CF i
4
∼= CF3§d½n2.14��§i ∈ [14]�§

CF i
4 − FiëÏ"Ï�|Fc| ≤ 4§|N(V (CF i

4 − Fi))| = (4− 1)! = 6 > |Fc|§�CF4 − FëÏ"

�¹2µ|F1| = 3

3d�¹e§·��±��i ∈ [24]�§|Fi| ≤ 1§|Fc| ≤ 1§CF i
4
∼= CF3§d½n2.14��§
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CF i
4−FiëÏ"qd½n2.3��§?¿ü�fã¥k(4−2)! = 2^��>§du(4−2)! = 2 > |Fc|§

�CF4[V (CF 2
4 −F2)∪ V (CF 3

4 −F3)∪ V (CF 4
4 −F4)]−Fc´ëÏ�"d½n2.17��§CF 1

4 −F1½

´ëÏ�½kü�©|§Ù¥����á:"�CF4 − F1ëÏ�§du(4 − 2)! = 2 > |Fc|§
KCF4−FëÏ¶�CF4−F1kü�©|§Ù¥����á:v�"1e{v+} = Fi§Ù¥i ∈ {234}§
½ö|v+ ∩ (F2 ∪ F3 ∪ F4)| = 1 §d�CF4 − Fkü�©|§Ù¥����á:§�y"ÄKëÏ§
�F�CFn���>�gñ"

�¹3µ |F1| = 4

3d�¹e§·��±��i ∈ [24]§|Fi| = 0§|Fc| = 0§d½n2.149½n2.3��§CF4−Fë
Ï"

£2¤�n ≥ 5�§·�k±e�¹µ

T(Jén = 4¤á§·�yén�êÆ8B§b�T(ØéCFn−1¤á"

�¹1µ n�Ûê�§|F1| ≤ 3n−9
2
¶n�óê�§|F1| ≤ 3n−8

2
"

3d�¹e§·��±��i ∈ [1n]§�n�Ûê�§|Fi| ≤ 3n−9
2
§|Fc| ≤ 3n−3

2
¶n�óê

�§ |Fi| ≤ 3n−8
2
§ |Fc| ≤ 3n−4

2
"dun ≥ 5��Ûê�§2(n − 2)! > 3n−3

2
¶n ≥ 6��óê

�(n− 2)! > 3n−4
2
§2(Ü½n2.149½n2.3��§CF4 − FëÏ"

�¹2µ n�Ûê�§|F1| = 3n−7
2
¶n�óê�§|F1| = 3n−6

2
"

3d�¹e§·��±��i ∈ [2n]§�n�Ûê�§|Fi| ≤ 2§|Fc| ≤ 2¶n�óê�§|Fi| ≤ 1§

|Fc| ≤ 1"duCF i
n
∼= CF3§d½n2.14��§CF i

n − Fi´ëÏ�"qd½n2.3��§�n ≥ 5�

�Ûê�§2(n− 2)! > 2 ≥ |Fc|¶�n ≥ 6��óê�§(n− 2)! > 1 ≥ |Fc|"KCFn[V (CF 2
n −F2)∪

V (CF 3
n−F3)∪· · ·∪V (CFn

n −Fn)]−Fc ´ëÏ�"d8Bb���§CFn−F1½´ëÏ�½kü�

©|§Ù¥����á:v"eCFn − F1´ëÏ�§d½n2.3��§CFn − F´ëÏ�§���>
�gñ"eCFn − F1kü�©|§Ù¥����á:v�§1e�n�Ûê�§|Fc| = 2�FcTÐþ

�v'é½ö|N+
v ∩(F2∪F3∪· · ·∪Fn)| = 2¶n�óê�§Fc�v'é½ö|v+∩(F2∪F3∪· · ·∪Fn)| = 1§

d�CFn(V (CF 1
n − F1 − v) ∪ V (CF 2

n − F2) ∪ · · · ∪ V (CFn
n − Fn))− FcëÏ§�CFn − Fkü�©

|§Ù¥����á:§�y"ÄKCFn − FëÏ§�F���>�gñ"

�¹3µ n�Ûê�§ 3n−5
2
≤ |F1| ≤ 3n−3

2
¶n�óê�§|F1| = 3n−4

2
"

3d�¹e§·��±��i ∈ [2n]�§�n�Ûê�§ |Fi| ≤ 1§ |Fc| ≤ 1¶n�óê�§

|Fi| ≤ 0§|Fc| ≤ 0"duCF i
4
∼= CF3§d½n2.14��§CF i

n − Fi´ëÏ�§qd½n2.3��§

�n ≥ 5��Ûê�§2(n−2)! > 1 ≥ |Fc|¶�n ≥ 6��óê�§(n−2)! > 0 ≥ |Fc|"�CFn−Fë
Ï§�F���>�gñ"

nþ¤ã§Ún�y"

½n3.3 éu?¿�ên ≥ 4§n�Ûê�§CFn´r;�
3n−3

2
ëÏ¶�n�óê�§CFn ´r;

� 3n−4
2
ëÏ"

y²µ-F�CFn���r�§n�Ûê�§ |F | = 3n−3
2
¶n�óê�§ |F | = 3n−4

2
"-Fi =

F ∩ V (CF i
n)§F

e
i = F ∩ E(CF i

n)§Ù¥i ∈ [1n]§�-|F1 ∪ F e
1 | = max{|Fi ∪ F e

i ||i = 12 · · ·n}"
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�C�CFn¥¤k��>�8Ü§Ó�Fc = F ∩ C"e¡·�én?1©a?Øµ

£1¤�n = 4�§|F | = 4"

�¹1µ 0 ≤ |F1 ∪ F e
1 | ≤ 2

3d�¹e§du|F1 ∪ F e
1 | = max{|Fi ∪ F e

i ||i = 12 · · ·n}§d½n3.1��§i ∈ [14]§CF i
4 −

Fi − F e
iëÏ"2d½n2.4��§|N(CF i

n)| = 6 > |F |"�CF4 − FëÏ§gñ"

