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Abstract

In this paper, we will consider the deformation of complex structures on Lie algebras, mainly by
analogy with the case of complex manifolds. We expect some new phenomena to emerge. In addi-
tion, the expected goal is to establish a complete theory of the deformation of complex structures
on Lie algebras, and to further deepen the understanding of the relation between the deformation
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of complex structures on Lie algebras and the deformation of complex manifolds on the basis of
this theory. We introduce Banach fixed point theorem (compressed image principle) as a new
method to solve the deformation problem on complex manifold, and give a new proof of related
conclusions, which greatly simplifies Kodaira-Spencer’s work, and gives us a new perspective on
deformation problems.
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1. 518

ESE U, Kodaira-Spencer JEAZBIG (4 17— MZ LML, EIRABEFL T B AU E R RIE XK
G R A X AR TR T B AR IR R LA, S U R VR 2 ) R
THAOMTERE. £E2)UTH, SREE—MEOMSE, TR T —FEEEEMIIRTE. mEasE,
= MNSHAITE BA AR e R B R 2B . BSOS, R i T IX S B R el il S AR
T 451k . Kodaira-Spencer A8 3 IE 424 1 A F0iX — i) @i ¥ AE 1) . Kodaira-Spencer 28T B4 1A% 0
ETMAESMER R EKE L. X8, SREFERNE—ASEUNERVES, Hhegr
WIS B —ANSHUE . @ X —#ie, AT LTRSS EOR AT, 5 S5 2 ] B 2 AR A
ARk, Kodaira-Spencer R JEEE 1S & X T — MK A Kodaira-Spencer WS RIS, Tk 1) a) 2 25 [a] e it
FIFRIZE AR R XA R IRATTIR AL TR AR RS BRI, {E AT RE S S0 Hh 3 B
S EEMIMAR L . Kodaira-Spencer T AAHGER AR EE ZHINH. B9, BRI T —Fhit 5t
SRIUASE S (8 (G 057 o I i — B, FRATT AT LA B G 3 AR AR A [R] 1) JL AT 5 A RO PR i . LUK
Kodaira-Spencer JEAR#IRIE A 705 LR o i oAt im @2 41 7 1 TR . lin, fERE0 LA, Enl b
H BB AT FARE O 2R B 1], TR N T AR i 4 1 1 ST RN 4925

mEMIE NG EEANZRWEEENT G WA M g EMEEH, ERXMER, BELRLMN L
M5 BARKARE R RS g e . XA RBATIH A R4 E LS S50 LR . 6
THHNTEEET 6 RN EMBESWOAREZ SRR, BE, RTEAE KBS WML H
W B ANEARA>, Bril, A 0B 28 E = S5 TR i) i — AN LA R A B AL, XA B TR
T BRI LR S5 B

AXEH T REERH - E SRS R R, 1k, FIFHEZD IS Banach Azl i5 e
L, BT R SRR A A B RS T FR R 5, ANiX) Kodaira-Spencer F1 Kuranishi (1] /5 &6
AR PR PR AL 7 R R AT . RO ERA AR, MIEH TS M AR B
Maurer-Cartan J5 £ .

2. FEHENIA

EX 1[1]: ). —ANFENCTHE G, GHZE—MF, 5 4:6xG->G, (ab)abfl
r:GoG, aral, HiurReEn.
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X 2 [1]: (ZARHE): 8 LA AL ERNEATRRAZERE, HS538E R AT 1Y) 23 5
M. KT,GicNg.

BN 3 [2]: —MNERBEFARFEER, WRIAAEIEE - ca, ca  ccaca =g, [g.a]ca,:
3 n 7R KiF, a, =0,

SEX 4 [3]: Foe A (MTOM), 15 M HIBER KT E S MINES SHTH g e A% (M, THM ) i
BB ZAFEXUR AT N KR, 13 pe X A A WU 0 TYM — T°M BHRHEHE 1, MK e &2—A
Beltrami (4

E 5 [3]:4— Beltrami %) ¢ i/ Maurer-Cartan J7F%: é(p:%[(p,(p], MIFR @ —> Al R
Beltrami 134y

512 6 [4]: Hodge L RILFE FA1E Green 51 G ALY H 7E Laplacians 5. o, %I Riff) Hodge
S B Fi%R: 0,6 =Go,=1-H, 66=G0, §G=G60", HG=GH=0. thshitf: dH=H=0,
0H=H0 =0.

3. FRM LELHTE
3.1 HWEESSEWNERY
L g N—A 2n BRSNS, g EM—NMERESEMH—MHE) g gTEX, HI*=-1. W
e Sliw -t (IR Y
[3X,3Y]-[X,Y]-3[IX,Y]-I[X,I¥]=0,¥X.Y eg, (L1)
BUE T AL
[6".6" ] 6", (12)

MFRIEE L I g ER—ANEEH. ¢° RIERMSFRE g, =9¢®C (gc =g" ®g°'1) R I
() VLR A I, SRR — XA R AR C N (9,9) « E g BAPINEEE I D, Wi
FE—ANERBAN f g g3 0,=0,F, WKL I, I FM. ERE A =D AN g I, f71E
Chevalley—Eilenberg complex. 7] LAZ % XCHR[5]

(Ag',d):05 g — A% > > AT g —L 5 A%g" 0 (1.3)

WorE XA do(x,y)=-0[xy],Voeg X yeg.g LMELEM I FUT —A0fE: d=0+0, {f
f36°=0"=0.

