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Abstract

A biregular (semiregular bipartite) graph is defined as a bipartite graph G = (U, V,E)

for which erery two vertices on the same side of the given bipartition have the same

degree as each other. Let G = (V1, V2, E) be a connected bipartite graph with bipartition

(V1, V2). V1∪V2 = V (G) and V1∩V2 = ∅. If G satisfies |V1| = s, |V2| = t, and ∀ui ∈ V1, dG(ui) =

x (i = 1, . . . , s),∀vj ∈ V2, dG(vj) = y (j = 1, . . . , t), then G is a semiregular bipartite graph,

denoted as G = (s, t;x, y) . Based on the classical Kirchhoff matrix-tree theorem, and by

using the Schur complement of a block of block matrix, we show a general expression

for the number of spanning trees of the complement of a biregular graph G is given.

As applications, several formulas for the number of spanning trees of the complement

of various classes of biregular graph were obtained
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1. Úó

ã�)¤äê8´ã���Ó�ØCþ,§Ø=3ãØÚ|ÜÆ¥kX�A^,3O�Å�

Æ!ÚOÔn±9nØzÆ+��A^2�. ��ëÏ�ä�ëÏ53�½§Ýþ��ä�½

5���', ã�)¤äê8´Ýþ�ä½5�����I. ��5`, )¤ä�õ��ä�

äk½5 [1]. 'uã�)¤äOênØ, �²;�Oê�{´KirchhoffÝ
-ä½n [2, 3],§´

ò��n�ã�.Ê.dÝ
�K�1�������n − 1��ê{fª��)¤ä�ê8,ù

pé|©/òã�)¤äOê¯K=z���X�ê¯K; Ø
ù�²;)¤äOê�ª, �

k4íO�{(|ÜOêúª´Feussner|Üúª [4]: τ(G) = τ(G − e) + τ(G/e), �Ò´, ãG�

)¤äê8�uãGíØ�^>e����fãG − e �)¤äê8\þãGÂ T>e���f
ãG/e�)¤äê8); d	, �km�Oê�{, 'X��ãG)¤ä�ê8�ãG�Tutteõ�

ªT (G;x, y)3x = 1, y = 1þ�AO� [5].
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�©ïÄ�ãþ�Ã�{üëÏã. �½ãG = (V (G), E(G)), ��^V (G) ({PV )L«G�

º:8, E(G) ({PE)L«G�>8.Ø�¹��ã¡�Ã�ã,ëÏ�Ã�ã¡�ä,~^i1T5

L«. eãHÚG÷vV (H) = V (G), E(H) ⊆ E(G),K¡H´G�)¤fã,P�H ⊆ G. eäT

´G�)¤fã,=V (T ) = V (G),K¡äT´G���)¤ä. ãG = (V,E)�ü�)¤äT1, T2´

ØÓ���=�T1, T2ØÓ�½T1
∼=T2 (Ó�), �¦�º:IÒØÓ. Ó�,Pτ(G)L«ãG)¤

äê8.PKn´n�º:���ã; sK2L«s^²1> (Ø�>); Km,nL«º:8V (Km,n)y©

�V1 (|V1| = n)ÚV2 (|V2| = m)����Üã. �G = (V1, V2, E)´���Üy©�(V1, V2) �ëÏ

�Üã,=V1 ∪ V2 = V (G) �V1 ∩ V2 = ∅. eG÷v|V1| = s, |V2| = t,�∀ui ∈ V1, dG(ui) = x (i =

1, . . . , s),∀vj ∈ V2, dG(vj) = y (j = 1, . . . , t),K¡G´����K�Üã,P�G = (s, t;x, y). Kn −
GL«lKn¥íØG¥¤k�>���ã,¡Ù�G�Kn-Öã. �|V (G)| = n�§¡Kn − G�G�

Öã,P�G. �©¬Ý
M =

[
A B

C D

]
, Ù¥M´p+ q��
, A´p��
, B´p1q��Ý
,

C´q1p��Ý
, D´q��
. eÝ
D´�_�,¡A − BD−1C �f¬Ý
D'uM�ScurÖ,

P�M/D.'u��K�Üã)¤ä�ê8, Spiro S [6] lA���Ý�Ñ
��K�Üã)¤ä

���Oêúª. �©ïÄ��K�Üã�ÜãÖã�)¤äOê¯K, |ÜÝ
-ä½nÚÝ


�ScurÖò�Ñ��K�ÜãÖã�)¤ä��«Oêúª.

2. �'½Â�Ún

PG = (V,E), �V = {v1, v2, . . . , vn}, E = {e1, . . . , em}. é∀ vi, vj ∈ V , evi, vj��, KP

�vi ∼ vj . NG(vi) = {vj ∈ V |vi ∼ vj}, di = dG(vi) = |NG(vi)|. ã�.Ê.dÝ
L(G) =

(lij)n×n½ÂXe:

lij =


di i = j,

−1 i 6= j, �vi ∼ vj ,
0 Ù¦.