�¹2µ|F1 ∪ F e
1 | = 3

3d�¹e§·��±��|F2∪F e
2 |+ |F3∪F e

3 |+ |F4∪F e
4 |+ |Fc| = 1§duCF i

4
∼= CF3§d½

n3.1��i ∈ [24]�§CF i
4−Fi−F e

iþëÏ"qd½n2.3��§?¿ü�fã¥k(4−2)! = 2^�

�>§du(4−2)! = 2 > 1§�CF4[V (CF 2
4−F2−F e

2 )∪V (CF 3
4−F3−F e

3 )∪V (CF 4
4−F4−F e

4 )]−Fc´

ëÏ�"du|F1∪F e
1 | = 3§·��±wÑ§CF 1

4 −F1−F e
1k±en«�¹µ(1) CF 1

4 −F1−F e
1´

ëÏ�¶(2) CF 1
4 − F1 − F e

1kü�©|§Ù¥����á:¶(3) CF 1
4 − F1 − F e

1 �n��á:"

�CF 1
4 −F1−F e

1ëÏ�§Ï�|F2 ∪F e
2 |+ |F3 ∪F e

3 |+ |F4 ∪F e
4 |+ |Fc| = 1§|N(V (CF 1

4 −F1−F e
1 )∩

(V (CF 2
4 )∪ V (CF 3

4 )∪ V (CF 4
4 ))| ≥ 3 > 1§KCF4 −FëÏ¶�CF 1

4 −F1 −F e
1kü�©|§Ù¥�

���á:u�"b�{u+} = Fi§Ù¥i ∈ {234}§½öuTÐ�Fc'é�§d�CF4 − Fkü�©
|§Ù¥����á:§�y"ÄKCF4 − FëÏ§gñ¶�CF 1

4 − F1 − F e
1 �n��á:�§�

Ù¥��á:�v�"b�{v+} = Fi§Ù¥i ∈ {234}§½övTÐ�Fc'é�§KCF4 − Fkü�
©|§Ù¥����á:§�y§ÄKCF4 − FëÏ§gñ"

�¹3µ |F1 ∪ F e
1 | = 4

3d�¹e§|Fi ∪ F e
i | = 0§|Fc| = 0§d½n3.192.4��§CF4 − FëÏ§gñ"

£2¤�n ≥ 5�§·�k±e�¹µ

T(Jén = 4¤á§·�yén�êÆ8B§b�T(ØéCFn−1¤á"

�¹1µ n�Ûê�§|F1 ∪ F e
1 | ≤ 3n−9

2
¶n�óê�§|F1 ∪ F e

1 | ≤ 3n−8
2
"

3d�¹e§n�Ûê�§|Fi ∪ F e
i | ≤ 3n−9

2
§|Fc| ≤ 3n−3

2
¶n�óê�§|Fi ∪ F e

i | ≤ 3n−8
2
§

|Fc| ≤ 3n−4
2
"d½n3.1��i ∈ [1n]§CF i

n−Fi−F e
iëÏ§2d½n2.4��CFn−FëÏ§gñ"

�¹2µ n�Ûê�§|F1 ∪ F e
1 | = 3n−7

2
¶n�óê�§|F1 ∪ F e

1 | = 3n−6
2
"

3d�¹e§�n�Ûê�§|F2 ∪ F e
2 | + |F3 ∪ F e

3 | + · · · + |Fn ∪ F e
n| + |Fc| = 2¶n�óê�§

|F2 ∪ F e
2 | + |F3 ∪ F e

3 | + · · · + |Fn ∪ F e
n| + |Fc| = 1"b�CF 1

n − F1 − F e
1ëÏ§d½n2.4��§

n ≥ 5��Ûê�k2[(n− 1)!− 3n−7
2

] ≥ 2¶n ≥ 6��óê�k(n− 1)!− 3n−7
2
≥ 1"�CFn − Fë

Ï§gñ¶b�CF 1
n − F1 − F e

1ØëÏ�§d8Bb��§¬kü�©|§Ù¥����á

:v§1en�Ûê�§|N(v) ∩ (F2 ∪ F3 · · ·Fn)| = 2§½ö|Fc| = 2 �Fc �vþ'é¶n�óê�§

|N(v)∩ (F2 ∪F3 · · ·Fn)| = 1§½ö|Fc| = 1�Fc�v'é§d�CFn−Fk��á:§�y"ÄKë
Ï§gñ"

�¹3µ n�Ûê�§ 3n−5
2
≤ |F1 ∪ F e

1 | ≤ 3n−3
2
¶n�óê�§|F1 ∪ F e

1 | = 3n−4
2
"

3d�¹e§n�Ûê�§|F2 ∪ F e
2 | + |F3 ∪ F e

3 | + · · · + |Fn ∪ F e
n| + |Fc| ≤ 1¶n�óê�§
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���§�=

|F2 ∪F e
2 |+ |F3 ∪F e

3 |+ · · ·+ |Fn ∪F e
n|+ |Fc| = 0§d½n2.49½n3.1��§CFn−FëÏ§gñ"

4. �/ãCFn�rg,ëÏ5

½n4.1 éu?¿�ên ≥ 5§n�Ûê�§CFn�;�3n − 5g,ëÏ¶n�óê�§CFn�;

�3n− 6g,ëÏ"

y²µ -F ⊆ V (CFn)�CFn���g,�§�n�Ûê�§|F | = 3n − 5§n�óê�§|F | =
3n − 6"-Fi = F ∩ V (CF i

n)§Ù¥ i ∈ [1n]§�-|F1| ≥ |F2| ≥ · · · ≥ |Fn|"e¡·�©Ûêóê
ü«�¹Ðm?Øµ

(²1µ�n�Ûê�§|F3| ≥ 1¶�n�óê�§|F2| ≥ 1"

(²1�y²µ�n�Ûê�§ |F3| ≥ 1"e|F3| = 0§K|F3| = |F4| = · · · = |Fn| = 0"d½

n2.1392.3��§CFn[V (CF 3
n) ∪ V (CF 4

n) ∪ · · · ∪ V (CFn
n )]ëÏ"2d½n2.6��§CFn − Fë

Ï§gñ¶�n�óê�§|F2| ≥ 1"e|F2| = 0§K|F2| = |F3| = · · · = |Fn| = 0"d½n2.139½

n2.3��§CFn − FëÏ§gñ"�y"

d(²1��§�n�Ûê�§1 ≤ |F1| ≤ 3n − 7§�d|F | = 3n − 5�1 ≤ |F2| ≤ 3n−7
2
"

ÄK1e|F2| ≥ 3n−5
2
§Kk|F | ≥ 2 × 3n−5

2
+ 1 = 3n − 4 > |F |§gñ§�y¶�n�óê�§

1 ≤ |F1| ≤ 3n − 7"�d|F | = 3n − 6�1 ≤ |F2| ≤ 3n−6
2
"ÄK1e|F2| ≥ 3n−4

2
§Kk|F | ≥

2× 3n−4
2

= 3n− 4 > |F |§gñ§�y"