3.2. Banach 15 s E 38

SEH 1 [6] (Banach AF)piEH): (E,[¢) &> Banach (i), FAE M— M T4, &6 K4k
S fFoF, WHEE M- xeF, 15 f(X)=x

SEBL2: 4 (E,|+|) — Banach =], EMR&FRNEMMTE, SityeF, £k NF LEH—AE
GEmit, BIRE VX, € F o A k(%) —K (%)< XX =%, Y e(0.1) . # y+k(x)eF X vxeF, MFFLEME
—MIxeF, fifFx=K, (x)=y+K(x).

UEEL: gk, WRIATE N F EHET K, : K (X)=y+K(x) WfEE xeF . N
K, () =K, 06)] = (v + K (%)) = (¥ + K ()| = [K ()= K () € Xx =% > K, (x)eF o BIK, (x) £
AR, UL HERE 1 W AHEAEME ) x e F 3 x =K, (x)=y+K(x).
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8 1: (E||||) &—A Banach =[], FNE M—AHT4E, x eF EUFH{x,}
X, =Y+ K(Y+K(y+)) s Xy =y+K(x,)WHEZn 21, WA xeF 13 limx, =x.

B AL A, ={t:(t1,~~,tN)e(CN HE t1|+...+|tN|<8k} Mt 74, HaA, cC", 0eB, (g.J)
NHEEEMNAEREL £B L(g,)) MAAEEEREE 4(t) e A™ ® g° (te B) 15

1) o(t) fE t bR 42U/ H ¢(0) =0

2) 5¢(t):%[¢(t),¢(t)],Vte B.

ENHT A > A, H oM TR R A:

eF,idx=yH

0:A"®g"° 5> AR, (1.4)
{2} N g —HEK B p=0"®2, e A" ®g"°,
0p=0p“ ®1,+(-1)" " A2, (1.5)

T RNt A g(t) ETE g EI—ANELH I, .
E A EARER AR EERBERIEM =(T/G,J), Hh G &—/MEZER, I <G A G ME T,
J NG EW—NEABELEN, it g NG HZAE. X4 T Beltrami differential

y e A(T/G,T*(T/G)), *f Maurer-cartan J5 2 dy =%[y/,z//] (L E N ER ST 06, 155
W= Hy/+55*Gy/+%5*G [wvw], #n=Hy, é=0Cy, K(y) :%5*G [v.w]. 35

y=n+0&+K(v) (1.6)

oA E R A /NS X BRI T/G BT A AR R AN R R R
M = (T/G,J) MR Zit/ N ZERT) . BAH G LRSS TERRZW /G LR 4l, 28
G LM AL FES T G LR g EMELN, 15RC0y J. FATA A2 3CHR[5] [7].

3.3. BEER
SINEREEEHEUTARSR: [36[ow]] <C ol vl YoweA?(T/6.T*(T/G)). C h—
HHL gy T, FPT/G BRI, 2R (A (1/G T (1/G)).| |, ) =E » E fo5estthy—

Banach %1, % 6, :%, RAEXLF NE M ATH: F={peE|lp] <5 DA

k
neHl(F/G,Tl'O(F/G)), PTATII T K: K(¢)=%5*G[(p,(o], A LU E R
EHE 3 WHRHETF K ﬁﬁE"K(go)—K(l//)"SY"(p—t//", Ye(01). K K(p) K(y)eF , XEREK

pweF , FNEMMATE, NEF KL Banach Az e, .
9 4oy eF k. i [FGlpw]] <C.lol W,

K (9)-K ()], = “%5*6 [o0]-236[vv]

1=
~3llorvo-vil
1 1
<> Cle+vllo-vl, <5C (el + vl )le-vl
11

1
=225, 26 o —vl, = §||‘P -y,
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ﬁ’ﬁK((o)z—a Glo.o] >

1= 1 11 5
||K(<o)||k=H§ae[, <3Gl ol <3508 - %<4,

K(p)= %5*6 [p,0]eF

FF LA A2 Banach B AU B A BT g < F (7 o =%5*e [0.0]
EH 4. %"K,} (p)-K, "S }/||¢7—l//|| » 7e(01), XMEEM Mo weF, ne Hl(F/G ,Tl'O(F/G)) =
T K, (p)eF Hili |||, <

—ffpeF HHK, (0)=90.

I, (2)-K, (v, =H%5*G [¢’¢]_%5*G[W’W]“k =%||5*G([¢+WI¢-W])IL

N|°’:

LK, ((p):m%é’*e [0.0]. H K, (p) i/ Banach Rz s, MM

E: <2Cle vl lo-vl, <3¢ (ol +Ivl e -vil,
=335 2o vl =3lo—vl.
[, (o)l =+ 37°Clo0] <lol 5
Bolla-dsss

FTLLK, (p)eF cE . XHER e A (I/G, T (T/G)) Mt I —WiEM: fEfEME—(peF , A
K,(¢)=90.