KirchhoffÝ
-ä½n [2]L²L(G)¥?¿����ê{fªÒ´ãG�)¤äê8, =τ(G) =

(−1)i+j det(Li,j(G)), Ù¥Li,j(G)L«lL(G)¥íØ1i1Ú1j�����{fÝ
. ¯¤±�,

eG = (V1, V2, E)(|V1| = s, |V2| = t)´���Üã§KG���Ý
A(G)�L«�Xe/ª:

A(G) =

[
0 B(G)

BT (G) 0

]
.

ùp, B(G) = (bij)s×t¡�G��Ü'éÝ
§÷v

bij =

{
1 vi ∼ vj , �vi ∈ V1Úvj ∈ V23ãG¥kë>;

0 Ù¦.

Ún2.1eM = aIk + bJk,�÷va 6= 0, a+ bk 6= 0,KM�_§�
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M−1 =
1

a
Ik +

−b
(a+ bk)a

Jk.

y²µdudetM = a(k−1)(a+ bk) 6= 0,�M�_§´�

(aIk + bJk)(
1

a
Ik +

−b
(a+ bk)a

Jk) = Ik,

�(Ø¤á.

Ún2.2 ( [7,8]) eÝ
M =

[
A B

C D

]
,Ù¥M´p+ q��
, A´p��
, B´p1q��Ý
,

C´q1p��Ý
, D´q��
,eÝ
D´�_�, M/D´D3M¥�ScurÖ, K

det(M) = det(D) det(A−BD−1C) = det(D) det(M/D). (1)

Ún2.3 ( [9]) �G = (V,E) (|V | = n), �u = (ui)
n
i=1, v = (vi)

n
i=1´Rn¥ü���þ, K

det(L(G) + uvT ) =

(
n∑

i=1

ui

)(
n∑

i=1

vi

)
τ(G). (2)

3. )¤äOêúª

½n3.1 �G�(s, t;x, y)-��K�Üã,ùp, s+ t = n. KG�ÖãG�)¤äê8�

τ(G) =
(n− x)s

n2
det

(
(n− y)It −

1

n− x
BT (G)B(G)

)
(3)

y²µ 5¿�G = Kn −G. dÚn2.3��

det(L(Kn −G) + Jn) = n2τ(Kn −G)

��τ(Kn −G) =
1

n2
det(L(Kn −G) + Jn),qdL(Kn −G) + Jn = L(Kn)− L(G) + Jn, Ù¥

L(Kn) = nIn − Jn, L(G) =

[
xIs −B(G)

−BT (G) yIt

]
,

��

L(Kn)− L(G) + Jn =

[
(n− x)Is B(G)

BT (G) (n− y)It

]
,

DOI: 10.12677/aam.2024.132059 609 A^êÆ?Ð

https://doi.org/10.12677/aam.2024.132059


�ÚX

dÚn2.1ÚÚn2.2,k

det

[
(n− x)Is B(G)

BT (G) (n− y)It

]
= (n− x)s|(n− y)It −BT (G)((n− x)Is)

−1B(G)|

��

det(L(Kn −G) + Jn) = (n− x)s det

{
(n− y)It −

1

n− x
BT (G)B(G)

}

¤±

τ(Kn −G) =
(n− x)s

n2
det
(

(n− y)It −
1

n− x
BT (G)B(G)

)
,

y..

~f3.1 �G = tK2, =G´��(t, t; 1, 1)-��K�Üã. 5¿�BT (G)B(G) = It, dúª(3),

N´��

τ(tK2) =
(n− 1)t

n2
det

(
(n− 1)It −

1

n− 1
It

)
= n(t−2)(n− 2)t.

~f3.2 �G = ∪k
i=1K1,y, =G´��(ky, k; 1, y)-��K�Üã, G�º:8üÜ©º:ê©O

´kyÚk,�ky + k = n,5¿�BT (G)B(G) = yIk,dúª(3), N´��

τ(G) =
(n− 1)ky

n2
det

(
(n− y)Ik −

1

n− 1
BT (G)B(G)

)

=
(n− 1)ky

n2
det

(
(n− y)Ik −

y

n− 1
Ik

)
= (n− 1− y)kn(k−2)(n− 1)(ky−k).

4. �(

�©Ì�ïÄ
��K�ÜãÖã�)¤äê8�Oê¯K, |^KirchhoffÝ
-ä½nÚ�

�k'Ý
ScurÖ�1�ªð�ª,����'u��K�ÜãG�ÖãG�)¤äê8Oê���

5(J,T(JL²G�)¤äOê¯K�du�G��Ü��Ý
k'���Ý
1�ªO�¯

K,TO�úª3A^¥�Ñ
©z [10]¥O�(J����¯�{'�y²,�äkM#5,�©�

y²�{þ½Nä��í25.
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