�¹1µ n�Ûê�§|F1| ≤ 3n−9
2
¶n�óê�§|F1| ≤ 3n−8

2
"

du|F1| = max{|Fi||1 ≤ i ≤ n}"d½n2.13��§CF i
n − FiëÏ"dun ≥ 5��Ûê�§

2(n − 2)! > 3n − 9 = |Fi| + |Fj |¶n ≥ 6��óê�§(n − 2)! > 3n − 8 = |Fi| + |Fj |§Ù¥i 6= j

�ij ∈ [1n]§2d½n2.3��§CFn − FëÏ§gñ

�¹2µ n�Ûê�§ 3n−7
2
≤ |F1| ≤ 3n− 10¶n�óê�§ 3n−6

2
≤ |F1| ≤ 3n− 9"

f�¹2.1µ n�Ûê�§|F2| ≤ 3n−9
2
¶n�óê�§|F2| ≤ 3n−8

2
"

3d�¹e§·��±��i ∈ [2n]§n�Ûê�§|Fi| ≤ 3n−9
2
¶n�óê�§|Fi| ≤ 3n−8

2
"a

qu�¹1§·��±��§CFn[V (CF i
n − Fi) ∪ V (CF j

n − Fj)]´ëÏ�§Ù¥i 6= j�ij ∈ [2n]§

�CFn[V (CF 2
n−F2)∪V (CF 3

n−F3)∪· · ·∪V (CFn
n−Fn)]ëÏ"eCF

1
n−F1ëÏ§�|Fn| = 2§n ≥ 5�

�Ûê�k2(n−1)+ 3n−7
2

= 7n−11
2

> 3n−5¶n ≥ 6��óê�k§K2(n−1)+ 3n−6
2

= 7n−10
2

> 3n−
6§�gñ"Ïd|Fn| ≤ 1§qÏ�n ≥ 5��Ûê�§2(n−2)! > 3n−10+1 = 3n−9 ≥ |F1|+ |Fn|¶
n ≥ 6��óê�§(n−2)! > 3n−9+1 = 3n−8 ≥ |F1|+ |Fn|§¤±CFn[V (CF 1

n −F1)∪V (CFn
n −

Fn)]ëÏ§�CFn−FëÏ¶eCF 1
n−F1ØëÏ§d½n2.16��§CF 1

n−F1½kü�©|§Ù¥�

���á:§½kn�©|§Ù¥ü���á:"-C�CF 1
n−F1¥���©|§Ï�n ≥ 5��Û

ê�2[(n−1)!−(3n−10)−2] > 3n−5− 3n−7
2
¶n ≥ 6��óê�(n−1)!−(3n−9)−2 > 3n−6− 3n−6

2
§

�CFn[V (C) ∪ V (CF2 − F2) ∪ V (CF3 − F3) ∪ · · · ∪ V (CFn − Fn)]ëÏ"�F���g,�gñ"

f�¹2.2µn�Ûê�§|F2| = 3n−7
2
¶n�óê�§|F2| = 3n−6

2
"

3d�¹e§n�Ûê�§|F3|+|F4|+· · ·+|Fn| ≤ 2¶n�óê�§|F3|+|F4|+· · ·+|Fn| = 0"d
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���§�=

½n2.139½n2.3��§CFn[V (CF 3
n−F3)∪V (CF 4

n−F4)∪· · ·V (CFn
n−Fn)]ëÏ"b�CF

2
n−F2ë

Ï§n ≥ 5��Ûê�§2[(n− 1)!− 3n−7
2

] > 2¶n ≥ 6��óê�(n− 1)!− 3n−6
2

> 0"d½n2.6�

�§CFn[V (CF 2
n − F2) ∪ V (CF 3

n − F3) ∪ · · ·V (CFn
n − Fn)]ëÏ"1eCF

1
n − F1ëÏ§n ≥ 5�

�Ûê�§2[(n − 1)! − (3n − 10)] > 3n − 5 − 3n−7
2
¶n ≥ 6��óê�(n − 1)! − (3n − 9) >

3n − 6 − 3n−6
2
§ÏdCFn[V (CF 1

n − F1) ∪ V (CF 2
n − F2) ∪ · · ·V (CFn

n − Fn)]ëÏ§=CFn − Fë
Ï§gñ¶1eCF 1

n − F1ØëÏ§�â^�dÚn2.16��§CF 1
n − F1kü�©|§Ù¥���

�á:½ökn�©|§Ù¥ü���á:"·�-C�CF 1
n − F1���©|§n ≥ 5��Ûê

�§2[(n − 1)! − (3n − 10) − 2] > 3n − 5 − 3n−7
2
¶n ≥ 6��óê�§(n − 1)! − (3n − 9) − 2 >

3n− 6− 3n−6
2
§KCFn[V (C)∪ V (CF 2

n − F2)∪ · · ·V (CFn
n − Fn)]ëÏ§�F���g,�gñ"b

�CF 2
n − F2ØëÏ§d½n2.15��§CF 2

n − F2kü�©|§Ù¥����á:"-B�Ù��

©|§n ≥ 5��Ûê�§2[(n − 1)! − 3n−7
2
− 1] > 2¶n ≥ 6��óê�(n − 1)! − 3n−6

2
− 1 > 0§

�CFn[V (B) ∪ V (CF 3
n − F3) ∪ · · ·V (CFn

n − Fn)]ëÏ"1eCF
1
n − F1ëÏ§n ≥ 5 ��Ûê

�2[(n− 1)!− (3n− 10)] > 3n− 5− 3n−7
2
¶n ≥ 6��óê�(n− 1)!− (3n− 9) > 3n− 6− 3n−6

2
§Ï

dCFn[V (CF 1
n−F1)∪V (B)∪· · ·∪V (CFn

n −Fn)]ëÏ§�F���g,�gñ¶1eCF
1
n−F1Øë

Ï§dÚn2.16��§CF 1
n −F1kü�©|§Ù¥����á:½ökn�©|§Ù¥ü���á

:"-B
′
�Ù��©|§n ≥ 5��Ûê�§2[(n−1)!−(3n−10)−2] > 3n−5− 3n−7

2
¶n ≥ 6��ó

ê�(n−1)!−(3n−9)−2] > 3n−6− 3n−6
2
§��CFn[V (B)∪V (B

′
)∪V (CF 3

n−F3)∪· · ·V (CFn
n−Fn)]ë

Ï"d�eCFn − FØëÏ�§ke�Ê«�¹µ(1) CFn − Fkü�©|§Ù¥����á:§
gñ¶(2) CFn −Fkn�©|§Ù¥ü���á:§gñ¶(3) CFn −Fko�©|§Ù¥n��
�á:§gñ¶(4) CFn −Fkü�©|§Ù¥����á>§�y¶(5) CFn −Fkn�©|§Ù
¥����á:§,����á>§gñ"