AT wiH Maurer-Cartan J5 f24E S i Kuranishi ﬂ%iﬁt//=77+5§+£5*6[y/,;y] . Hrhp=Hy H
£=0Gy e A°(I/G, T (T/G)), TAMMIFEER T4 X s i RME, NI |p+ag| <. BTk
NI REIXA ), 24X MR @ 45 ) Maurer-Cartan J7 F2 FIMERS, FRAT7EIX R HE T —A LEHH.

W 1: 4 9 e F y Kuranishi %Xy =7+ 26 Gly,w] K, # H* [p,¢] =00 ¢ 4 Maurer-Cartan
IR H 09 =0,

HE /—Qf\q):égo—%[(p,(o], EE D=0, yyq):m%é*e[(p,gp], Hypel (g).

JitEA

5¢:%55*e [0.0] :%(%—5*5)6[@(/)]

1 1-.—
=50:69.0]-500G[p.¢]

- %(1 ~H°?)[p. 0] —%5*56 [o.¢]

1 1——
= ) - G )
S00]-5070G[0.9]
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o1 1 1o
Fﬁuz[co,qoh@ =§[¢,<0]—§8 oGlo, 0]
® :—%5*56 [0.0]=-0'G[dp.p] =" G[Z[fﬂ o]+, 4"}

=-0'G ([GD, 9] +%[[co,¢] : (,,]J =-0G[®,9]
o], =[-"c[@.¢]], =[e"c[@.¢]],

[ ||k

[l = C[l@f el < ||<D||k (=

®=0, Eljg@:%[go,@] .
L @ WM o TG TFE:
1 - 1—
09 =500 Gle.9]=200,Gp.¢]
1= o 1-.
256 (I—]HI' )[go,(o]zza [(p,(p].

R T FERObRAE IEMIVE RS RN, B AR AN E R HERIEM = (I/G,J) LiE ¢ £
T

AHF H, ERRIEIER TR H [p,0] =0, Ty = q+a§+ 15 "G, | FIFAB AR R Maurer-
Cartan J7 AR M. FATHE G LU fin i

L 2: 4 9 e F N Kuranishi 8%y = 77+5§+%5*G [w,w] i, 45 H°? [p, 0] =0, W] o 45t Maurer-

Cartan 2RI % .
- é\@:éw_%[go,(p], FIED =0, X¢=n+5§+%5*6[¢,¢7], e (1/G,T(1/G))
At LA
- 1 1o
aw—z[qo,co]—ga G[p. 9]
AT LA

1 1 1oz
Z[p,0]+® ==[p,0]-= 3G,
S[0.0]+ @ =2[0.0]-200G[p.¢]

= -%5*5@ [0.0]=-5G[®,0]

)
|l =|-¢

1 @
fol, < o, ol < - fol 5, =

Frbld =0, Eﬂé(pZ%[(P,(P]
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FHIE @ 2T o i AR T2

1 — 1=
B¢ =500 Glp.0] =20 5:G[p.¢]
1= 1-.
256 (I—]I-]IO'Z)[(o,go]:E@ [0.0]
IR 7 R b IE UM FR W R0, FEW A A AR A S R B M = (T/G,J) LR o 2
Y
TR L E S NS ER SRR/ WAL R ELEWNEERERE
M :=(T/G,J) M G5/ NEAS R R . BT AR IRATROMES 1 A 2 FT74s 6.
4. 45ip

25 1: 4 ¢(t) e A" ® g*° Ny Kuranish 25y = n+%5*G [v.w] i, 2 H? [p(t),0(t)]=0, N ¢4

1

P——

tH Maurer-Cartan J5 1% 0¢ = %[qﬁ ¢ b % .

iR 2: 4 ¢(t) e A% ® g*° Jy Kuranishi BU2E R y =+ 0& +%5*G [w.w] i, 45 HO? [p(t),0(t) ] =0,
Ml 4 41 Maurer-Cartan 757 3¢ = %[¢,¢] KRR
5. B4

AR TERRE E MR SRR e A JR a5 . w0k, FIFE AP B R Banach A3l e
B, PR T PR R SR AR R A5 R REAS RE I T, RO EEE G IR AT TR R
I/G LELH, 28 G LMAREEE MBS T G EARRH g LMELH, TR0 . XFE—K,
PREEZ M NEES B2 R T/G KA EAERE M ERREEREM =(I/G,J) MK
SER/INEAR SRR XA T AT R R E SRR, Wi AR SEnE ada T
BEIRIHES 1 AHER 2. dnith—oRIRATAR R 74518 1 MZhie 2. A% Kodaira-Spencer 1 Kuranishi
(1 R AR R PR | R P AT, B e R, HEW A LA AN SN RS mERY
M :=(T/G,J) LA M R ER R G MR L. S EWIEH T & MK A B 5 — R
Maurer-Cartan 75 2. 7EXMERS IR b, dSE—PmEe T2R8 LS 4MEL S RERERY L5
SERL TR 2 TRV E R I B A

SE K
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