�¹3µ n�Ûê�§3n− 9 ≤ |F1| ≤ 3n− 7¶n�óê�§3n− 8 ≤ |F1| ≤ 3n− 7"

3d�¹e§��n�Ûê�§|F2|+ |F3|+ · · ·+ |Fn| ≤ 4¶n�óê�§|F2|+ |F3|+ · · ·+ |Fn| ≤
2"d½n2.392.13��§CFn[V (CF 2

n−F2)∪V (CF 3
n−F3)∪· · ·V (CFn

n−Fn)]ëÏ"1eCF
1
n−F1ë

Ï�§d½n2.4��§CFn−FëÏ§gñ¶1eCF 1
n −F1ØëÏ§�B1§B2§· · ·§Bk�CF

1
n −

F1�©|§e|V (Bj)| ≥ 3§�n�Ûê�§|N(V (Bj))|∩|[V (CF 2
n)∪V (CF 3

n)∪· · ·V (CFn
n )]| ≥ 6 > 4¶

�n�óê�§|N(V (Bj))| ∩ |[V (CF 2
n)∪ V (CF 3

n)∪ · · ·V (CFn
n )]| ≥ 3 > 2"d�CF 1

n − F1kü�©

|§Ù¥����á:¶½kn�©|§Ù¥ü���á:¶½ko�©|§Ù¥n���á:§

±þþØÎ§gñ¶½kü�©|§Ù¥����á>§�y"

½n4.2 éu?¿�ên ≥ 3§n�Ûê�§nλ(CFn) = 3n− 5; �n�óê�§nλ(CFn) = 3n− 6"

y²µ -u = (1)§v = (12)"�n�Ûê�§F = {ux : x ∈ {(1, i) : 3 ≤ i ≤ n} ∪ {j(j + 1) : j =

2, 4, · · · , n − 1}} ∪ {vx : x ∈ {(1, i) : 3 ≤ i ≤ n} ∪ {j(j + 1) : j = 2, 4, · · · , n − 1}}¶n�óê�§
F = {ux : x ∈ {(1, i) : 3 ≤ i ≤ n} ∪ {j(j + 1) : j = 2, 4, · · · , n − 2}} ∪ {vx : x ∈ {(1, i) : 3 ≤ i ≤
n} ∪ {j(j + 1) : j = 2, 4, · · · , n− 2}}"d½n2.2��§CFnÃÛ�§Kkx ∈ V (CFn − F )§n�Û
ê�§dCFn−F (x) ≥ 3n−5

2
≥ 1¶n�óê�§dCFn−F (x) ≥ 3n−6

2
≥ 1"�F�CFn���g,>�§

Kn�Ûê�§nλ(CFn) ≤ 3n − 5; �n�óê�§nλ(CFn) ≤ 3n − 6"dÚn2.18��§n�Ûê

�§|F | ≥ 3n− 5¶n�óê�§|F | ≥ 3n− 6"Ïd�n�Ûê�§nλ(CFn) = 3n− 5; �n�óê

�§nλ(CFn) = 3n− 6§�y"
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���§�=

½n4.3 éu?¿n ≥ 3�§n�Ûê�§CFn��g,3n-5>ëÏ¶n�óê�§CFn��g

,3n-6>ëÏ"

y²µ�F�CFn���g,>�"d½n4.2��§n�Ûê�§ |F | = 3n − 5¶n�óê�§

|F | = 3n− 6"-Fi = F ∩ E(CF i
n)§Ù¥i ∈ [1, n]§�|F1| > |F2| > · · · > |Fn|"�C�CFn¥¤k

��>|¤�8Ü§·�-Fc = F ∩ C"�e5·�én�©a?Øµ

(1) n = 3§|F | = 4§w,d�CF3 − F½ëÏ§gñ¶½küÜ©§Ù¥�Ü©��á:§gñ¶
½küÜ©§Ù¥�Ü©��á>§¤á"

(2) n = 4§|F | = 6§k±e�¹µ

�¹1µ|F1| ≤ 2

3d�¹e§i ∈ [1, 4]�§|Fi| ≤ 2§|Fc| ≤ 6§duCF i
4
∼= CF3§Kd½n2.14��§CF i

4 −
FiëÏ"2d½n2.3��§e|Fc∩([V (CF 1

4 ), V (CF 2
4 )]∪ [V (CF 1

4 ), V (CF 3
4 )]∪ [V (CF 1

4 ), V (CF 4
4 )])|

= 6§d��w,§CF4 − Fkü�©|§Ù¥���CF 1
4 − F1§gñ"e|Fc| < 6§KCF4 − Fë

Ï§gñ"

�¹2µ|F1| = 3

f�¹2.1µ|F2| ≤ 2

3d�¹e§i ∈ [2, 4]�§|Fi| ≤ 2§|Fc| ≤ 3§CF i
4
∼= CF3§Kd½n2.14��§CF i

4 − Fië

Ï"2d2.3��§?¿ü�fã¥k(4− 2)! = 2^��>§KCF4[V (CF 2
4 −F2)∪ V (CF 3

4 −F3)∪
V (CF 4

4 − F4)] − Fc ëÏ"duCF
1
4
∼= CF3§d½n3.2��§CF 1

4 − F1ëÏ½kü�©|§Ù¥

����á:"d|F2|+ |F3|+ |F4|+ |Fc| = 3��§CF4 − FëÏ½kü�©|§Ù¥����á
:"þØÎ§gñ

f�¹2.2µ|F2| = 3

3d�¹e§|F3|+ |F4|+ |Fc| = 0§d½n2.39½n2.14��§CF4[V (CF 3
4 −F3)∪V (CF 4

4 −
F4)]−FcëÏ"1e�i ∈ [1, 2]�§CF i

4−FiëÏ"�w,CF4−FëÏ§gñ¶1eCF 1
4 −F1ëÏ§

�CF 2
4 − F2ØëÏ�§d½n3.2��§CF 2

4 − F2kü�©|§Ù¥����á:§du|Fc| = 0§

w,CF4−FëÏ§gñ¶e�i ∈ [1, 2]�§CF i
4−FiØëÏ§Kd½n3.2��§CF i

4−Fikü�©

|§Ù¥����á:vi§�â|Fc| = 0��§CF4[V (CF 1
4 −F1−v1)∪V (CF 2

4 −F2−v2)∪V (CF 3
4 −

F3)∪V (CF 4
4 −F4)]−FcëÏ"yb�v1v2�ë§Kd½n2.4�§|N(vi)∩(V (CF 3

4 )∪V (CF 4
4 ))| = 0§

d|F3|+ |F4|+ |Fc| = 0��§T·K¤á"�CF4−Fkü�©|§Ù¥����á>v1v2§�y"
ÄKëÏ§gñ"

�¹3µ|F1| = 4

3ù«�¹e§|F2| + |F3| + |F4| + |Fc| = 2§d½n2.392.14��§CF4[V (CF 2
4 − F2) ∪

V (CF 3
4 − F3) ∪ V (CF 4

4 − F4)]− FcëÏ"duCF
1
4
∼= CF3§d(1)��§CF 1

4 − F1½ëÏ§½kü

�©|§Ù¥����á:§½kü�©|§Ù¥����á>uv§d½n2.4��§CF4 − F½
kü�©|§Ù¥����á>uv§�y"½ëÏ½kü�©|§Ù¥����á:§þØÎg

ñ"
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���§�=

�¹4µ5 ≤ |F1| ≤ 6

3ù«�¹e§|F2|+ |F3|+ |F4|+ |Fc| ≤ 1"d½n2.39½n2.14��§CF4[V (CF 2
4 − F2) ∪

V (CF 3
4 − F3) ∪ V (CF 4

4 − F4)]− Fc ëÏ"d��CF
1
4 − F1kB1, B2, · · · , Bk�©|§Ù¥k���

ê"�|V (Bk)| ≥ 2�§du|Fc| ≤ 1§��§CF4[V (Bk)∪V (CF 2
4 −F2)∪V (CF 3

4 −F3)∪V (CF 4
4 −

F4)]− FcëÏ§�CF4 − F½ëÏ½kü�©|§Ù¥����á:§þØÎ§gñ"

(3) n ≥ 5�§k±e�¹µ

�¹1µ�n�Ûê�§|F1| ≤ 3n−9
2
¶�n �óê�§|F1| ≤ 3n−8

2
"

3d�¹e§i ∈ [1, n]§�n�Ûê�§|Fi| ≤ 3n−9
2
§|Fc| ≤ 3n− 5¶n�óê�§|Fi| ≤ 3n−8

2
§

|Fc| ≤ 3n− 6"d½n2.14��§CF i
n−FiëÏ"Ï�n ≥ 5��Ûê�2(n− 2)! ≥ 3n− 5¶n ≥ 6�

�óê�(n− 2)! ≥ 3n− 6"2d½n2.3��§CFn[V (CF 1
n −F1)∪ V (CF 2

n −F2)∪ · · · ∪ V (CFn
n −

Fn)]− FcëÏ"�CFn − FëÏ§gñ"

�¹2µ�n�Ûê�§|F1| = 3n−7
2
¶�n�óê�§|F1| = 3n−6

2
"

f�¹2.1µ�n�Ûê�§|F2| ≤ 3n−9
2
¶�n�óê�§|F2| ≤ 3n−8

2
"

3d�¹e§i ∈ [2, n]§n�Ûê�§ |Fi| ≤ 3n−9
2
§ |Fc| ≤ 3n−3

2
¶n�óê�§i ∈ [2, n]§

|Fi| ≤ 3n−8
2
§|Fc| ≤ 3n−6

2
"d½n2.14��§CF i

n−FiëÏ"Ï�n ≥ 5��Ûê�2(n−2)! ≥ 3n−3
2
¶

n ≥ 6��óê�(n − 2)! ≥ 3n−6
2
§2d½n2.3��§CFn[V (CF 2

n − F2) ∪ V (CF 3
n − F3) ∪ · · · ∪

V (CFn
n −Fn)]−FcëÏ"d½n3.2��§CF 1

n−F1ëÏ½kü�©|§Ù¥����á:"-B�

Ù��©|§dun ≥ 5��Ûê�2[(n− 1)!− 1] > 3n−3
2
¶n ≥ 6��óê�(n − 1)!− 1 > 3n−6

2
"

KCFn[V (B) ∪ V (CF 2
n − F2) ∪ · · · ∪ V (CFn

n − Fn)] − Fc ëÏ"�CFn − F½ëÏ½kü�©|§
Ù¥����á:"þØÎ§gñ"

f�¹2.2µ�n�Ûê�§ 3n−7
2
≤ |F2| ≤ 3n−3

2
¶�n�óê�§|F2| = 3n−6

2
"

3d�¹e§i ∈ [3, n]§n�Ûê�§ |Fi| ≤ 3n−7
2
§ |Fc| ≤ 2¶n�óê�§ |Fi| ≤ 3n−6

2
§

|Fc| = 0"d½n2.12��§CF i
n − FiëÏ" 2(n − 2)! > 2§(n − 2)! > 0"2d½n2.3��§

CFn[V (CF 3
n −F3)∪V (CF 4

n −F4)∪ · · · ∪V (CFn
n −Fn)]−FcëÏ"1e�i ∈ [1, 2]�§CF i

n−Fië

Ï"�w,CFn−FëÏ§gñ¶1eCF 1
n−F1ëÏ§�CF

2
n−F2ØëÏ�§�kB1, B2, · · · , Bk©

|§Ù¥k���ê"�|V (Bk)| ≥ 2�§��§CFn[V (CF 1
n − F1) ∪ V (B) ∪ V (CF 3

n − F3) ∪ · · · ∪
V (CFn

n −Fn)]−FcëÏ§d�CFn −Fk��á:§gñ¶e�i ∈ [1, 2]�§CF i
n −FiØëÏ§K

d½n3.2��µCF i
n − Fikü�©|§Ù¥����á:vi§�â½n2.3��§CFn[V (CF 1

4 −
F1 − v1) ∪ V (CF 2

4 − F2 − v2) ∪ V (CF 3
4 − F3) ∪ V (CF 4

4 − F4)]− FcëÏ"1ev1, v2�ë§�n�Û

ê�§|Fc| = 2�Fc�viþ'é¶n�óê�§du|Fc| = 0§d�CFn − Fkü�©|§Ù¥��
��á>v1v2§�y"ÄK½ëÏ½kü�©|§Ù¥����á:§þgñ"

�¹3µ�n�Ûê�§ 3n−5
2
≤ |F1| ≤ 3n− 10¶�n�óê�§ 3n−4

2
≤ |F1| ≤ 3n− 9"

f�¹3.1µn�Ûê�§|Fi| ≤ 3n−9
2
¶n�óê�§|Fi| ≤ 3n−8

2
"

3d�¹e§i ∈ [2, n]§n�Ûê�§|Fi| ≤ 3n−9
2
§|Fc| ≤ 3n−5

2
¶n�óê�§|Fi| ≤ 3n−8

2
§

|Fc| ≤ 3n−8
2
"d½n2.14��§CF i

n−FiëÏ"Ï�n ≥ 5��Ûê�2(n−2)! ≥ 3n−7
2
¶n ≥ 6��ó
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���§�=

ê�(n−2)! ≥ 3n−7
2
§2d½n2.3��§CFn[V (CF 2

n−F2)∪V (CF 3
n−F3)∪· · ·∪V (CFn

n−Fn)]−Fcë

Ï"d½n2.18��§CF 1
n − F1½ëÏ§d�w,CFn − FëÏ§gñ¶½kü�©|§Ù¥��

��á:§dun ≥ 5��Ûê�2[(n− 1)!− 1] > 3n−5
2
¶n ≥ 6��óê�(n− 1)!− 1 > 3n−8

2
"�

d�CFn − Fkü�©|§Ù¥����á:§gñ"

f�¹3.2µ�n�Ûê�§ 3n−7
2
≤ |F2| ≤ 3n−5

2
"

3d�¹e§i ∈ [3, n]§|Fi| ≤ 3n−7
2
§|Fc| ≤ 1§d½n2.14��§CF i

n − FiëÏ"Ï�n ≥
5�2(n−2)! ≥ 1§2d½n2.3��§CFn[V (CF 3

n−F3)∪V (CF 4
n−F4)∪· · ·∪V (CFn

n−Fn)]−FcëÏ"

1e�i ∈ [1, 2]�§CF i
n−FiëÏ"�w,CFn−FëÏ§gñ¶1eCF 1

n−F1ëÏ§�CF
2
n−F2Ø

ëÏ�§du 3n−5
2
≤ 3n− 10§d½n2.17��§CF 2

n − F2kü�©|§Ù¥����á:§qÏ

�|Fc| ≤ 1§w,§CFn − FëÏ§gñ¶e�i ∈ [1, 2] �§CF i
n − FiØëÏ§Kd½n2.15��µ

CF i
n − Fikü�©|§Ù¥����á:vi§Ï�|Fc| ≤ 1§Kw,CFn − FëÏ§gñ"

�¹4µn�Ûê�§3n− 9 ≤ |F1| ≤ 3n− 5¶n�óê�§3n− 8 ≤ |F1| ≤ 3n− 6

d�§n�Ûê�§|F2| + |F3| + · · · + |Fc| ≤ 4¶n�óê�§|F2| + |F3| + · · · + |Fc| ≤ 2"

d½n2.392.14��§CFn[V (CF 2
n − F2) ∪ V (CF 3

n − F3) ∪ · · · ∪ V (CFn
n − Fn)] − FcëÏ"yb

�CF 1
n − F1kB1, B2, · · · , Bk�©|§Ù¥k���ê"�|V (Bk)| ≥ 3�§dun�Ûê�§|Fc| ≤

4¶n�óê�§|Fc| ≤ 2§��CFn[V (Bk)∪V (CF 2
n−F2)∪V (CF 3

n−F3)∪· · ·∪V (CF 4
n−Fn)]−Fcë

Ï§�CFn − FëÏ¶½kü�©|§Ù¥����á:¶½kn�©|§Ù¥ü���á:§±
þþØÎ¶½kü�©|§Ù¥����á>§�y"

Ún4.4 éu?¿n ≥ 4�§F ⊆ V (CFn) ∪ E(CFn)§��n�Ûê�§|F | ≤ 3n − 6¶�n�óê

�§|F | ≤ 3n− 7§KCFn − FeØëÏ�÷ve�ü«�¹µ(i) CFn − Fkü�©|§Ù¥��
��á:¶(ii) CFn − Fkn�©|§Ù¥ü���á:"

y²µ�n ≥ 4�§eF ⊆ V (CFn)§��n�Ûê�§|F | ≤ 3n− 6¶�n�óê�§|F | ≤ 3n− 7§

d½n2.16��§CFn − F÷ve�ü«�¹µ(i) CFn − Fkü�©|§Ù¥����á:¶(ii)

CFn −Fkn�©|§Ù¥ü���á:§¤á¶eF ⊆ E(CFn)§��n�Ûê�§|F | ≤ 3n− 6¶

�n�óê�§|F | ≤ 3n − 7§d½n2.17��§CFn − Fkü�©|§Ù¥����á:§�¤
á"

Ïd§b�n ≥ 4�§F ⊆ V (CFn) ∪ E(CFn)§��n�Ûê�§|F | ≤ 3n − 6¶n�óê�§

|F | ≤ 3n−7"·�b�CFn−F´ØëÏ�"Ù¥F ∩V (CFn) 6= ∅§F ∩E(CFn) 6= ∅§-Fi = F ∩
V (CF i

n)§F
e
i = F∩E(CF i

n)§Ù¥i ∈ [1, n]§�|F1∪F e
1 | ≥ |F2∪F e

2 | ≥ · · · ≥ |Fn∪F e
n|"�C�CFn¥

¤k��>�8Ü§-Fc = F ∩C§Ïd��§�n�Ûê�§1 ≤ |F1|+ |F2|+ · · ·+ |Fn| ≤ 3n−7§

1 ≤ |F e
1 | + |F e

2 | + · · · + |F e
n| ≤ 3n − 7¶�n�óê�§1 ≤ |F1| + |F2| + · · · + |Fn| ≤ 3n − 8§

1 ≤ |F e
1 |+ |F e

2 |+ · · ·+ |F e
n| ≤ 3n− 8"

�n = 4�§-|F | ≤ 5§Ï�CF i
4
∼= CF3"e|F | ≤ 3�§d½n3.1��§CF4 − FëÏ§g

ñ¶e|F | = 4�§d½n3.3��§CF4 − Fkü�©|§Ù¥����á:§�y¶e|F | = 5�§

CF4 − FØëÏ§�Ä±e�¹µ

�¹1µ|F1 ∪ F e
1 | = 5
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���§�=

d�§|F2 ∪ F e
2 |+ |F3 ∪ F e

3 |+ |F4 ∪ F e
4 |+ |Fc| = 0§w,CF4 − FëÏ§gñ"

�¹2µ|F1 ∪ F e
1 | = 4

d�§·��±��CF 1
4 − F1ke�6«�¹µ(1) ëÏ¶(2) �ü��á:¶(3) �n��á

:¶(4)kü�©|§Ù¥����á:¶(5)�ü^�á>¶(6)kn�©|§Ù¥ü���á:"

du|F2 ∪ F e
2 |+ |F3 ∪ F e

3 |+ |F4 ∪ F e
4 |+ |Fc| = 1§(Ü½n2.4��§�CF4 − F´�¹(1)½(5)�§

CF4 − FëÏ§gñ¶�CF4 − F´Ù¦�¹�§CF4 − FØëÏ�§kü�©|§Ù¥����
á:§�y"

�¹3µ|F1 ∪ F e
1 | = 3

d�§·��±��CF 1
4 −F1ke�3«�¹µ(1)ëÏ¶(2)kü�©|§Ù¥����á:¶

(3) �n��á:¶du|F2 ∪F e
2 |+ |F3 ∪F e

3 |+ |F4 ∪F e
4 |+ |Fc| = 2§(Ü½n2.4��§CF4−F½

ëÏ§½kü�©|§Ù¥����á:§½kn�©|§Ù¥ü�´�á:§�y"

�¹3µ0 ≤ |F1 ∪ F e
1 | ≤ 2

d�§d½n3.1��§i ∈ [1, 4]§CF i
4−Fi−F e

iëÏ§du|N(CF i
n| = 6 > |F |§�CF4−Fë

Ï§gñ"

Ïd§d(Øén = 4¤á§·�én�8B{§b��n ≥ 5�§CFn−1�¤á§e¡·�

wCFn"

(2) �n ≥ 5§n�Ûê�§-|F | ≤ 3n− 6¶n�óê�§-|F | ≤ 3n− 7"

�¹1µn�Ûê�§|F1 ∪ F e
1 | ≤ 3n−9

2
¶n�óê�§|F1 ∪ F e

1 | ≤ 3n−8
2

d�µ�i ∈ [1n]§n�Ûê�§|Fi∪F e
i | ≤ 3n−9

2
§|Fc| ≤ 3n−6¶n�óê�§|Fi∪F e

i | ≤ 3n−8
2
§

|Fc| ≤ 3n − 7"d½n3.1��§CF i
n − Fi − F e

iëÏ§Ï�n ≥ 5��Ûê�2(n − 2)! > 3n − 6¶

n ≥ 6��óê�(n− 2)! > 3n− 7§2(Ü½n2.3��§CFn − FëÏ"

�¹2µn�Ûê�§|F1 ∪ F e
1 | = 3n−7

2
¶n�óê�§|F1 ∪ F e

1 | = 3n−6
2
"

f�¹2.1µn�Ûê�§|F2 ∪ F e
2 | ≤ 3n−9

2
¶n�óê�§|F2 ∪ F e

2 | ≤ 3n−8
2
"

d�§n�Ûê�§|F3 ∪ F e
3 | + |F4 ∪ F e

4 | + · · · + |Fn ∪ F e
n| + |Fc| ≤ 3n−5

2
¶n�óê�§|F3 ∪

F e
3 | + |F4 ∪ F e

4 | + · · · + |Fn ∪ F e
n| + |Fc| ≤ 3n−8

2
"d½n3.1��§�i ∈ [2n]�§CF i

n − Fi − F e
ië

Ï"Ï�n ≥ 5��Ûê�2(n − 2)! > 3n−5
2
¶n ≥ 6��óê�(n − 2)! > 3n−8

2
"2(Ü½n2.3�

�§CFn[V (CF 2
n − F2 − F e

2 ) ∪ V (CF 3
n − F3 − F e

3 ) ∪ · · · ∪ V (CFn
n − Fn − F e

n)] − FcëÏ"d½

n3.3��§CF 1
n − F1 − F e

1½ëÏ½kü�©|§Ù¥����á:"�CF
1
n − F1 − F e

1ëÏ�§

w,CFn − FëÏ"�CF 1
n − F1 − F e

1kü�©|§Ù¥����á:v�§Ï�n ≥ 5��Ûê

�2[(n− 1)!− 3n−7
2
− 1] > 3n−5

2
¶n ≥ 6��óê�(n− 1)!− 3n−6

2
− 1 > 3n−8

2
§2(Ü½n2.3��§

CFn[V (CF 1
n −F1−F e

1 −v)∪V (CF 2
n −F2−F e

2 )∪ · · ·∪V (CF 2
n −F2−F e

2 )]−FcëÏ"�CFn−Fk
ü�©|§Ù¥����á:§�y"

f�¹2.2µn�Ûê�§|F2 ∪ F e
2 | = 3n−7

2
"

d�§|F3∪F e
3 |+|F4∪F e

4 |+· · ·+|Fn∪F e
n|+|Fc| ≤ 1"aquþãf�¹2.1��§CFn[V (CF 3

n−
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���§�=

F3−F e
3 )∪V (CF 4

n −F4−F e
4 )∪ · · ·∪V (CFn

n −Fn−F e
n)]−FcëÏ"�i ∈ {1, 2}�§d½n3.3��§

CF i
n−Fi−F e

i½ëÏ½kü�©|§Ù¥����á:vi"b�CF
i
n−Fi−F e

iëÏ§w,CFn−F
ëÏ¶b�CF 1

n −F1−F e
1 ØëÏCF

2
n −F2−F e

2ëÏ�§Ï�n ≥ 5�2[(n− 2)!− 3n−7
2
− 1] > 1§

�CFn[V (CF 1
n−F1−F e

1−v1)∪V (CF 2
n−F2−F e

2 )∪· · ·∪V (CFn
n−Fn−F e

n)]−FcëÏ"�CFn−F½ë
Ï½kü�©|§Ù¥����á:¶b�CF i

n−Fi−F e
iØëÏ§d½n3.3��§CF i

n−Fi−F e
ik

ü�©|§Ù¥����á:vi"du2[(n − 1)! − 3n−7
2
− 1] > 1§�CFn[V (CF 1

n − F1 − F e
1 −

v1) ∪ V (CF 2
n − F2 − F e

2 − v2) ∪ V (CF 3
n − F3 − F e

3 ) ∪ · · · ∪ V (CFn
n − Fn − F e

n)] − FcëÏ"d

u|F3 ∪ F e
3 |+ |F4 ∪ F e

4 |+ · · ·+ |Fn ∪ F e
n|+ |Fc| ≤ 1§2(Ü½n2.6��CFn − FëÏ§gñ"½

kü�©|§Ù¥����á:§�y"

�¹3µn�Ûê�§|F1 ∪ F e
1 | = 3n−5

2
"

f�¹3.1µn�Ûê�§|F2 ∪ F e
2 | ≤ 3n−9

2
"

d�§|F3∪F e
3 |+ |F4∪F e

4 |+ · · ·+ |Fn∪F e
n|+ |Fc| ≤ 3n−7

2
§d½n2.393.1��§CFn[V (CF 2

n−
F2−F e

2 )∪V (CF 3
n−F3−F e

3 )∪· · ·∪V (CFn
n−Fn−F e

n)]−FcëÏ"du
3n−5

2
≤ 3n−10 = 3(n−1)−7(n ≥

5)§d8B{§CF 1
n − F1 − F e

1½ëÏ§½kü�©|§Ù¥����á:§½kn�©|§Ù¥

ü���á:"du2[(n− 1)!− 3n−5
2
− 2] > 3n−7

2
§�CFn − F½ëÏ§½kü�©|§Ù¥��

��á:§½kn�©|§Ù¥ü���á:§�y"

f�¹3.2µn�Ûê�§|F2 ∪ F e
2 | = 3n−7

2
"

d�§|F3 ∪ F e
3 |+ |F4 ∪ F e

4 |+ · · ·+ |Fn ∪ F e
n|+ |Fc| = 0§d½n2.6��§CFn − FëÏ"

�¹4µn�Ûê�§ 3n−3
2
≤ |F1 ∪ F e

1 | ≤ 3n− 10¶n�óê�§ 3n−4
2
≤ |F1 ∪ F e

1 | ≤ 3n− 9"

d�§n�Ûê�§|F2 ∪ F e
2 | + |F3 ∪ F e

3 | + · · · + |Fn ∪ F e
n| + |Fc| ≤ 3n−9

2
¶n�óê�§|F2 ∪

F e
2 |+ |F3 ∪ F e

3 |+ · · ·+ |Fn ∪ F e
n|+ |Fc| ≤ 3n−10

2
"d½n2.393.1��§CFn[V (CF 2

n − F2 − F e
2 ) ∪

V (CF 3
n − F3 − F e

3 ) ∪ · · · ∪ V (CFn
n − Fn − F e

n)]− FcëÏ"d8B{��§CF
1
n − F1 − F e

1½ëÏ§

½kü�©|§Ù¥����á:§½kn�©|§Ù¥ü���á:"-|F1 ∪F e
1 | = i§n ≥ 5�

�Ûê�2[(n− 1)!− i− 2] > 3n−9
2
¶n ≥ 6��óê�§(n− 1)!− i− 2 > 3n−10

2
§�CFn − F½ë

Ï§½kü�©|§Ù¥����á:§½kn�©|§Ù¥ü���á:"

�¹5µn�Ûê�§3n− 9 ≤ |F1 ∪ F e
1 | ≤ 3n− 6¶n�óê�§3n− 8 ≤ |F1 ∪ F e

1 | ≤ 3n− 7"

d�§n�Ûê�§|F2∪F e
2 |+|F3∪F e

3 |+· · ·+|Fn∪F e
n|+|Fc| ≤ 3¶n�óê�§|F2∪F e

2 |+|F3∪
F e
3 |+ · · ·+ |Fn∪F e

n|+ |Fc| ≤ 1§d½n2.393.1��§CFn[V (CF 2
n−F2−F e

2 )∪V (CF 3
n−F3−F e

3 )∪
· · ·∪V (CFn

n −Fn−F e
n)]−FcëÏ"b�CF

1
n−F1−F e

1k©|B1B2 · · ·Bk"�|V (Bk)| ≥ 2�§d½

n2.4��§CFn[V (Bk)∪V (CF 2
n −F2−F e

2 )∪V (CF 3
n −F3−F e

3 )∪ · · · ∪V (CFn
n −Fn−F e

n)]−Fcë

Ï"�CFn − F½ëÏ§½kü�©|§Ù¥����á:"

½n4.5 ?¿�ên ≥ 4�§�n�Ûê�§nκλ(CFn) = 3n − 5¶�n�óê�§nκλ(CFn) =

3n− 7"

-F�CFn�����g,r�§dÚn4.4��§�n�Ûê�§|F | ≥ 3n − 5¶�n�óê

�§|F | ≥ 3n − 6"·�-u = (1)§v = (12)"�n�Ûê�-F = {ux : x ∈ {(1i) : 3 ≤ i ≤
n} ∪ {(ii + 1) : i = 2, 4, · · · , n − 1} ∪ {(12)(1, i) : 3 ≤ i ≤ n} ∪ {(i(i + 1) : i = 2, 4, · · · , n − 2)}¶n
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óê�-F = {uxx ∈ {(1i) : 3 ≤ i ≤ n} ∪ {(i(i + 1) : i = 2, 4, · · · , n − 2)} ∪ {(12)(1, i) : 3 ≤ i ≤
n} ∪ {(i(i+ 1) : i = 2, 4, · · · , n− 1)}}"duCFnÃÛ�§�F�CFn���rg,�§��n�Û

ê�§nκλ(CFn) ≤ 3n− 5¶n�óê�§nκλ(CFn) ≤ 3n− 6"(Üþã�y"

5. (Ø

�©ïÄ
�/ãCFn��
rëÏ5�§��DÚ�ëÏ5§T5�#N>Ú:�Ó�u

)�æ§�·^u���¹"¿���
éu?¿�ên ≥ 4§n�Ûê�§κλ(CFn) =
3n−3

2
¶n�

óê�§κλ(CFn) =
3n−4

2
§=�Kù
êþ�r��§�/ã�U¬�áÑ��:¶3\r^�

���
§n�Ûê�§nκλ(CFn) = 3n − 5¶n�óê�§nκλ(CFn) = 3n − 7§=�Kù
êþ

�r��§�/ã�U¬�áÑ�^>"�©�ïÄ
�/ã���áÑ��:½�^>§I�

�Kr����Äê§@o�/ã���áü�:$��õ��¹§I��Kr��ÄêÒk6

u�[�ïÄ
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